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Preface 





This text is written for use in a second coutse in circuit analysis. The reader of this book should have 
the traditional undergraduate knowledge of an introductory circuit analysis material such as Circuit 
Analysis I with MATLAB® Applications by this author. Another prerequisite would be knowledge of 
differential equations, and in most cases, engineering students at this level have taken all required 
mathematics courses. It encompasses a spectrum of subjects ranging from the most abstract to the 
most practical, and the material can be covered in one semester or two quarters. Appendix B serves as 
a review of differential equations with emphasis on engineering related topics and it is recommended 
for readers who may need a review of this subject. 


There are several textbooks on the subject that have been used for years. 'The matetial of this book is 
not new, and this author claims no originality of its content. This book was written to fit the needs of 
the average student. Moreover, it is not restricted to computer oriented circuit analysis. While it is true 
that there 15 a great demand for electrical and computer engineers, especially in the internet field, the 
demand also exists for power engineers to work in electric utility companies, and facility engineers to 
work in the industrial areas. 


Chapter 1 is an introduction to second order circuits and it is essentially a sequel to first order circuits 
that were discussed in the last chapter of as Circuit Analysis I with MATLABG Applications. Chapter 2 
is devoted to resonance, and Chapter 3 presents practical methods of expressing signals in terms of 
the elementary functions, Le., unit step, unit ramp, and unit impulse functions. Thus, any signal can be 
represented in the compex frequency domain using the Laplace transformation. 


Chapters 4 and 5 are introductions to the unilateral Laplace transform and Inverse Laplace transform 
respectively, while Chapter 6 presents several examples of analyzing electric circuits using Laplace 
transformation methods. Chapter 7 begins with the frequency response concept and Bode magnitude 
and frequency plots. Chapter 8 is devoted to transformers with an introduction to self and mutual 
inductances. Chapter 9 is an introduction to one- and two-terminal devices and presents several 
practical examples. Chapter 10 is an introduction to three-phase circuits. 


It is not necessary that the reader has previous knowledge of MATLAB®. The material of this text 
can be learned without MATLAB. However, this author highly recommends that the reader studies 
this material in conjunction with the inexpensive MATLAB Student Version package that is available 
at most college and university bookstores. Appendix A of this text provides a practical introduction 
to MATLAB. As shown on the front cover of this text the magnitude and phase plots can be easily 
obtained with a one line MATLAB code. Moreover, MATLAB will be invaluable in later studies such 
as the design of analog and digital filters. 
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As stated above, Appendix B is a review of differential equations. Appendix C is an introduction 
to matrices, Appendix D provides instructions on constructing semilog templates to be used with 
Bode plots, and Appendix E discusses scaling methods. 


In addition to numerous real-world examples, this text contains several exercises at the end of 
each chapter. Detailed solutions of all exercises are provided at the end of each chapter. The 
rationale is to encourage the reader to solve all exercises and check his effort for correct solutions 
and appropriate steps in obtaining the correct solution. And since this text was written to serve as 
a self-study or supplementary textbook, it provides the reader with a resource to test his 
knowledge. 


The author has accumulated many additional problems for homework assignment and these are 
available to those instructors who adopt this text either as primary or supplementary text, and 
prefer to assign problems without the solutions. He also has accumulated many sample exams. 


The author is indebted to the class of the Spring semester of 2001 at San Jose State University, 
San Jose, California, for providing several of the examples and exercises of this text. 


Like any other new book, this text may contain some grammar and typographical errors. 
Accotdingly, all feedback for errors, advice, and comments will be most welcomed and greatly 
appreciated. 


Orchard Publications 
info@orchardpublications.com 
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Chapter 1 


Second Order Circuits 





his chapter discusses the natural, forced and total responses in circuits containing resistors, 

inductors and capacitors. These circuits are characterized by linear second-order differential 

equations whose solutions consist of the natural and the forced responses. We will consider 
both DC (constant) and AC (sinusoidal) excitations. 


1.1 The Response of a Second Order Circuit 


A circuit containing п energy storage devices (inductors and capacitors) is said to be an nth-order cir- 
cuit, and the differential equation describing the circuit is an nth-order differential equation. For exam- 
ple, if a circuit contains an inductor and a capacitor, ot two capacitors or two inductors, along with 
other devices such as resistors, it is said to be a second-order circuit and the differential equation that 
describes it is a second order differential equation. It is possible, however, to describe a circuit having 
two energy storage devices with a set of two first-order differential equations, a circuit which has 
three energy storage devices with a set of three first-order differential equations and so on. These are 


E * . . 
called state equations but these will not be discussed here. 


The response is found from the differential equation describing the circuit, and its solution is 
obtained as follows: 


1. We write the differential or integrodifferential (nodal or mesh) equation describing the circuit. We 
differentiate, if necessary, to eliminate the integral. 


2. We obtain the forced (steady-state) response. Since the excitation in our work here will be either a 
constant (DC) or sinusoidal (AC) in nature, we expect the forced response to have the same form 
as the excitation. We evaluate the constants of the forced response by substitution of the assumed 
forced response into the differential equation and equate terms of the left side with the right side. 
Refer to Appendix B for the general expression of the forced response (particular solution). 


3. We obtain the general form of the natural response by setting the right side of the differential 
equation equal to zero, in other words, solve the homogeneous differential equation using the 
characteristic equation. 


4, Add the forced and natural responses to form the complete response. 


5. We evaluate the constants of the complete response from the initial conditions. 





* State variables and state equations are discussed in Signals and Systems with MATLAB Applications, ISBN 0- 
97095 11-3-2 by this author. 
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1.2 The Series RLC Circuit with DC Excitation 


Let us consider the series RLC circuit of Figure 1.1 where the initial conditions are i; (0) = Ip, 


vc(0) = Vo, and uo(t) is the unit step function. We want to find an expression for the current i(t) 


fot t» 0. 


R 
WW 


VsUo(t) 


C ww jee 
Ie 


Figure 1.1. Series RLC Circuit 











For this circuit 


ee ange ae 
Rie Le c | d+ Vo= vs 1> 0 (1.1) 


and by differentiation 


To find the forced response, we must first specify the nature of the excitation vs, that is, DC or AC. 
If vs is DC (vs=constant), the right side of (1.1) will be zero and thus the forced response compo- 
nent i; = 0. If vs is AC (v; = Vcos(ot + 0), the right side of (1.1) will be another sinusoid and 
therefore i, = Icos(@t+ ф). Since in this section we are concerned with DC excitations, the right 


side will be zero and thus the total response will be just the natural response. 


The natural response is found from the homogeneous equation of (1.1), that is, 


di d'i y 
тт = 0 (1.2) 


The characteristic equation of (1.2) is 





* The unit step function is discussed in detail in Chapter 3. For our present discussion it will suffice to state that 
ug(t) = 0 for t«0 and ug(t) = 1 for t» 0. 





1-2 Circuit Analysis II with MATLAB Applications 
Orchard Publications 


The Series RLC Circuit with DC Excitation 





Of 
2 R 1 
+-s+— = 
MES UT. 
from which 
R R I 
Apes С 0 1.3 
81 82 2L РРР LC (1.3) 


We will use the following notations: 


_ К EN 2 2 [29 2 
ER ii JLC Bs = Nas —@ Ф®@,5 = NO07 As 


» (1.4) 
a or Damping Resonant Beta Damped Natural 
Coefficient Frequency Coefficient Frequency 
where the subscript s stands for series circuit. Then, we can express (1.3) as 
ON. JU КИС. 
559 = – 05+ 05-00 = —-ag tp, if a$» Фо (1.5) 
Of 
3. _2 Eme, ia 
5.5) = -Ast [00-05 =-Asta@,, if 00> As (1.6) 


ME: ; A 
Case I: If a,» оо, the roots s; and s, are real, negative, and unequal. This results in the over- 
damped natural response and has the form 


i (t) = kye” +k” (1.7) 


Case II: If о; = од, the roots s, and s, are real, negative, and equal. This results in the critically 


damped natural response and has the form 
і) = e (k, + kat) (1.8) 


Case III: If 6; > 05, the roots s, and s; аге complex conjugates. This is known as the underdamped 


or oscillatory natural response and has the form 
-Qot —Q ot 
i(t) = е * (созо, ct + Козіпо), 1) = Ке * (cose, st + Q) (1.9) 


A typical overdamped response is shown in Figure 1.2 where it is assumed that i,(0) = 0. This plot 
was cteated with the following MATLAB code: 
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t=0: 0.01: 6; ft=8.4.*(exp(—t)-exp(—6.*t)); plot(tft); grid; xlabel(t);... 
ylabel('f(t)'); title((Overdamped Response for 4.8.* (exp(-t)-exp (-6.*t))') 


Overdamped Response for 4.8. "(exp(-t)-exp(-6. t) 





Figure 1.2. Typical overdamped response 


A typical critically damped response is shown in Figure 1.3 where it is assumed that i,(0) = 0. This 
plot was created with the following MATLAB code: 

t=0: 0.01: 6; ft2420.*t.* (exp (-2.45.*t)); plot(t,ft); grid; xlabel(t);... 

ylabel('f(t)); title('Critically Damped Response for 420.*t.* (exp(—2.45.*t))') 


Griticalhy Damped Response for 420. "t. "(exp(-2.45. t)) 





Figure 1.3. Typical critically damped response 


A typical underdamped response is shown in Figure 1.4 where it is assumed that i,(0) = 0. This 
plot was created with the following MATLAB code: 
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Response of Series RLC Circuits with DC Excitation 





t—0: 0.01: 10; ft2210.*sqrt(2).* (exp(-0.5.*t)).*sin(sqrt(2).*t); plot(t,ft); grid; xlabel(t);... 
ylabel(‘f(t)'); title'Underdamped Response for 210.*sqrt(2).* (exp(—0.5.*t)) .*sin(sqrt(2).*t)") 


Underdamped Response for 210. "sqrt(2). "(exp(-D. 5. 7)). "sin(sqrt(2). t) 


t) 








Figure 1.4. Typical underdamped response 


1.3 Response of Series RLC Circuits with DC Excitation 


Depending on the circuit constants R, L, and C, the total response of a series RLC circuit that is 
excited by a DC source, may be overdamped, critically damped, or underdamped. In this section we 
will derive the total response of series RLC circuits that are excited by DC sources. 


Example 1.1 


For the circuit of Figure 1.5, i (0) = 5 A, ve(0) = 2.5 V, and the 0.5 Q resistor represents the 


resistance of the inductor. Compute and sketch i(t) for t» 0. 


0.5 Q 
WV 


(E) ко JS rnm 


15u(t) V 











| 
) 100/6 mF 


Figure 1.5. Circuit for Example 1.1 
Solution: 


This circuit can be represented by the integrodifferential equation 
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ki pu Tt с] dene = 15, t>0 (1.10) 


Differentiating and noting that the derivatives of the constants ус(0) апа 15 are zero, we obtain the 
homogeneous differential equation 


в“ di 


wies ыкы 
5 ar C 
or 
di Rdi i _ 
"T ET 
and by substitution of the known values R, L, and C 
di + 500% + 60000i = 0 (1.11) 
а й 


The roots of the characteristic equation of (1.11) are s; 2 —200 and s; = —300.'ТҺе total response 
is just the natural response and for this example it is overdamped. Therefore, from (1.7), 
i(t)= i,(t) = ke + е = kee + p ut (1.12) 
The constants К; and k, can be evaluated from the initial conditions. Thus from the first initial con- 
dition i,(0) = i(0) = 5 A and (1.12) we get 
i(0) = ke + е" = 5 
kı+k, = 5 (1.13) 
We need another equation in order to compute the values of k; and k,. With this equation we will 


make use of the second initial condition, that is, ve(0) = 2.5 V. Since i-(t) = i(t) = e. we dif- 


ferentiate (1.12), we evaluate it at г = 0°, and we equate it with this initial condition. Then, 


а “о алах 


T | = -200k,-300k; (1.14) 





M 
I 
© 


Also, at t = 0", 


"m di de ee 
Ri(0 )+12 +у,(0) = 





D 
© 
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and solving for d we get 
t=0" 
di 2 15-0.5x 5-25 _ 10000 (1.15) 
do 107 
t= 





Next, equating (1.14) with (1.15) we get: 


-200k,-300k, = 10000 
-k,-L5k, = 50 (1.16) 


Simultaneous solution of (1.13) and (1.16) yields k; = 115 and К = —110. By substitution into (1.12) 


we find the total response as 
i(t)= i,(t) = 115e "1 19g (1.17) 


Check with MATLAB: 


syms t; % Define symbolic variable t 

R=0.5; L=10 ^ (-3); C2100*10^ (—3)/6;% Circuit constants 

y0-2115*exp(-200*t)-110*exp(-300*t); 96 Let solution i(t) 2 yO 

y1-diff(yO); % Compute the first derivative of yO, i.e., di/dt 

y2=diff(y0,2); % Compute the second derivative of yO, i.e, di2/dt2 
% Substitute the solution i(t), i.e., equ (1.17) 
% into differential equation of (1.11) to verify 
% that correct solution was obtained. 
% We must also verify that the initial 
% conditions are satisfied 

y=y2+500*y1 +60000*y0; 

i0—115*exp(-200*0)-110*exp(-300*0); 

vCO —-R*i0-L* (—23000* exp(—200*0) +33000*exp(—300*0)) +15; 

fprintf( \n');... 

disp( Solution was entered as yO = '); disp(yO);... 

disp('1st derivative of solution is y1 = '); disp(y1);... 

disp(2nd derivative of solution is y2 = '); disp(y2);... 

disp( Differential equation is satisfied since y = y2+y1+y0 = '); disp(y);... 

disp(1st initial condition is satisfied since at t = 0, i0 = '); disp(iO);... 

аіѕр('2па initial condition is also satisfied since vC+vL+vR=15 and vCO = ');... 

disp(vCO);... 

fprintf( \n') 


Solution was entered as y0 = 
115*exp(-200*t)-110*exp(-300*t) 





1-7 Circuit Analysis П with MATLAB Applications 
Orchard Publications 


Chapter 1 Second Order Circuits 





lst derivative of solution is yl = 
-23000*exp(-200*t)433000*exp(-300*t) 


2nd derivative of solution is y2 - 
4600000*exp(-200*t)-9900000*exp(-300*t) 





Differential equation is satisfied since y = у2+у1+у0 0 
1st initial condition is satisfied since at t = 0, 10 = 5 


2nd initial condition is also satisfied since vC+vL+vR=15 апа усо 
- 2.5000 


We will use the following MATLAB code to sketch i(t). 


t=0: 0.0001: 0.025; i1—115.*(exp(-200.*t)); i2=110.*(exp(—300.*t)); iT-i1—i2;... 
plot(t,i1 ,t,i2,t,iT); grid; xlabel(t); ylabel('i1, i2, iT); title(Response iT for Example 1.1") 


Response iT for Example 1.1 





0 0.005 0.01 0.015 0.02 0.025 


Figure 1.6. Plot for i(t) of Example 1.1 


In the above example, differentiation eliminated (set equal to zero) the right side of the differential 
equation and thus the total response was just the natural response. A different approach however, 
may not set the right side equal to zero, and therefore the total response will contain both the natural 
and forced components. To illustrate, we will use the following approach. 


t 
The capacitor voltage, for all time t, may be expressed as v-(t) = Lf idt and as before, the circuit 


can be represented by the integrodifferential equation 


oodi Eeo 
кі+ + c] iat = 15и6(ї) (1.18) 
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and since 
n = Lcd 
ЕУ 
we rewrite (1.18) as 
аус dv 
RC 2; +LC > +vc = 15и6(ї) (1.19) 


We observe that this is a non-homogeneous differential equation whose solution will have both the 
natural and the forced response components. Of course, the solution of (1.19) will give us the capaci- 
tot voltage vc(t). This presents no problem since we can obtain the current by differentiation of the 


expression for v(t). 


Substitution of the given values into (1.19) yields 


50 -3 dve -3 100,,-3 dv 
= x10 — +1x10 x — — - 
А T tix E. 10 p +ус = 15u,(t) 
ог 
дус аус ы 
p t 20075 + 60000ус = 9 x 10° ust) (1.20) 
t 


The characteristic equation of (1.20) is the same as of that of (1.11) and thus the natural response is 


—200t 


ve) = ke" ke = Ке “+к„е (1.21) 


Since the right side of (1.20) 1s a constant, the forced response will also be a constant and we denote it 
as Vof = ks. By substitution into (1.20) we get 


0 + 0 + 60000k, = 900000 
or 


усу = з = 15 (1.22) 
The total solution then is the summation of (1.21) and (1.22), that 15, 
velt)= va) ve; = kKje + e T + 15 (1.23) 


As before, the constants k; and k, will be evaluated from the initial conditions. First, using 
ve(0) = 2.5 V and evaluating (1.23) at t = 0, we get 


v0) = k,e^ + е 15 = 2.5 
Of 
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k,* k, = -12.5 


Also 


> 


. . аус аус id, аус 
ip = iç = С, —=- апа — 


1100) 5 
= =O FO = 300 
dt? dt C dt 


C 100 


t=0 той 





Next, we differentiate (1.23), we evaluate it at г = 0 and equate it with (1.25). Then, 


diei op qr же. жү 


= —200k ,—300k, 
dt dt 


t=0 





Equating the right sides of (1.25) and (1.26) we get 
~200k 300k, = 300 


or 


(1.24) 


(1.25) 


(1.26) 


(1.27) 


From (1.24) and (1.27), we get k; = —34.5 and К, = 22. By substitution into (1.23), we obtain the 


total solution as 





velt) = (2207094 Sg "EE 15)ио(ї) (1.28) 

Check with MATLAB: 
syms t % Define symbolic variable t 
yO =22* exp(—300*t)—-34.5*exp(—200*t) + 15; % The total solution y(t) 
y1 =diff(y0) % The first derivative of y(t) 
yl = 
-6600*exp (-300*t) +6900*exp (-200*t) 
y2=diff(y0,2) % The second derivative of y(t) 
y2 = 
1980000*exp(-300*t)-1380000*exp(-200*t) 
у=у2+500*у1 +60000*уо % Summation of y and its derivatives 
y = 
900000 
Using the expression for vc(f) we can find the current as 

i= i, = іс = = - in x 10° (69000-66000 7") = |] 5977? 1100" A (1.29) 
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We observe that (1.29) is the same as (1.17). 
We will use the following MATLAB code to sketch i(t). 


t=0: 0.001: 0.03; vc1—22.*(exp(-300.*t)); vc2——34.5.* (exp(-200.*t)); vc3—15;... 
VCT —vc1 +vc2+vc3; plot(t,vct,t,vc2,t,vc3,t,vcT); grid; xlabel(t);... 
ylabel(vc1, vc2, vc3, усТ'); title(Response vcT for Example 1.1") 


Response voT for Example 1.1 





vol, vo2, vo3, voT 











E= i j>- i 
0 0.005 0.01 0.015 0.02 0.025 0.03 
Figure 1.7. Plot for ус(1) of Example 1.1 


1.4 Response of Series RLC Circuits with AC Excitation 


The total response of a series RLC circuit, which is excited by a sinusoidal source, will also consist of 
the natural and forced response components. As we found in the previous section, the natural 
response can be overdamped, or critically damped, or underdamped. The forced component will be a 
sinusoid of the same frequency as that of the excitation, and since it represents the AC steady-state 
condition, we can use phasor analysis to find it. The following example illustrates the procedure. 


Example 1.2 
For the circuit of Figure 1.8, i (0) = 5 A, vc(0) = 2.5 V, and the 0.5 О resistor represents the 


resistance of the inductor. Compute and sketch i(t) for t» 0. 
Solution: 
This circuit is the same as that of Example 1.1 except that the circuit is excited by a sinusoidal source; 


therefore it can be represented by the integrodifferential equation 


. t 
merda 1 ( idt + ve(0) = 200cos 100001 t>0 (1.30) 
dt CJ, 
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0.5 Q 


© uo JB rna 
(200cos 10000t)ug(t) V j 
| 100/6 mF 











Figure 1.8. Circuit for Example 1.2 
whose solution consists of the summation of the natural and forced responses. We know its natural 
response from the previous example. We start with 


—200t —300t 


i(t)= i,(t) +ip(t) = Ке +k,e + i(t) (1.31) 


where the constants К, and k, will be evaluated from the initial conditions after i,(t) has been 
found. The steady state (or forced) response will have the form i,(t) = k,cos(10, 000t + 0) in the 


time domain (t -domain) and has the form k,Z90 in the frequency domain (jo -domain). 


To find i(t) we will use the phasor analysis relation J = V/Z where I is the phasor current, V is 


the phasor voltage, and Z is the impedance of the phasor circuit which, as we know, is 





Z = R«j(oL-1/oC) = JR + (oL-1/oC) Ztan (oL- 1/9C)/R (1.32) 
The inductive and capacitive reactances are 


X, = oL = 10! x 10? = 10 Q 


and 
ХКБ e ord I Q 
oC 10* х (100/6)10 
Then, 
к? = (0.5) = 025 and (@L-1/@CY = (10-6 х 107%) = 99.88 
Also. 


=1 23 _1 
tan"(@L—1/@C)/R = tan U9-6X10 ) = tan (23 
0.5 0.5 


and this yields Ө = 1.52 rads = 87.15? . Then, by substitution into (1.32), 


Z = 40.254 99.8870? = 10287.15° 
and thus 
у 20070" 


T= = 
Z. 1078715^ 


= 207—87.15* €» 20cos(10000t-87.15°) = і (0) 
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The total solution is 


—200t —300t 


i(t)= i (t) + ip(t) = Куе + ke + 20cos (10000t-87.15 °) (1.33) 


The constants k; and k, are evaluated from the initial conditions. From (1.33) and the first initial 


condition i,(0) = 5 A we get 
i(0)= Ке + ke’ + 20cos(-87.15°) = 5 
i(0)= kj kj 20x 0.05 = 5 
k, +k, =4 (1.34) 
We need another equation in order to compute the values of К, and k,. This equation will make use 
of the second initial condition, that is, ve(0) = 2.5 V. Since i-(t) = i(t) = ce, we differentiate 
(1.33), we evaluate it at t = 0, and we equate it with this initial condition. Then, 


di -2001 











77 ~200k;e —300k;e "2 x 10° sin(100001—87.15 °) (1.35) 
and at t = 0, 
di| _ _200k,-300k,-2 x 10 sin(-87.15?) = -200k,-300k, 2 x 10° (1.36) 
dt| o 
Also, at t = 0* 
Rio « LE +v.(0") = 200cos(0) = 200 
t=0* 
and solving for d we get 
t=0* 
di = е е = 195000 (1.37) 
| 107 





Next, equating (1.36) with (1.37) we get 


-200k,-300k, = —5000 


Of 


К+ L5k, = 25 (1.38) 
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Simultaneous solution of (1.34) and (1.38) yields k; = —38 and k, = 42. Then, by substitution into 
(1.31), the total response 15 

i(t)= —38e ^" + 426 7°! + 20с05(100001—87.15°) A (1.39) 
The plot is shown in Figure 1.9 and was created with the following MATLAB code: 


t=0: 0.005: 0.20; i1 ——38.*(exp(-200.*t)); i2—42.*(exp(-300.*t));... 
i3—20.*cos(10000.*t-87.15.*pi./180); iT=i1 +i2+i3; plot(t,i1,t,i2,t,i3,t,iT); grid; xlabel(t);... 
ylabel(i1, i2, i3, iT); title((Response iT for Example 1.2’) 


Response iT for Example 1.2 


11, i2, i3, iT 











0 0.00 004 006 0.08 01 012 0.14 0.16 018 02 
t 


Figure 1.9. Plot for i(t) of Example 1.2 


1.5 The Parallel GLC Circuit 


Consider the circuit of Figure 1.10 where the initial conditions are i (0) = Io, vc(0) = Vo, and 


uo(t) is the unit step function. We want to find an expression for the voltage v(t) for t» 0. 


| à d 4| 


igUo(t) lG lL ro 


C1) v G Bo 

















Figure 1.10. Parallel RLC circuit 


For this circuit 
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ig(t) + ij (f) + ic(t) = is(t) 
Of 


1 dv i 
Grp [varese eth s t>0 


By differentiation, 


ау? dv v dis 
C—-G—-4--— 1>0 1.40 
3? + " + nt > ( ) 


To find the forced response, we must first specify the nature of the excitation i,, that is DC or АС. 


If i; is DC (v, =constant), the right side of (1.40) will be zero and thus the forced response compo- 
nent vy = 0. If is is AC (is = Icos(@t+ 0), the right side of (1.40) will be another sinusoid and 
therefore v, = Vcos(ot + Q). Since in this section we ate concerned with DC excitations, the right 


side will be zero and thus the total response will be just the natural response. 


The natural response is found from the homogeneous equation of (1.40), that is, 


2 
ce ;+б® +? =й (1.41) 
df? dt 
whose characteristic equation is 
С 6g ep 
L 
Of 
SEE Же 
C". EG 
from which 
2 
ыле се um c (1.42) 


and with the following notations, 


a G a 2 2 2 2 
ар = = Oo ЛС Вр = |p — 00 Ор = [Oo — Op 





(1.43) 
a or Damping Resonant Beta Damped Natural 
Coefficient Frequency Coefficient Frequency 
where the subscript p stands for parallel circuit, we can express (1.42) as 
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2 2 3 
Sn S2 = —Apt JAp-00 = —-aptp if p Op (1.44) 
Of 
2 2 . 2 2 
5,5) = —Apt |00-0р = —OptO,p if @0> ар (1.45) 


Note: From (1.4) and (1.43) we observe that a; # Op 


As in a series circuit, the natural response v(t) can be overdamped, critically damped, or under- 


damped. 


2 2 | ! ; 
Case I: If ар> оо, the roots s; and s, are real, negative, and unequal. This results in the over- 


damped natural response and has the form 
511 Sot 
v,(t) = Ке + е (1.46) 


2 2 : . = 
Case II: If ap = оо, the roots s; and s, are real, negative, and equal. This results in the critically 


damped natural response and has the form 
v(t) = e " (k Kat) (1.47) 


Case Ш: If o> ap, the roots s; and s, are complex conjugates. This results in the underdamped 


ot oscillatory natural response and has the form 


v(t) = e" (k,coso, pt + k,sino, pf) = е "(созо pt + 9) (1.48) 


1.6 Response of Parallel GLC Circuits with DC Excitation 


Depending оп the circuit constants С (or А), L, and С, the natural response of a parallel GLC cir- 
cuit may be overdamped, critically damped or underdamped. In this section we will derive the total 
response of a parallel GLC circuit which is excited by a DC source using the following example. 


Example 1.3 


For the circuit of Figure 1.11, i,(0) = 2 A and v«(0) = 5 V. Compute and sketch v(t) for t» 0. 
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C1) vo = 


10u)(t) A 320 |юн |1/640 F 

















Figure 1.11. Circuit for Example 1.3 
Solution: 


We could write the integrodifferential equation that describes the given circuit, differentiate, and find 
the roots of the characteristic equation from the homogeneous differential equation as we did in the 
previous section. However, we will skip these steps and start with 


v(t) = у, @) +v, (1) (1.49) 
and when steady-state conditions have been reached we will have v = v, = L(di/dt) = 0, у= 0 
and v(t) = v, (1). 


To find out whether the natural response is overdamped, critically damped, or oscillatory, we need to 
compute the values of ар and o, using (1.43) and the values of s; and s, using (1.44) or (1.45). 
Then will use (1.46), or (1.47), or (1.48) as appropriate. For this example, 


G 1 1 


Op = = = — = SOF 10 

2C 2RC 2х32х 1/640 

Of 
2 
ol = 100 

and 

of ==! 264 

LC 10x 1/640 
Then 
5555 = —Opt о» — o? = —10+6 
ог s; = —4 and s; = –16. Therefore, the natural response is overdamped and from (1.46) we get 
v(t)= v,(t) = ке" + ke = е” e ke (1.50) 


and the constants k, and k, will be evaluated from the initial conditions. 


From the initial condition ус(0) = v(0) = 5 V and (1.50) we get 
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v(0) = ре + е = 5 


Of 
kı+kă,=5 (1.51) 
The second equation that is needed for the computation of the values of k; and k, is found from 


аус ау : ; 
E, gos , we differentiate (1.50), 


evaluate it at г = 0°, and we equate it with this initial condition.Then, 


other initial condition, that is, i,(0) = 2 A. Since ic(t) = С 


dv_ -4t -16t dv 














T= -4k,6 "-16k,e " and 77 = -4k;- 16k, (1.52) 
t=0 
Also, at t = 0* 
Гуо" addc = 10 
dt| , 
t=0 
А dv 
and solving for Т we get 
t=0" 
dv| — . 10-5/32-2 _ 502 (1.53) 
dt 1/640 
t- 
Next, equating (1.52) with (1.53) we get 
-4k,-16k, = 502 
Of 
-2k,-8k, = 251 (1.54) 


Simultaneous solution of (1.51) and (1.54) yields k; = 291/6, К, = —261/6 , and by substitution 
into (1.50) we get the total response as 


s gu. 261 -161 1 -4t 


—16t 





у(ї)= v,(t) = —— poda 2(291е -261le )V (1.55) 
Check with MATLAB: 
syms t ?6 Define symbolic variable t 
y0—291*exp(-4*1)/6-261*exp(-16*t)/6; % Let solution v(t) = yO 
= diff(yO) ?6 Compute and display first derivative 
yl - 
-194*exp (-4*t)+696*exp(-16*t) 
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y2 —diff(yO,2) % Compute and display second derivative 


y2 - 
776*exp (-4*t) -11136*exp (-16*t) 


y=y2/640+y1/32+y0/10 % Verify that (1.40) is satisfied 


y = 
0 


The plot is shown in Figure 1.12 where we have used the following MATLAB code: 


t=0: 0.01: 1; v1=(291./6).*(exp(—4.*t)); v2——(261./6).* (exp(-16.*t));... 
vT=v1+v2; plot(t,v1,t,v2,t,vT); grid; xlabel(t);... 
ylabel(v1, v2, УТ); title'Response vT for Example 1.3") 


Response vT for Example 1.3 





v1, v2, vT 











Figure 1.12. Plot for v(t) of Example 1.3 


From the plot of Figure 1.12, we observe that v(t) attains its maximum value somewhere in the inter- 
val 0.10 and 0.12 sec., and the maximum voltage is approximately 24 У. If we desire to compute pre- 
cisely the maximum voltage and the exact time it occuts, we can find the derivative of (1.55), set it 
equal to zero, and solve for t. Thus, 





dV. шыт rne no (1.56) 
dt| o 
Division of (1.56) Ьу e "^ yields 
- 1164e"' + 4176 = 0 
Of 
1-19 Circuit Analysis II with MATLAB Applications 


Orchard Publications 


Chapter 1 Second Order Circuits 





121 _ 348 
97 
or 
348 
12t=1 (4) = 1.2775 
"797 
апа 
peo DS 
12 
By substitution into (1.55) 
Ушах = A (291g 2616-101) - 2376 V (1.57) 


A useful quantity, especially in electronic circuit analysis, is the settling time, denoted as ts, and it is 
defined as the time required for the voltage to drop to 1% of its maximum value. Therefore, f, is an 
indication of the time it takes for v(t) to damp-out, meaning to decrease the amplitude of v(t) to 
approximately zero. For this example, 0.01 x 23.76 = 0.2376 V, and we can find t, by substitution 
into (1.55). Then, 


0.01v,,, = 0.2376 = A (2916 - 2616 ^) (1.58) 


max 


and we need to solve for the time t. To simplify the computation, we neglect the second term inside 
the parentheses of (1.58) since this component of the voltage damps out much faster than the other 
component. This expression then simplifies to 


t 


0.2376 = 102912 5 


or 
-4t, = In(0.005) = (—5.32) 


or 


ts = 1.33 5 (1.59) 


Example 1.4 
For the circuit of Figure 1.13, i,(0) = 2 A and v,(0) = 5 V, and the resistor is to be adjusted so 


that the natural response will be critically damped. Compute and sketch v(t) for t>0. 
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СТ) vo 2. wm 


10u)(t) A 10H |1/640 Е 

















Figure 1.13. Circuit for Example 1.4 


Solution: 


{ . - 2 
Since the natural response is to be critically damped, we must have œp = 64 because the L and C val- 


ues are the same as in the previous example. Please refer to (1.43). We must also have 


Of 
1 2 1 


= 8х—— = 


R 640 40 
or R = 40 О and thus s, = s; = —a, = —8 . The natural response will have the form 
v(t)= v,(t) = e "(Kk kt) or v(t) =v, (t)= е (6, + kzt) (1.60) 


Using the initial condition ус(0) = 5 V and evaluating (1.60) at t = 0, we get 


v(0)2 e"(k,*k,0) = 5 
Of 
k, 25 (1.61) 
and (1.60) simplifies to 
v(r)2 eU" (5 + Кы) (1.62) 


As before, we need to compute the derivative dv/dt in order to apply the second initial condition and 


find the value of the constant k3. 


We obtain the derivative using MATLAB as follows: 
syms t k2; vO- exp(-8*1)* (5 - k2*t); v1 =diff(v0); % v1 is 1st derivative of vO 


vl = 
-8*exp(-8*t)*(5-k2*t)-«exp(-8*t)*k2 
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Then, 
d -8i 81 
TIT -8e (5 + k,t) + е 
and 
dv 
d. —40 +k, (1.63) 
Also, ic = ee aC aad 
dt dt C 
dv = ic(07) = 15—100") Rs i, (07) (1 64) 
а}. С С | 
t=0 
ot 
dv| _ Is-vc(0/ R-i,(0) _ 10-5/40-2 _ 7.875 _ 5040 (1.65) 
dtl., C 1/640 1/640 
Equating (1.63) with (1.65) and solving for k, we get 
—40 * k, = 5040 
Of 
k, = 5080 (1.66) 
and by substitution into (1.62), we obtain the total solution as 
v(r)2 е7“ (5 + 5080г) V (1.67) 
Check with MATLAB: 
syms t; yO=exp(—8*t)*(5+5080*t); y1=diff(yO)% Compute 1st derivative 
yl = 
-8*exp(-8*t)*(5+5080*t)+5080*exp(-8*t) 
y2=diff(y0,2) % Compute 2nd derivative 
y2 = 
64*exp(-8*t)*(5+5080*t)-81280*exp(-8*t) 
у=у2/640+у1/40+у0/10 % Verify differential equation, see (1.40) 
У == 
0 
The plot is shown in Figure 1.14 where we have used the following MATLAB code: 
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t=0: 0.01: 1; vi=exp(—8.*t).*(5+5080.*t); plot(t,vt); grid; xlabel(t);... 
ylabel(vt); title'Response vt for Example 1.4) 


Response vt for Example 1.4 











Figure 1.14. Plot for v(t) of Example 1.4 


By inspection of (1.67), we see that at t = 0, v(t) = 5 V and thus the second initial condition is sat- 
isfied. We can verify that the first initial condition is also satisfied by differentiation of (1.67). We can 
also show that v(t) approaches zero as t approaches infinity with L'Hópital's rule as follows: 


lim v(t) = lime" (5 + 50800) = lim +50807) = lim 95 + 30801)/ dt. ji, 3080 
1— 00 1 00 t 


i г = 0 (1.68) 
ва е эх d(e^)/dt 1> Se 


Example 1.5 
For the circuit of Figure 1.15, i,(0) = 2 A and ve(0) = 5 V. Compute and sketch v(t) for t>0. 


| | | | 
СП) vo = 


10u,(t) A 50Q |н |1/640 F 




















Figure 1.15. Circuit for Example 1.5 
Solution: 


This is the same circuit as the that of the two previous examples except that the resistance has been 
increased to 50 О. For this example, 
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түс Жет um ын ПРЫЕ 
2C 2RC 2x50x 1/640 
Of 
ap = 40.96 
and as before, 
2 1 1 


0) = — = 64 
LC 10x 1/640 


NES, ; 
Also, 6 > ор. Therefore, the natural response is underdamped with natural frequency 





Op = Jo, a? = 464 —40.96 = [23.04 = 4.8 


Since v, = 0, the total response is just the natural response. Then, from (1.48), 


v(t)= v,(t) = ke" cos(@,pt + ф) = ke ^" cos(4.8t 4 q) (1.69) 
and the constants kand ф will be evaluated from the initial conditions. 
From the initial condition ус(0) = v(0) = 5 V and (1.69) we get 
v(0) = ke" cos(0 +ф)=5 
ог 
kcoso = 5 (1.70) 
To evaluate the constants k and ф we differentiate (1.69), we evaluate it at t = 0, we write the equa- 
tion which describes the circuit at t = 0°, and we equate these two expressions. Using MATLAB we 
get: 
syms t k phi; yO-k*exp(-6.4*t)*cos(4.8*t-- phi); y1=diff(yO) 
yl - 
-32/5*k*exp (-32/5*t) *cos(24/5*t+phi) -24/5*k*exp(-32/5*t) *sin(24/ 
5*t+phi) 
pretty (y1) 


- 32/5 k ехр(- 32/5 t) cos(24/5 t + phi) 
- 24/5 К ехр(- 32/5 t) sin(24/5 t + phi) 





Thus, 

a = -6.4ke f" cos (4.8t + 9) — 4.8ke ^" sin(4.8t + Фф) (1.71) 
and 
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dv 


= -6 4k — 4.6ksi 
Т. соз Q sinq 


t=0 





By substitution of (1.70), the above expression simplifies to 


| dv d 
Also, їс = CU Of oF = 
Of 
dv 


dt|, 


=0 


_ 15 0(0)/К-1(0) | 10-5/50-2 





QV) шлу Hsin (1.72) 
dt| o 
Ic and 
C 
dv - ic(07) - 15-100) = i, (0^) 
di}. © С 
t- 





Equating (1.72) with (1.73) we get 


or 


= 7.9 x 640 = 5056 (1.73) 
C 1/640 
—32-—4.8ksino = 5056 
ksing = —1060 (1.74) 


The phase angle @ can be found by dividing (1.74) by (1.70). Then, 


or 


ksing = tang = ~1008 = -212 
kcos@ 5 


Фф = tan (-212) = —1.566 rads = —89.73 deg 


The value of the constant К is found from (1.70) as 


Of 


kcos(-1.566) = 5 


k=— > ИЕ 1042 
cos(—1.566) 


and by substitution into (1.69), the total solution is 


v(r)2 1042e ** cos(4.8t — 89.73?) (1.75) 


The plot is shown in Figure 1.16 where we have used the following MATLAB code: 
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t=0: 0.005: 1.5; у= 10.42.*exp(-6.4.*t).*cos(4.8.*t-89.73.*pi./180);... 
plot(t,vt); grid; xlabel('t'); ylabel(vt); title(Response v(t) for Example 1.5") 


Response v(t) for Example 1.5 








t 


Figure 1.16. Plot for v(t) of Example 1.5 


We can also use a spreadsheet to plot (1.75). From the columns of that spreadsheet we can read the 
following maximum and minimum values and the times these occur. 











t (sec) y (V) 
Maximum 0.13 266.71 
Minimum 0.79 —4.05 

















Alternately, we can find the maxima and minima by differentiating the response of (1.75) and setting 
it equal to zero. 


1.7 Response of Parallel GLC Circuits with AC Excitation 


The total response of a parallel GLC (or RLC) circuit that is excited by a sinusoidal source also con- 
sists of the natural and forced response components. The natural response will be overdamped, criti- 
cally damped, or underdamped. The forced component will be a sinusoid of the same frequency as 
that of the excitation, and since it represents the AC steady-state condition, we can use phasor analy- 
sis to find the forced response. We will derive the total response of a parallel GLC (or RLC) circuit 
which is excited by an AC source with the following example. 


Example 1.6 


For the circuit of Figure 1.17, i,(0) = 2 А and ve(0) = 5 V. Compute and sketch v(t) for t>0. 
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Solution: 





CD xo 2. wu 


ts 5300 [ІОН |1/640 Е 





Y 














i; = 20sin(6400t + 90°)и(т) A 


Figure 1.17. Circuit for Example 1.6 


This is the same circuit as the previous example where the DC source has been replaced by an AC 


source. The total response will consist of the natural response v,(t) which we already know from the 


previous example, and the forced response vt) which is the AC steady-state response, will be found 


by phasor analysis. 


The t-domain to jo -domain transformation yields 


i(t) = 20sin(6400t + 90°) = 20cos6400t & I = 20Z0? 


'The admittance Y is 


where 


and thus 





- | А ыз Iy E. 1 
Y2G-«joC-—|-2 |С +|@C-—}] Ztan |oC-—]/G 
0 0 0 


gite. У 1 


1 
АЕО ce aad MEN HR 
Е * 640 and oL 6400x10 64000 





QE 1 \? = 1 1 2 
Y= s +|10-——)} Лап WO e Ris 10289.72 
50 64000. 64000) 50 


Now, we find the phasor voltage V as 


v = I = 207200 127.8972» 
Y 10289.72° 


and jo -domain to t-domain transformation yields 


yz 22-89.72° & vt) = 2cos(6400t — 89.72?) 


The total solution is 


v(t) = v,(t) + v(t) = ke ^" cos(4.8t + Q) + 2cos(6400t — 89.72?) (1.76) 
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Now, we need to evaluate the constants k and ф. 


With the initial condition vc(0) = 5 V (1.76) becomes 


v(0) = vc(0) = ke” cosp + 2cos(-89.729) = 5 
Of 


kcosọ = 5 (1.77) 


To make use of the second initial condition, we differentiate (1.76) using MATLAB as follows, and 
then we evaluate it att = 0. 


syms t k phi; yYO=k*exp(—6.4*t) *cos(4.8*t+ phi) + 2*cos(6400*t—1.5688); 
y1 —diff(yO); % Differentiate v(t) of (1.76) 


yl = 
-32/5*k*exp (-32/5*t) *cos(24/5*t+phi) -24/5*k*exp (-32/5*t) *sin(24/ 
5*t+phi) -12800*sin(6400*t-1961/1250) 


or 


V _ G4ke 5" 
dt 


—6.4t 


cos (4.8t + 0) — 4.8ke ^" sin(4.8t  Q) — 12800 sin(6400t — 1.5688) 


ү = —6.4kcosq — 4.8К зїп ф — 12800sin(—1.5688) = —6.4Ксозф —4.8ksing + 12800 (1.78) 
t=0 


With (1.77) we get 


= —32-4.8ksing + 12800 = —4.8ksing + 12832 (1.79) 





Also, їс = ce Of a = £ and 











d d C 
dv} _ ic") _ ig(0*)~ig(0") - i CO") 
dt : C C 
t=0 
or 
dv| — 4 is(0)-vc(0O/R-i,(0) _ 20-5/50-2 _ 11456 (1.80) 
dt| s C 1/640 
Equating (1.79) with (1.80) and solving for k we get 
— 4.8ksinq + 12832 = 11456 
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Of 
ksing = 287 (1.81) 
Then with (1.77) and (1.81), 


or 
ф = 1.53 rad = 89° 


The value of the constant k is found from (1.77), that is, 
k = 5/(cos89°) = 279.4 
By substitution into (1.76), we obtain the total solution as 
v(t) = 279.4e ^" cos (4.8 + 89°) + 2cos(6400t — 89.72°) (1.82) 
With MATLAB we get the plot shown in Figure 1.18. 


Response vit) for Example 1.6 





Figure 1.18. Plot for v(t) of Example 1.6 


1.8 Other Second Order Circuits 


Second order circuits are not restricted to series RLC and parallel GLC circuits. Other second order 
circuits include amplifiers and filters. It is beyond the scope of this text to analyze such circuits in 
detail. In this section we will use the following example to illustrate the transient analysis of a second 
order active low-pass filter. 
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Example 1.7 


The circuit of Figure 1.19 a known a 


s a Multiple Feed Back (MFB) active low-pass filter. For this cir- 


cuit, the initial conditions are усу = vc; = 0. Compute and sketch >, (7) for t» 0. 


























+ 
| 
Vout 
> d 
va (1) = 6.25 cos6280tuo(t) 
Figure 1.19. Circuit for Example 1.7 
Solution: 
At node v;: 
у; = У. а уу = у = 
ting c, 1 ow. og 1>0 (1.83) 
R, dt К, r3 
At node v;: 
dv 
V5 a V; out 
———— = с;— 1.84 
E 6 (1.84) 
We observe that v; = 0 (virtual ground). 
Collecting like terms and rearranging (1.83) and (1.84) we get 
11,1 ) dv, 1 1 
— +> + ——-— = =y; 1. 
( R, s tR, 1 + C; dt Rt R, ( 85) 
and 
dV 
v, = -R4,C, 3i (1.86) 
Differentiation of (1.86) yields 
dv, ау? t 
— = – T 1.87 
dt 322 dé ( ) 
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and by substitution of given numerical values into (1.85) through (1.87), we get 


od 
( L NET RACINE: Jus 25x 10? =. 1 эы 

















С), 
2x10! 4x10* 5х10* dt 4x10?" оу" 
Of 
(0.05 x 107)v; + 25 x 10? E 2(0252€10 59... = (0.5 20^ Jv... (1.88) 
dv 
y, = ONUS (1.89) 
d 
= = -5 x 10 Zout (1.90) 
t dt 
Next, substitution of (1.89) and (1.90) into (1.88) yields 
_4av out -4 d ш 
0.05 x 107 '(-5 x 10 —2“) 4 25x 10° (-5 x 107%) —2# (1.91) 
dt’ 
- (0.25 010 Wy = (0.5 x 107°уу,, 
Of 
iad v dv Е 
-125 x 10” 96 0.25х 107 ЕЕ (0.25 x 105v, = 10*у;, 
Division by —/25 x 10 ^ yields 
2 , dv 
d Vout 2x 19? ош эру = (1.6 I0)v,, 
Of 
, dv 
а ош 4 2 x 10" SESE x 10v = -10° cos6280t (1.92) 
аг 
We use MATLAB to find the roots of the characteristic equation of (1.92). 
syms $; yO=solve('s ^ 24-2*10 ^ 3*s+2*10% 6) 
yO = 
[ -1000+1000*i] 
[ -1000-1000*i] 
that is, 
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5,8) = -a +јВ = – 1000+ 31000 = 1000(— 1 &j1) 


We cannot classify the given circuit as series or parallel and therefore, we should not use the damping 
tatio Gs ог ар. Instead, for the natural response v,(t) we will use the general expression 


у„()= Ae" 4 Be? = e " (k,cospt + Кіпр) (1.93) 
where 
5,5) = -a jB = —1000+j1000 
Therefore, the natural response is oscillatory and has the form 


—1000t 


v,(t) = e (k,cos 1000t + К„ зїп 1000г) (1.94) 


Since the right side of (1.92) is a sinusoid, the forced response has the form 


vg(t) = k3cos6280t + k,sin6280t (1.95) 
Of course, for the derivation of the forced response we could use phasor analysis but we must first 


derive an expression for the impedance or admittance because the expressions we’ve used earlier are 
valid for series and parallel circuits only. 


The coefficients k; and k, will be found by substitution of (1.95) into (1.92) and then by equating 
like terms. Using MATLAB we get: 


syms t КЗ k4; yO=k3*cos(6280*t) +k4*sin(6280*t); y1 =diff(y0) 


yl = 
-6280*k3*sin(6280*t) +6280*k4*cos (6280*t) 


y2 —diff(yO,2) 


y2 - 
-39438400*k3*cos(6280*t) -39438400*k4*sin(6280*t) 


у=у2+2*10 *3*y1+2*10* 6*y0 


У = 
-37438400*k3*cos (6280*t) -37438400*k4*sin(6280*t)- 
12560000*k3*sin (6280*t) +12560000*k4*cos (6280*t) 


Equating like terms with (1.92) we get 


— G + G COS t=- COS Ї 
(— 37438400 - К; + 12560000 - k,) cos 6280 10° cos6280 





(1.96) 
(— 12560000 · k; — 37438400 - k,) sin6280t = 0 
Simultaneous solution of the equations of (1.96) 15 done with MATLAB. 
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syms КЗ k4; eq1 =—37438400*k3+ 12560000*k4 4 10 ^ 6;... 
eq2=—12560000*k3-37438400*k4+0; y-solve(eq1,eq2) 


k3: [1x1 sym] 
k4: [1x1 sym] 


e 


.0240 


-0.0081 


that is, k = 0.024 and k, = –0.008. Then, by substitution into (1.95) 
v; (f) = 0.024 c0562801—0.008 sin6280t (1.97) 


The total response is 


—1000t 


vou) = vu) + vr) =e (k,cos 1000t + k,sin 10001) (1.98) 
+ 0.024 cos6280t-0.008 sin 6280t 


We will use the initial conditions vc; = vc; = 0 to evaluate К, and k,. We observe that vc; = Vout 


and at tf = 0 relation (1.98) becomes 


(0) = e"(k,cos0 + 0) + 0.024 соѕ50-0 = 0 


Уои 


ог k, = —0.024 and thus (1.98) simplifies to 


—1000t 


(—0.024 cos 1000t + k,sin 10001) (1.99) 
+ 0.024 cos 62801—0.006 sin6280t 


Vout = е 


To evaluate the constant k;, we make use of the initial condition ус,(0) = 0. We observe that 


Vc; = v, and by KCL at node v, we have: 














Vi; —V5 + c, Zou = 0 
К; dt 
Of 
у; 2 2 70% ау out 
5x 10 d 
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Of 


dv 
= _5 107 out 
"n ái dt 


and since vc,(0) = v,(0) = 0, it follows that 


dv jut » 
DONT = 0 (1.100) 
dt |o 


The last step in finding the constant k, is to differentiate (1.99), evaluate it at t = 0, and equate it 
with (1.100). This is done with MATLAB as follows: 


yO=exp(—1000*t)*(—0.024*cos(1000*t) + k2*sin(1000*t))... 
+0.024*cos(6280*t)—0.008*sin(6280*t); 
y1-diff(yO) 


yl - 
-1000*exp(-1000*t)*(-3/125*cos(1000*t)-«k2*sin(1000*t))-«exp(- 
1000*t)*(24*sin(1000*t)4«1000*k2*cos(1000*t))-3768/ 
25*sin(6280*t)-1256/25*cos(6280*t) 








Of 
dv _ 
ol = - 1000 '%" ( =È cos 10001 + kysin 10001) 
di 125 
+ e 1? (24 sin 10001 + 1000k;cos 10001) 
3768 . 1256 
- 55 sin(6280t) — 25 cos 6280t 
and 
dv -3 1256 
out 
Loui сш =) + 1000k, 659 í 
ral 1000(—.) + 8 (1.101) 





Simplifying and equating (1.100) with (1.101) we get 
1000k, — 26.24 = 0 





Of 
к, = 0.026 
and by substitution into (1.99), 
vou (D = € (—0.024cos 1000t + 0.026 sin 10001) (1.102) 
+ 0.024 cos 6280t—0.006 sin 62801 
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We use Excel to sketch у, (7). In Column A we enter several values of time t and in Column B 


Vourlt) - The plot is shown in Figure 1.20. 








Voltage (V) 











0.000 0.002 0.004 0.006 0.008 
Time (s) 


Figure 1.20. Plot for Example 1.7 
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1.9 Summary 


Circuits that contain energy storing devices can be described by integrodifferential equations and 
upon differentiation can be simplified to differential equations with constant coefficients. 


A second order circuit contains two energy storing devices. Thus, an RLC circuit is a second order 
circuit. 


The total response is the summation of the natural and forced responses. 


If the differential equation describing a series RLC circuit that is excited by a constant (DC) volt- 
age source is written in terms of the current, the forced response is zero and thus the total 
response is just the natural response. 


If the differential equation describing a parallel RLC circuit that is excited by a constant (DC) сиг- 
rent source is written in terms of the voltage, the forced response 15 zero and thus the total 
response is just the natural response. 


If a citcuit is excited by a sinusoidal (AC) source, the forced response is never zero. 


The natural response of a second order circuit may be overdamped, critically damped, or under- 
damped depending on the values of the circuit constants. 


For a series RLC circuit, the roots s; and s, are found from 


or 


whete 


_ К _ 1l s DEMO, э. do 2 
Os = 3L oo = —— Bs = yas — Oo Ons = л 00 Os 


get ig | ; . 
If a; > оо, the roots s; and s; are real, negative, and unequal. This results in the overdamped nat- 


ural response and has the form 


Я 51! Sot 
i (Ð) = Кее +k 


2 2 i i Е Y 
If aş = o5, the roots s; and s, are real, negative, and equal. This results in the critically damped 


natural response and has the form 


i (t) = e (к, + kt) 
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dco e 
If œ> aş, the roots s, and s, are complex conjugates. This is known as the underdamped or 


oscillatory natural response and has the form 
; -ast | сот 
i(t) = e | (k cos, + k;sino,.t) = kze ` (cos@,.t + Фф) 


e Fora parallel GLC circuit, the roots s, and s, are found from 


2 2 . 2 2 
5652 = —Apt [0р- O9 2 - ар Вр if ap> 00 
2 2 Р 2 2 
5,52 = -Apt ,[Og—Qp = —QptO,p if Oo>Ap 


G 1 2 2 2 2 
ар = 56 (y = —— Bp = [ар —@o Q,p = [90 @р 


2 2 А : | 
If ap > 65, the roots s, and s; are real, negative, and unequal. This results in the overdamped nat- 


or 


whete 


ига] response and has the form 
t 


sit 55 
vat) = куе + ке 
2 2 | À : 2x 
If ар = 05, the roots s; and s; are real, negative, and equal. This results in the critically damped 
natural response and has the form 
-apt 
v(t) =e (+0) 
Жей ; : А А 
If @ > ap, the roots s; and s; are complex conjugates. This results in the underdamped or oscil- 


latory natural response and has the form 
—O pt И —O pt 
v(t) = e  (Kjcoso, pt k;sino, pt) = е | (cose, pt + Фф) 


e Ifa second order circuit is neither series nor parallel, the natural response if found from 


sit Sot 
Yp = Ке +k 


or 


y, = (De 


or 


at 


Vaz e " (k;cospt + k,sinpt)2 e ^ k;cos(Bt * Фф) 


depending on the roots of the characteristic equation being real and unequal, real and equal, or 
complex conjugates respectively. 
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1.10 Exercises 


1. For the circuit of Figure 1.21, it is known that ve(0 ) = 0 and i,(0 ) = 0. Compute and sketch 
vc(t) and i,(t) for t» 0. 


i(t) — 


102 02H 
+ = ove) 


100u,(t) V 8mF — 











Figure 1.21. Circuit for Exercise 1 


2. For the circuit of Figure 1.22, it is known that v«(0 ) = 0 and i(0 ) = 0. Compute and sketch 
v(t) and i,(t) for t» 0. 


i(t) — 
ЛАЛ 
49 5H 
+) AS Ус) 
100u,(t) V 21.83 mF 











Figure 1.22. Circuit for Exercise 2 


3. In the circuit of Figure 1.23, the switch S has been closed for a very long time and opens at 
t = 0. Compute v(t) for t>0. 





+ 
(+) 400 О eps AD) 


100 V 1/120 F 











Figure 1.23. Circuit for Exercise 3 





1-38 Circuit Analysis П with MATLAB Applications 
Orchard Publications 


Exercises 





4. In the circuit of Figure 1.24, the switch S has been closed for a very long time and opens at t = 0. 
Compute v-(t) for t» 0. 





Vv (OOOO ] 
100 О 20H $ 
Vs 


+ 
(+) 400 Q ee 


vs = (100cost)ug(t) V 1/120 Е 











Figure 1.24. Circuit for Exercise 4 


5. In the circuit of Figure 1.25, the switch S has been in position A for closed for a very long time 
and it is placed in position B at t = 0. Find the value of R that will cause the circuit to become 


critically damped and then compute ve(t) and i,(t) for t» 0 





зо t=O R 60 
WW A SUN. eo а 
F 3 H Li) 
(+) 20 2 (0) : 
12V 1/12 F\ 














Figure 1.25. Circuit for Exercise 5 


6. In the circuit of Figure 1.26, the switch S has been closed for a very long time and opens at t = 0. 
Compute v4g(t) for t» 0. 














Figure 1.26. Circuit for Exercise 6 
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1.11 Solutions to Exercises 
Dear Readet: 
The remaining pages on this chapter contain the solutions to the exercises. 


You must, for your benefit, make an honest effort to find the solutions to the exercises without first 
looking at the solutions that follow. It is recommended that first you go through and work out those 
you feel that you know. For the exercises that you are uncertain, review this chapter and try again. 
Refer to the solutions as a last resort and rework those exercises at a later date. 


You should follow this practice with the rest of the exercises of this book. 
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1. 
ij(t) — 
10 Q 0.2 H 
a | 2 Vl) 
100u,(t) V à 8 mF 
. „di 
Riel Жур = 100 t>0 
‘ ; : аус 
and since i = ic = С =? the above becomes 
d d 
RCT + LCE + ve = 100 
dt dt 
dvc Rave, 1, _ 100 
ae Ldt LC® LC 
dvc 10dve, 1 „2 100 
dí 02dt 02x8x10° © 02x8x107 
dv dvc 
—. + 50 — + 625 ус = 62500 
d£ dt 
From the characteristic equation 
5^4 505 + 625 = 0 
we get s; = s; = —25 (critical damping) and as = R/2L = 25 
The total solution is 
velt) = veg Yen = 100+ e (ky k,t) = 100 e P'(k, k,t) (1) 
With the first initial condition ус(0 ) = 0 the above expression becomes 0 = 100 + e"(k, +0) ог 
k, = —100 and by substitution into (1) we get 
vt) = 100- e ?'(k,t— 100) (2) 
To evaluate k, we make use of the second initial condition i,(0 ) = 0 and since i, = ic, and 
i = ic = C(dvq)/(dt) , we differentiate (2) using the following MATLAB code: 
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syms t k2 
vO=100+exp(—25*t) *(k2*t—100); v1-diff(vO) 


Ml = 


-25* exp (-25*t) * (k2*t-100) +exp (-25*t) *k2 








Thus, 
BG pot 258 (R= 100) 
dt 
and 
Wel, 2449500 (% 
й| „7 
Also, PR. а cand at t= 0 
. 0 
dvc = 100 ) - 0 (4) 
dt |,., C 





From (3) and (4) к, +2500 = 0 ог k, = —2500 and by substitution into (2) 


-25t 


velt) = 100-e ?'(2500t-- 100) (5) 


We find i,(t) = ic(t) by differentiating (5) and multiplication by C. Using MATLAB we get: 


syms t 
C-8*10^ (-3); 
i0—C*(100-exp(-25*t)*(100--2500*t)); iL=diff(i0) 


iL = 
1/5*exp (-25*t) * (100+2500*t) -20*exp (-25*t) 
Thus, 

i(t) = i-(t) = 0.2e°"(100 + 25001) - 20e ^" 


The plots for vc(t) and i,(t) are shown on the next page. 
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t vet i(t) 
0.000 0 0 Volt) 
0.005 0.7191 2.206 
0.010 2.6499 3.894 100 
0.015 5.4977 5.155 80 
0.020 9.0204 6.065 2 60 
0.025 13.02 6.691 5 4 
0.030 17.336 7.085 20 
0.035 21.838 7.295 0 
0.040 26.424 7.358 0.0 0.1 0.2 0.3 0.4 0.5 
0.045 31.011 7.305 Тіте 
0.050 35.536 7.163 
0.055 39.951 6.953 
0.060 44.217 6.694 i(t) 
0.065 48.311 6.4 р 
0.070 52.212 6.082 
0.075 55.91 5.751 6 
0.080 59.399 5.413 2 
0.085 62.677 5076 | Ẹ* | 
0.090 65.745 4.743 21 
0.095 68.608 4.418 А 
0.100 71.27 4.104 0.0 0.1 0.2 0.3 0.4 0.5 
0.105 73.741 3.803 Time 
0.110 76.027 3.516 
0.115 78.139 3.244 
2. 
i, (f) — 
— nnn ON a 
4 € 5H 
+ 
(+) AR Yeli) 
100u,(t) V 21.83 mF 
The general form of the differential equation that describes this circuit is same as in Exercise 1, 
that is, 
dve Rdvc + ave = 100 t»0 
y La PE IC 
dve аус 
E + 0.88 9.l6vc = 916 
dt t 
From the characteristic equation 5° + 0.8s +9.16 = 0 and the MATLAB code below 
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s=[1 0.8 9.16]; roots(s) 


ans = 
-0.4000 + 3.00001 
-0.4000 - 3.00001 


we find that s, 


— 0.4 +j3 and s, = —0.4 — j3 . Therefore, the total solution is 


v(t) = Усу+ Yen = 100 + ke ” соз(®„у1 + Q) 





where 
as = R/2L = 04 
and 
Ons = Job- a; = JI/LC-R°/4L = (9.16016 = 3 
Thus, 


—0.4t 


v(t) = 100+ ke соѕ(31+ Фф) (1) 


and with the initial condition ус(0 ) = 0 we get 0 = 100 + kcos(0+@) or 
kcosQ = —100 (2) 
To evaluate k and ф we differentiate (1) with MATLAB and evaluate it at t = 0. 
syms t k phi; voO=100+k*exp(—0.4*t)*cos(3*t+phi); v1 =diff(vO) 
vl = 
-2/5*k*exp(-2/5*t)*cos(3*t«phi)-3*k*exp(-2/5*t)*sin(3*t-«phi) 
Thus, 

















ы = —0.4k e "*' cos(3t +ọ)- 3ke ?* sin(314 Фф) 
Е 7 РТА 
dt |,_, 
and with (2) 
i^ 2 ТО 
dt | o 
Also — = = = = andatt = 0 
dt G C 
Bel + 00 ) - 0 (4 
dt | o C 
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From (3) and (4) 
3ksing = 40 (5) 
and from (2) and (5) 


3ksing _ _40 
kcosQ -100 
Зіапф = -0.4 


Ф = tan-!(-0.4/3) = —0.1326 rad = —7.6° 
The value of К can be found from either (2) or (5). From (2) 
kcos(—0.1236) = —100 


к= —00__ 2 _1008 


cos(-0.1236) — 
and by substitution into (1) 
v(t) = 100—100.8e "" cos(3t— 7.69) (6) 

Since i,(t) = ic(t) = C(dv¢/dt), we use MATLAB to differentiate (6). 
syms t; vC—100-100.8*exp(-0.4*t) *cos(3*t-0.1326); C=0.02183; iL- C*diff(vC) 
iL = 

137529/156250*exp(-2/5*t)*cos(3*t-663/5000) +412587/62500*exp (- 

2/5*t)*sin(3*t-663/5000) 
137529/156250, 412587/62500 


ans = 
0.8802 

ans = 
6.6014 


—0.4t -0.41 


i(t) = 0.88е ^ cos(3t— 7.6°) + 6.6e ^ sin(3t— 7.6?) 


The plots for v-(t) and i; (f) are shown on the next page. 
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0.000 
0.010 
0.020 
0.030 
0.040 
0.050 
0.060 
0.070 
0.080 
0.090 
0.100 
0.110 
0.120 
0.130 
0.140 
0.150 
0.160 


Att = 0 the citcuit is as shown below. 


vc(t) 
-0.014 
0.0313 
0.1677 

0.394 
0.7094 
1.1129 
1.6034 
2.1798 
2.8407 
3.5851 
4.4115 
5.3185 
6.3046 
7.3684 
8.5082 
9.7224 
11.009 


100 V 





i (t) 
-0.002 
0.198 
0.395 
0.591 
0.784 
0.975 
1.164 
1.35 


vc(t) 














1.534 
1.714 
1.892 
2.066 
2.238 


2.73 
2.887 








2.405 
2.57 i 
10 








100 Q 


(+) 





f 000001 . 





О-Н. ue sAr 
ij(0 ) 


+ 
AS Yc(0 ) 


1/120 F 


400 Q 








At this time the inductor behaves as a short and the capacitor as an open. Then, 


and this establishes the first initial condition as I, 


i(0 ) = 100/(100 + 400) = 1, = 0.2 A 


0.2 A. Also, 


ve(0 ) = улоо = 400xij(0 ) = 400x 0.2 = V, = 80V 


and this establishes the first initial condition as V, = 80 V. 


For t>0 the circuit is as shown below. 
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COTL 
1009 20H 


(+) Al vc(t) 


100 V 1/120 F 














The general form of the differential equation that describes this circuit is same as in Exercise 1, 
that is, 


dve Rdve 1 100 
жуы жЕ, O 
X pum ons ne í 
Фу ау 
—À + 5—5 + бус = 600 
dt dt 
From the characteristic equation s! 45s 6 = 0 we find that s 1 = —2 and s, = —3 and the total 


response for the capacitor voltage is 
51 Sot —2t —3t 
v(t) = Vogt Von = 100+k,e° +k,e° = 100+ ке +k (1) 
Using the initial condition V; = 80 V we get 
ve(0 ) = Vo= 80 V = 100 + Куе + ке 


Of 
k,*k, = -20 (2) 


Differentiation of (1) and evaluation at t = 0 yields 








dvc 
T --2k-3k, (3) 
dt | o 
RED ы наре 0 
. 0 
dve) — in ) 02 .24 (4 
dil , C 1/120 





Equating (3) and (4) we get 
-2k,-3k, = 24 (5) 


and simultaneous solution of (2) and (5) yields К, = —36 andk, = 16. 
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By substitution into (1) we find the total solution as 


-2t -3t 


v(t) = Vogt Von = 100-36e + 16e 





vvv 00 
100 О 20H $ 
Vs 


+ 
(=) 400 О eps elo) 


1/120 F 
vs = (100cost)ug(t) V 











This 1s the same circuit as in Exercise 3 where the DC voltage source has been replaced by an AC 
source that is being applied at t = 0°. No initial conditions were given so we will assume that 


i(0 ) = 0 and ve(0 ) = 0. Also, the circuit constants are the same and thus the natural 


-2t -3t 
response has the form vo, = Ке +k ,e . 


We wil find the forced (steady-state) response using phasor circuit analysis where о = 1, 
joL = j20, -j/@C = -j120, and 100cost < 100 Z0? . The phasor circuit is shown below. 





V, = 100Z0° V 











Using the voltage division expression we get 


—j120 100709 = —j120 100/09 = 120Z-90° x 100Z0? 


= IZ _=1120_ = 604/2 7-135? 
Vc = 100 j20 120 100 + j100 100.[2.245° < 


and іп the t -domain у, = 60,/2соѕ(1– 135?) . Therefore, the total response is 
cf p 
V(t) = 60.42 cos(t — 135°) + ke” + ke” (1) 


Using the initial condition ус(0 ) = 0 and (1) we get 
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v0 ) = 0 = 60./2cos(—135?) +k, +k, 
and since cos(-135?) = —4/2/2 the above expression reduces to 
k, +k, = 60 (2) 
Differentiating (1) we get 


A 60/2 sin(t + 45°) + -2k,e ^ 3k,e ^ 











dt 
and 
Wel жй sin(459)-2k,-3k, 
dt 6 
аус 
C| = 60-2k,-3k, (3 
di. 13k (3) 
Also, cie ns and at t = 0 
dvc (0 ) 
е = 0 (4 
dt|,_, C @ 





Equating (3) and (4) we get 
2k, 3k, = 60 (5) 


Simultaneous solution of (2) and (5) yields К, = 120 and К, = —60. Then, by substitution into (1) 


velt) = 604/2cos(t — 135°) + 120e ?'-60e ^" 


5. 
зо t=O р бо 
s 3H Li,(t) 
C) 20 AN c(t) : 
12V 1/12 Е 














We must first find the value of R before we can establish initial conditions for i,(0 ) = 0 and 


vc(0 ) = 0. The condition for critical damping is lap- ex = 0 where оь = G/2C = 1/2R'C 
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2 2 1 T 2 1 
= 1 L б h = 9 = mm 2S ' = ; 
and oj, /LC . Then, ap Rx I/D2 00 3x1/D where R' = Ё+2 O. Therefore, 


12 )- ( 6 ) = 2 _ Е _ _ 
Cas; = 4,ot Rad = 4,ot (R+2) = 36/4 = 9,or R+2 = 3 and thus R = І. 


Att = 0 the circuit is as shown below. 





























6Q 
INN Т = 
30 то veo Е 
ij(0 ) 
+ Ра 
C5 AR VO ) 
12V 
e 
From the circuit above 
= 6 
vc(O ) = V6o = ERN a = 72\У/ 
апа 
ah у 7:2 
0) = <= = 12А 
100 ) 6 6 
At t = 0° the circuit is as shown below. 
Since the circuit is critically damped, the solution has the form 
velt) = e "(k+ ket) 
1 
h = (2—5) = 2 and th 
where ap X1*2x1/12 and thus 
velt) = e^ (К+) (1) 
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With the initial condition ve(0 ) = 7.2 V relation (1) becomes 7.2 = e(k, +0) or k; = 22V 
and (1) simplifies to 

velt) = e? (724 k:t) (2) 
Differentiating (2) we get 








De ек рЫ) 
dt 
and 
Wel 29790) SG 
dt |, 
Же = £ andatt = 0 
а C 
dve) 100) __ 0 _ 9 (4) 
diu = е 





because at t = 0 the capacitor is an open circuit. 
Equating (3) and (4) we get k,- 14.4 = 0 or k, = 14.4 and by substitution into (2) 
velt) = e^ (7.2 + 1441) = 72e "(2t 1) 
We find i,(t) from ip(t)+i¢(t)+i,(t) = 0 or i(t) = -ic(t) - 100) where ic(t) = C(dvc/dt) 


and ip(t) = va(t)/(1 +2) = vc(1)/3. Then, 

















i(t) = — T (14.4621 +1) + 14.4e”)-— P (21 +1) = —2.4е (P47) 
б. 
Att = 0 the circuit is as shown below where i,(0 ) = 12/2 = 6 A, v«(0 ) = 12 V, and thus 
the initial conditions have been established. 
20 40 
© 
2 | УВ 
12V 2H E, E 
_ х v0) 
i(0 ) 1/4F 
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For t» 0 the circuit is as shown below. 





+ 
k E? Н. qp V 
C 











For this circuit 


$: 
(Е, +R)i + ve +L = 0 


and with i, = ic = C(dv,/dt) the above relation can be written as 
dv Фу 
(Ri + В,) С +1С— + ус = 0 
аі d 


dve (К, + R;) аус 1 
uL о me 
QE qu. Ung AEQUO 


2 

d 
Cpa 
d£ dt 


The characteristic equation of the last expression above yields s; = —/ and s; = -2 and thus 
velt) = ke” - k,e (1) 
With the initial condition ус(0 ) = 12 V and (1) we get 


Differentiating (1) we get 
аус 





“2с _ —k " 2k -2t 
dt Da 
and 
аус 
— = -k,-2k, (3 
d. 1-26 (3) 
ave ic i, 
Also, — = = = = andatt = 0 
dt C C 
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— = 24 (4) 
From (3) and (4) 
-k,-2k, = 24 (5) 
and from (2) and (5) k; = 48 and k, = —36. By substitution into (1) we get 


-2t 


velt) = 48e "36e 





Then, 
di di 
Vag = V,(t)—vc(t) = pos -= vc(t) = LC 35 V(t) 
2 
= 0.5( 4 (486-36 e? - 48e '-36 e 
dt 
= 0.5(48e 144 e ^") - 48e 36e 7 
= 24e -108e ^ = -24(e' + 4.5e ) 
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NOTES 
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his chapter defines series and parallel resonance. The quality factor Q is then defined in terms 
of the series and parallel resonant frequencies. The half-power frequencies and bandwidth are 
also defined in terms of the resonant frequency. 


2.1 Series Resonance 


Consider phasor series RLC circuit of Figure 2.1. 


— NA/AANI—— — (00000 L. 
L 


Vs R joL | 
6:254 
1/joC 


Figure 2.1. Series RLC phasor circuit 











The impedance Z is 





y 
Impedance = 2 = Phasor Voltage 7$ 2 въ jot+— = R+j(oL-4) 2.1) 
Phasor Current I joC oC 
Of 
2 2 E 
Z = JR +(@L-1/@C) Ztan (oL—1/oC)/R (2.2) 


Therefore, the magnitude and phase angle of the impedance are: 





Zi sn bcd). (2.3) 


and 
0, = тап (oL- 1/oC)/R (2.4) 


The components of |Z| are shown on the plot of Figure 2.2. 
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Series Resonance Curves 





Magnitude of Impedance 





oL-1 / oC 





Radian Frequency 
Figure 2.2. The components of |Z| in a series RLC circuit 
The frequency at which the capacitive reactance Xç = 1/wC and the inductive reactance Ху = oL 


are equal is called the resonant frequency. The resonant frequency is denoted as о, or ў, and these 
q q у. q y 0 0 


can be expressed in terms of the inductance L and capacitance C by equating the reactances, that 1s, 


1 
M 
0 
2 1 
1 
IRE 58 (2.5) 
0 JLC 
and 
1 (2.6) 


fo men 
2n A4LC 
We observe that at resonance 2, = К where Z, denotes the impedance value at resonance, and 


07 = 0. In our subsequent discussion the subscript zero will be used to indicate that the circuit vari- 


ables ate at resonance. 

















Example 2.1 

For the circuit shown in Figure 2.3, compute Ig, o5, С, Уро, |Vzo|, and |Vco|. Then, draw a phasor 
diagram showing Vag, |V; | and |Veol. 
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R=12Q jX, =jl0Q 


Vs L=0.2 mH 


С 
се 
1 , 
120709 V -jXc 


Figure 2.3. Circuit for Example 2.1 











Solution: 


At resonance, 


JXL = -Xc 
and thus 
Z =R=12Q 
Then, 
АЕ 
1.2 Q 
Since 


Xio = %L = 102 


it follows that 


wo, = 10 = 10 — = 50000 rad/s 
L -3 
0.2 x 10 
Therefore, 
1 
X = Х = 10 = — 
со LO 0С 
Of 
1 
{з= Bu 
10 x 50000 
Now, 
Vago = КІ, = 12x 100 = 120 V 
[Vio] = ©0010 = 50000 x 0.2 x 107 х 100 = 1000 
and 
1 1 
[Усе| ==] = z x 100 = 1000 V 


= 0 z 
oC 50000 x 2 x 10 


The phasor diagram showing Ир, 





Vio 





‚апа |Vco] is shown in Figure 2.4. 
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^ [Vro] = 1000 V 


> үрә = 120 V 





v |Vco| = 1000 V 
Figure 2.4. Phasor diagram for Example 2.1 


Figure 2.4 reveals that |У; = |Vco| = 1000 V and these voltages are much higher than the applied 


voltage of 120 У. This illustrates the useful property of resonant circuits to develop high voltages 
across capacitors and inductors. 


2.2 Quality Factor Qo, in Series Resonance 


The quality factor is an important parameter in resonant circuits. Its definition is derived from the 
following relations: 


At resonance, 





1 
Lee 
90 оС 
апа 
y 
old 
Then 
V оГ, 
[Viol = 90010 = — - = Vs (2.7) 
and 
1 |У 1 
Veo = ш WW iy, (2.8) 


oC oC R — RC 
At series resonance the left sides of (2.7) and (2.8) are equal and therefore, 


=, E 1 


R ORC 








* We denote the quality factor for series resonant circuits as Qos, and the quality factor for parallel resonant cir- 


cuits as Оор. 
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Then, by definition 





rds =, 1 
CU RE due RC (2.9) 











Quality Factor at Series Resonance 





In a practical circuit, the resistance А in the definition of Qo, above, represents the resistance of the 
inductor and thus the quality factor Qo, is a measure of the energy storage property of the inductance 


L in relation to the energy dissipation property of the resistance R of that inductance. 


In terms of Qo, , the magnitude of the voltages across the inductor and capacitor are 








[Уго H [Усо| ш Oos|V;| (2.10) 








and therefore, we say that there is a “resonant” rise in the voltage across the reactive devices and it is 
equal to the Qo, times the applied voltage. Thus in Example 2.1, 
RS [Viol Е |У со . 1000 _ 25 
VOTIS. 973 
The quality factor Q is also a measure of frequency selectivity. Thus, we say that a circuit with a high 
Q has a high selectivity, whereas a low Q circuit has low selectivity. The high frequency selectivity is 
more desirable in parallel circuits as we will see in the next section. 


Figure 2.5 shows the relative response versus o for О = 25, 50, and 100 where we observe that 
highest О provides the best frequency selectivity, i.e., higher rejection of signal components outside 
the bandwidth BW = œ,- o, which is the difference in the 3 dB frequencies. 


124 Selectivity Curves for Different Qs 


1.0 4 Q-25 
0.8 4 | 
0.6 4 
0.4 4 





0.2 4 





Relative Response (gain) 


001-05 (02 


0.0 





о (1/s) 


Figure 2.5. Selectivity curves with О = 25,50, апа 100 
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We will see latet that 





О = —® = Resonant Frequency (2.11) 
05—0, Bandwidth | 











We also observe from (2.9) that selectivity depends on Ё and this dependence is shown оп the plot 
of Figure 2.6. 


High and Low Q Curves 
Dependence on R 


ne 


2R 


Relative Response 








[О] 


Figure 2.6. Selectivity curves with different values of R 


If we keep one reactive device, say L, constant while varying C , the relative response “shifts” as 
shown in Figure 2.7, but the general shape does not change. 


Resonance at Constant L and Variable C 


Relative Response 





[0] 


Figure 2.7. Relative response with constant L and variable С 


2.3 Parallel Resonance 


Parallel resonance (antiresonance) applies to parallel circuits such as that shown in Figure 2.8. 
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ОЕ ШЕ ШО 
Ore Is L&I, = © 











Figure 2.8. Parallel GLC circuit for defining parallel resonance 


The admittance Y of this circuit 15 given by 


Admittance = y = Phasor Current _ 15 _ G * joC« L = G+j(oc-+) 
Jo 


Phasor Voltage V 


Of 





VY ONG? СЫЛЫ ноба б (2.12) 


Therefore, the magnitude and phase angle of the admittance Y are: 





In ewe? (асру)? (2.13) 
and 


0, = tan (®С—1/®1) 


= (2.14) 


The frequency at which the inductive susceptance В; = 1/mL and the capacitive susceptance 
Bc = oC are equal is, again, called the resonant frequency and it is also denoted as o. We can find 


o9 in terms of L and C as before. 





Since 
1 
M ioc) 
0 
then, 
1 
“маг: 
0 
апа 
1 
ор = —— (2.15) 
ЕС 











as before. The components of |Y| ate shown on the plot of Figure 2.2. 
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Parallel Resonance Curves 
[ү] 
Ф 
о 
c 
S 
Е 
о 
<x 
че о 
о [0] 
Ф 0 ? 
о 
= 
T -1/oL 
о 
oO 
> 
o C-1/oL 
Radian Frequency 


Figure 2.9. The components of |Y| in a parallel RLC circuit 


We observe that at this parallel resonant frequency, 


Y= G (2.16) 
and 


0,20 (2.17) 
Example 2.2 
For the circuit of Figure 2.10, ic (t) = 10соѕ50001 mA . Compute iG (t), ij (t) , and ic (t). 








4——— 


| {с | tls cy c 
QJ) v(t) Sig) е 


is(f) | Too mH |4uF 


ic(t) 











Figure 2.10. Circuit for Example 2.2 


Solution: 


The capacitive and inductive susceptances are 
Bo = oC = 5000x 4x10? = 002 О! 


апа 


B Bn 4690 


oL 5000х 10x 10” 


and sinceB, = Bc, the given circuit operates at parallel resonance with o = 5000 rad/s. Then, 
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Y, = G = 0.01 Q” 
and 
ig(t) = is(t) = 10cos5000t mA 


Next, to compute i; (f) and ic (t), we must first find v(t). For this example, 


= 1000cos5000t mV = cos5000t V 


(1 
voti) = 100 = 100023000: mA 


0.01 Q” 
In phasor form, 
vo(t) = cos5000t V & У, = 10° 


Nov, 


1,0 = (-iB,)Vo = (12-90°)(0.02)(1Z0°) = 0.022-90° A 

and in the t-domain, 

Го = 0.02 Z-90° A = іу (1) = 0.02 cos(5000t — 90°) A 
ot 

ij (f) = 20sin5000t mA 

Similarly, 

Ico = jBcVo = (1290°)(0.02)(1Z0°) = 0.02290° A 
and in the t-domain, 
Ico = 0.02 290° A  icg(t) = 0.02 cos(5000t + 90°) A 


ot 
icg(t) = —20sin5000t mA 


We observe that i; 9(t) +icg(t) = 0 as expected. 


2.4 Quality Factor Qop in Parallel Resonance 


At parallel resonance, 





1 
er 
0 
and 
Is 
"e 
Then, 
ial eee ey 2.18 
col = eg CV, = os G = Gls (2.18) 
Also, 
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ogC _ ] 
G GL 
Now, by definition 
СО. 
or = 7g = 0 GL 
Quality Factor at Parallel Resonance 











(2.19) 


(2.20) 


The above expressions indicate that at parallel resonance, it is possible to develop high currents 
through the capacitors and inductors. This was found to be true in Example 2.2. 


2.5 General Definition of Q 
The general (and best) definition of Q is 





eds Maximum Energy Stored 
Energy Dissipated per Cycle 











Essentially, the resonant frequency is the frequency at which the inductor gives 


(2.21) 


up energy just as fast 


as the capacitor requires it during one quarter cycle, and absorbs energy just as fast as it is released by 
the capacitor during the next quarter cycle. This can be seen from Figure 2.11 where at the instant of 
maximum current the energy is all stored in the inductance, and at the instant of zero current all the 


energy is stored in the capacitor. 


W, & Wc in Series RLC Circuit 


W, Wc 





Energy (J) 


Vc n 





Figure 2.11. Waveforms for №; and We at resonance 
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2.6 Energy in L and C at Resonance 


For a series RLC circuit we let 


аус 
i= 1,cosot = C-i 
Then, 
ус = Pinot 
Also, 
ws In eine (2.22) 
2 Zip 
and 
14,2 1 p i2 
We = 5СУ = 22,7 ot (2.23) 


Therefore, by (2.22) and (2.23), the total energy W;. at any instant is 





Wr = + Ис = 3l» | Leos or + XLI (2.24) 
[0] 











and this expression is true for any series circuit, that is, the circuit need not be at resonance. How- 
evet, at resonance, 


Of 


By substitution into (2.24), 





Wy = TI LLcos^ot + Lsin oof] = БГ, = 


5 (2.25) 





DEL 
2 PoC 








and (2.25) shows that the total energy Уу is dependent only on the circuit constants L, С and res- 


onant frequency, but it is independent of time. 


Next, using the general definition of Q we get: 





2 
Ox: 294 Maximum Energy Stored _ В (1/2)1,1 m К 
05 © " Energy Dissipated per Cycle (1/2)? R/f, R 
p 
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ot 
OL 
c IX 2.26 
Qos = 72 (2.26) 
and we observe that (2.26) is the same as (2.9). Similarly, 
2 2 
Duns Maximum Energy Stored _ бн с (1/®С) — 2л fo 
0 7 . . m E 
5 Energy Dissipated per Cycle (1/2) R/fo ЕС 
ог 
e 1 
SS em (2.27) 
oj RC o9 RC 
and this is also the same as (2.9). 
Following the same procedure for a simple GLC (or RLC) parallel circuit we can show that: 
OC 1 
= tz 2.28 
ОЕ е Ф.С 509 


and this is the same as (2.20). 


2.7 Half-Power Frequencies - Bandwidth 


Parallel resonance is by far more important and practical than series resonance and therefore, the 
remaining discussion will be on parallel GLC (or RLC) circuits. 


The plot of Figure 2.12 shows the magnitude of the voltage response versus radian frequency for a 
typical parallel RLC circuit. 


Bandwidth in Parallel RLC Circuit 


< 
o 


Relative Voltage 











01 Qo 2 [9] 


Figure 2.12. Relative voltage vs.radian frequency in a parallel КІС circuit 
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By definition, the half-power frequencies o, and œ, in Figure 2.12 are the frequencies at which the 


magnitude of the input admittance of a parallel resonant circuit, is greater than the magnitude at res- 


onance by a factor of 4/2 , or equivalently, the frequencies at which the magnitude of the input 


impedance of a parallel resonant circuit, is less than the magnitude at resonance by a factor of ,/2 as 


shown above. We observe also, that o, and о, are not exactly equidistant from œg. However, it is 


convenient to assume that they are equidistant, and unless otherwise stated, this assumption will be 


followed in the subsequent discussion. 


We call o, the lower half-power point, and œ, the upper half-power point. The difference œ,- o, is 


the half-power bandwidth BW, that is, 





Bandwidth = BW = o,-0, 











(2.29) 


The names half-power frequencies and half-power bandwidth arise from the fact that the power at 


these frequencies drop to 0.5 since (./2/ 2)" = 0.5. 


The bandwidth BW can also be expressed in terms of the quality factor О as follows: 


Considet the admittance 


Y= G+j(oc-+) 
oL 


(A) 
Multiplying the j term by o( — ) , we get 
0 9G 


OW gC Oo 





Y = G+jG( 


Recalling that for parallel resonance 





by substitution we get 


and if o = o,, then 





(2.30) 
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Next, we want to find the bandwidth œ,- o, in terms of the quality factor Обь. At the half-power 


points, the magnitude of the admittance is (42/2 У and, if we use the half-power points as refer- 


ence, then to obtain the admittance value of 


lY 1526 
we must set 
o2 2 
а) mg 
ХЕ = 


for o = o». 


We must also set 


for o = o. 


Recalling that |(7+j/)| = 42 and solving the above expressions for o | and o5, we get 




















5 752 37 
= | [1+ + 2.31 
0, = | Com, 20 (2.31) 
and 
E 13 q3 
= | I+ = 2.32 
"er Go, 2Qop oa 

















BW = o,-o, = —2 (2.33) 
Qop 
or 
Big opos (2.34) 
Qop 











As mentioned earlier, o, and о, are not equidistant from ,. In fact, the resonant frequency o, is 


Р ж . 
the geometric mean of o, and o», that is, 


Og = „190 (2.35) 





* The geometric mean of n positive numbers а|, a, ,..., a, is the nth root of the product.a, аз ·... га, 
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This can be shown by multiplication of the two expressions in (2.31) and (2.32) and substitution into 


(2.33). 


Example 2.3 
For the network of Figure 2.13, find: 











a. Oo 
b. Qop 
c. BW 
d. o, 
е. 0 
pe z CAS 
000107 |ImH (04 uF 
Figure 2.13. Network for Example 2.3 
Solution: 
a. 
dim. a — ~- 25 x 10° 
LC ]x10?x04x10 
Of 
o, = 50000 r/s 
b. 
NEL 5x I0 x 04x 10^. 5 
G -3 
10 
C. 
BW = 2e = 20000 55200 = rad/s 
Qop 20 
d. 
o = op- 7 = 50000- 1250 = 48750 rad/s 
е 
о, = oo 2 = 50000 + 1250 = 51250 rad/s 
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2.8 A Practical Parallel Resonant Circuit 


In our previous discussion, we assumed that the inductors are ideal, but a real inductor has some 
resistance. The circuit shown in Figure 2.14 is a practical parallel resonant circuit. 





G 


Y— Ap 








Figure 2.14. A practical parallel resonant circuit 


To derive an expression for its resonant frequency, we proceed as follows: 


The resonant frequency is independent of the conductance G and, for simplicity, it is omitted from 
the network of Figure 2.14. We will therefore, find an expression for the network of Figure 2.15. 


+ M br, || 





Іс 


V C ZA 








Figure 2.15. Simplified network for derivation of the resonant frequency 


For the network of Figure 2.15, 





I, = Vv _ (R-joL) V 
Lo Берара plays? 
tJO К + (oL) 
and 
V В 
І = ——- C)V 
OF Tey 9 
where 
R 
Re{I,} = a 
К + (oL) 
and 
-oL 
[mil = ——— y 
К *(oL) 
Also, 
Ке{1с} = 0 
апа 
Im{Ic} = (@C)V 
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Then, 


ч 
- 
| 


= +1 = [Re{I,} + Im{1,}]V + [Re {Ic} + Im{Ic}]V 
[Re{I,} + Re{Io} +Im{I,} * ImiIcj]V (2.36) 
[Re{Ir} +Im{Ir}]V 


Now, at resonance, the imaginary component of J; must be zero, that is, 


@,L 
Im(Ij) = Im{I;} * Im(Ic) = [ee 20 ]v - 
К + (оГ) 


and solving for o, we get 





uec Ede. (2.37) 


cop om 
fo = on LC p (2.38) 


We observe that for R = 0, (2.37) reduces to o, = —L.. as before. 
VLC 











or 














2.9 Radio and Television Receivers 


When a radio or TV receiver is tuned to a particular station or channel, it is set to operate at the res- 
onant frequency of that station or channel. As we have seen, a parallel circuit has high impedance 
(low admittance) at its resonant frequency. Therefore, it attenuates signals at all frequencies except 
the resonant frequency. 


We have also seen that one particular inductor and one particular capacitor will resonate to one fre- 
quency only. Varying either the inductance or the capacitance of the tuned circuit, will change the 
resonant frequency. Generally, the inductance is kept constant and the capacitor value is changed as 
we select different stations or channels. 


The block diagram of Figure 2.16 is a typical AM (Amplitude Modulation) radio receiver. 
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Antenna Local Speaker 
Oscillator N / 
Radio Intermediate Audio 
Frequency Mixer = Frequency |+ Detector + Frequency _ | 
Amplifier Amplifier Amplifier 






































Figure 2.16. Block diagram of a typical AM radio receiver 


The antenna picks up signals from several stations and these are fed into the Radio Frequency (RF) 
Amplifier which improves the Signal-to-Noise (S/N) ratio. The RF amplifier also serves as a prese- 
lector. This preselection suppresses the image-frequency interference as explained below. 


When we tune to a station of, say 740 KHz , we are setting the RF circuit to 740 KHz and at the 
same time the local oscillator is set at 740 KHz + 456 KHz = 1196 KHz. This is accomplished by 
the capacitor in the RF amplifier which is also ganged to the local oscillator. These two signals, one 
of 740 KHz and the other of 1196 KHz , are fed into the mixer whose output into the Intermediate 
Frequency (IF) amplifier is 456 KHz; this is the difference between these two frequencies 
(1196 KHz-740 KHz = 456 KHz ). 


The ТЕ amplifier is always set at 456 KHz and therefore if the antenna picks another signal from 
another station, say 850 KHz, it would be mixed with the local oscillator to produce a frequency of 
1196 KHz-850 KHz = 346 KHz but since the IF amplifier is set at 456 KHz, the unwanted 
850 KHz signal will not be amplified. Of course, in order to hear the signal at 850 KHz the radio 
receiver must be retuned to that frequency and the local oscillator frequency will be changed to 
850 KHz +456 KHz = 1306 KHz so that the difference of these frequencies will be again 
456 KHz. 


Now let us assume that we select a station at 600 KHz. Then, the local oscillator will be set to 
600 KHz + 456 KHz = 1056 KHz so that the IF signal will again be 456 KHz. Now, let us suppose 
that a powerful nearby station broadcasts at 1512 KHz and this signal is picked up by the mixer cir- 
cuit. The difference between this signal and the local oscillator will also be 456 KHz 
1512 KHz-1056 KHz = 456 KHz. The IF amplifier will then amplify both signals and the result 
will be a strong interference so that the radio speaker will produce unintelligent sounds. This inter- 
ference is called image-frequency interference and it is reduced by the RF amplifier before entering 


the mixer circuit and for this reason the RF amplifier is said to act as a preselector. 


The function of the detector circuit is to convert the IF signal which contains both the carrier and 
the desired signal to an audio signal and this signal is amplified by the Audio Frequency (AF) Ampli- 
fier whose output appears at the radio speaker. 
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Example 2.4 


A radio receiver with a parallel GLC circuit whose inductance is L = 0.5 mH is tuned to a radio 


station transmitting at 810 KHz frequency. 

a. What is the value of the capacitor of this circuit at this resonant frequency? 

b. What is the value of conductance С if Qop = 75? 

c. If a nearby radio station transmits at 740 KHz and both signals picked up by the antenna have the 


same current amplitude J (uA), what is the ratio of the voltage at 8/0 KHz to the voltage at 
740 KHz? 











Solution: 
a. 
ee 
ЕС 
Of 
2 1 
Jo = as 
4n LC 
Then, 
C= ————— ——À = 772 pF 
4120.5 x 107 x (810 x 10°) 
b. 
_ оС 
Qop = С 
ог 
2nfoC  2xx&1x10 x 77.2 х 10 Е, 
С = —— = += uo 
Qop 75 
с. 
1 1 1 1 
Vs Ke: TET л а н (2.39) 
| | Ysioxu| Yo С 524x105 
Also, 
I 
VIN EH = y 
| d [мо кні 
where 
2 1 M 
\Y>40 кн = (9 +(oc-+) 
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or 
-6,2 3 -12 1 2 
Vogue = [p x 10) + (2л x 740 x 10! x 77.2 x 10” — —— ÀJ 
2n x 740x 10 x 0.5 x 107 
or 
-1 
lYz4o ku] = 71.2 uQ 
and 
I 
[Уло ku = — аы (2.40) 
71.2 x 10 

Then from (2.39) and (2.40), 

Vero xad _ 1/5.24x10° _ 712x107 _ 436 (2.41) 


Ио кн) 1/712x105 524510 


that is, the voltage developed across the parallel circuit when it is tuned at f = 8/0 KHz is 13.6 


times larger than the voltage developed at f = 740 KHz. 


2.10 Summary 


In a series RLC circuit, the frequency at which the capacitive reactance Xç = 1/oC and the 


inductive reactance X, = oL are equal, is called the resonant frequency. 


The resonant frequency is denoted as o, or fg where 


and 





DE. 


The quality factor Qo, at series resonance is defined as 


=, «ro 
R {ЁС 





Qos = 


In a parallel GLC circuit, the frequency at which the inductive susceptance В, = 1/oL and the 
capacitive susceptance Bc = oC ate equal is, again, called the resonant frequency and it is also 


denoted as o. As in a series RLC circuit, the resonant frequency is 
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• The quality factor Qo, at parallel resonance is defined as 


_ оС 1 
© G GL 





• The general definition of Q is 


Maximum Energy Stored 
О = 2a a a a a 
Energy Dissipated per Cycle 


• [n a parallel RLC circuit, the half-power frequencies o, and œ, are the frequencies at which the 
magnitude of the input admittance of a parallel resonant circuit, is greater than the magnitude at 
resonance by a factor of /2, or equivalently, the frequencies at which the magnitude of the input 


impedance of a parallel resonant circuit, is less than the magnitude at resonance by a factor of 4/2. 


e We call o, the lower half-power point, and о, the upper half-power point. The difference 
05— o; is the half-power bandwidth BW, that is, 


Bandwidth = BW = 05-0, 


* The bandwidth BW can also be expressed in terms of the quality factor Q as 





BW 2o 
= 05-0; = — 
Оор 
Of 
fi 
BW = р-у = 22 
Оор 
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2.11 Exercises 


1. A series RLC circuit is resonant at fọ = 1 MHz with Z, = 100 О and its half-power bandwidth 
is BW = 20 KHz. Find R, L, and C for this circuit. 


2. For the network of Figure 2.17, the impedance Z, is variable, Z, = 3+j4 and Z; = 4—j3. To 


what value should Z, be adjusted so that the network will operate at resonant frequency? 


p 


| 


Figure 2.17. Network for Exercise 2 
































Zin 

















3. For the circuit of Figure 2.18 with the capacitance C adjusted to 7 uF, the half-power frequen- 
cies are f, = 925 KHz and f, = 1075 KHz. 


a. Compute the approximate resonant frequency. 
b. Compute the exact resonant frequency. 


c. Using the approximate value of the resonant frequency, compute the values of O,,, G, and L. 


Figure 2.18. Circuit for Exercise 3 


op? 











4. The GLC circuit of Figure 2.19, is resonant at fy = 500 KHz with V, = 20 V and its half-power 
bandwidth is BW = 20 KHz. 


a. Compute L, С, and I, for this circuit. 


b. Compute the magnitude of the admittances |Y;| and |Y,| corresponding to the half-power fre- 
quencies f, and f;. Use MATLAB to plot |Y| in the 700 KHz Xf € 1000 KHz range. 





+ 


C 
G L 
V AZ 








Figure 2.19. Circuit for Exercise 4 





2-22 Circuit Analysis П with MATLAB Applications 
Orchard Publications 





Exercises 





5. For the circuit of Figure 2.20, v, = 170coswt and Q, = 50. Find: 


с. 0, and о, 





d. |Voo] 
Ry L 
— VV ОО. 
1Q 1 mH 
A CAN 100 $ к» 
Vs 1 HE 
e 











Figure 2.20. Circuit for Exercise 5 


6. The seties-parallel circuit of Figure 2.21, will behave as a filter if the parallel part is made resonant 
to the frequency we want to suppress, and the series part is made resonant to the frequency we 
wish to pass. Accordingly, we can adjust capacitor С, to achieve parallel resonance which will 
reject the unwanted frequency by limiting the current through the resistive load to its minimum 
value. Afterwards, we can adjust C, to make the entire circuit series resonant at the desired fre- 
quency thus making the total impedance minimum so that maximum current will flow into the 
load. 

For this circuit, we want to set the values of capacitors so that у; одр will be maximum at 
fı = 10 KHz and minimum at f; = 43 KHz. Compute the values of C, and C, that will 
achieve these values. It is suggested that you use MATLAB to plot |у, o4 | versus frequency f in 


the interval / KHz <f < 100 KH to verify your answers. 


C 
== = R; T dp 
С лу 0m — + | Ry 
BE 1009 2mH 
A) VLOAD 

1Q 


|у = 170cosot 

















Figure 2.21. Circuit for Exercise 6 
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2.12 Solutions to Exercises 


1. At series resonance Z, = R = 100 and thus А = 100 О. We find L from Qo, = ojL/R where 
=, = 2nf,. Also, 


6 
00 00 2n x 10 
Pte T Р о UU 
05—0; 2n x 20x 10 
Then, 
р. 
L = {00 2 100x30 L 9.796 тн 
e" 2n x10 
and from m = 1/LC 
pude. Ro cec ЕЕ 


©, — (2nx 10°)" x 7.96 x 107 
Check with MATLAB: 


f0210^ 6; wO=2*pi*f0; ZO=100; BW=2*pi*20000; w1 =w0-BW/2; w2-w0-- BW/2;... 
R=ZO0; Qos=w0/BW; L=R*Qos/w0; C=1/(w0 ^ 2*L); fprintf(' \n’);... 

fprintf(R = %5.2f Ohms \t', В); fprintf(L = %5.2e H \t', L);... 

fprintf(‘C = %5.2е Е \t', C); fprintf(' \n'); fprintf(' Wn); 


R = 100.00 Ohms L = 7.96e-004 H C = 3.18e-011 F 

















2 [z] 


Zin 














у = Zi * 22123 
where 
(3 +j4) - (4 -j3) _ 12—j9 4 j16 + 12 
3+j4+4-j3 7+] 
= 168 + j49 -j24+7 _ 175 + j25 
7° +1? 20 


7-j 
eue ed 


= 3.5 +]0.5 


We let Ziy = Rjy * jXjy and Z, = R, + jX;. For resonance we must have 


Zin = Ry tjXjy = R; tjj 3.5 +Ј0.5 = Ry+0 = Ro jX4 + 3.5 + jO.5 
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Equating real and imaginary parts we get 


Ri = R,+3.5 
0 = jX,+j0.5 
and while R, can be any real number, we must have jX, = —j0.5 and thus 


Z, = R,-j0.5Q 








3. 
a. BW = f;-f, = 1075-925 = 150 KHz. Then, 
fy = fj * BW/2 = 925 + 150/2 = 1000 KHz 
b. The exact value of f is the geometric mean of f, and f; and thus 
fo = ЛЛ» = (925 + 1075)10° = 997.18 KHz 
f, 1000 оос 
с. Орр = n » еви" 20/3. Also, Oop = с Then 
_ 90€ | 22fC _ 2nx10 x 10^. 31. pogo” 
Oop Оор 20/3 10 
and 
Le uc = 4 = 0.025 pH 
©С — 4m^fjC 4т x 10° x10. 
4. 
fo _ 500 @gC 
a. Qop = BW = 20 = 25. Also, Оор = G or 
-G p z 
A E 22810 = 7.96 x 10° F = 7.96 nF 
оо 2nx5x 10 
EE: А : ЕН аон 


©С Am ус — 4n^ x 25 x 10" x 7.96 x 10” 
Ij = ҮҮ) = VoG = 20x 10^ A = 20 mA 


b. fı = fy- BW/2 = 500-10 = 490 KHz and f, = ў, + BW/2 = 500* 10 = 510 KHz 
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m a) 
Үр = G+j(o,c iE 


10? +021 х 490 x 10? х 7.96 х 10° — e 
2n x 490 x 10° x 12.73 x 10 


Likewise, 
be. Е 1 ) 
еу б+Де,С- 1 


10° + j(2n x 510 x 10° x 7.96 x 10° — — Z7 ) 
2n x 510 x 10° x 12.73 x 107 


We will use MATLAB to do the computations. 


G=10% (-3); BC1=2*pi*490*10 ^ 3*7.96*10 ^ (-9);... 
BL1-1/(2*pi*490*10 ^ 3*12.73*10^ (-6)); Y12G-j*(BC1-BL1);... 
BC2=2*pi*510*10 ^ 3*7.96*10^ (-9); BL2-1/(2*pi*510*10 ^ 3*12.73*10^ (-6));... 
Y2-G-j* (BC2-BL2); fprintf( Xn); fprintf((magY1 = %5.2e mho W', abs(Y1));... 
fprintf(magY2 = %5.2e mho W', abs(Y2)); fprintf(' Wn; fprintf(' \n’) 


magYl = 1.42e-003 mho magY2 = 1.41e-003 mho 
We will use the following MATLAB code for the plot 


f2100*10^ 3: 10^ 3: 1000*10^ 3; w-2*pi*f;... 

G=10% (-3); C27.96*10^ (-9); 1=12.73*10 ^ (-6);... 
BC=w.*C; BL=1./(w.*L); Y=G+j*(BC-BL); plot(f,abs(Y));... 
xlabel('Frequency in Hz); ylabel('Magnitude of Admittance’); grid 


The plot is shown below. 


Magnitude of Admittance 











LAE 
1 2 3 4 5 6 7 8 9 10 
Frequency in Hz x 10? 
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5. 
R] L ImH 
— aet | 
C 
Zu 7 ~ 10 0 R 
IN ad [ia 2 
joC 








a. It is important to remember that the relation o, = // LC applies only to series RLC and 
parallel GLC circuits. For any other circuit we must find the input impedance Zyy, set the 


imaginary part of Z,y equal to zero, and solve for œp. Thus, for the given circuit 
ginaty p IN Eq > 0 > g 


1/joC - (10 * joL) 
10* j(oL-1/oC) 
10* i(oL-1/oC) + 10/joC € L/C. 10-j(oL- 1/oC) 
10+ j(oL-1/oC) 10 —j(@L — 1/oC) 
_ 100 j10(@L = 1/@C) + 100/(joC) + I0L/C -j10(@L - 1/@C) 
100 +(@L—1/@C) 


1 P 
Lies куны Куну) = 1+ 


& (oL- 1/oCy -(10/oC)(oL—1/0oC)—jL/C(oL-1/oC) 
100+ (oL - 1/oC) 
_ 100+ I0L/C * (oL- 1/9 C) - (10/eC)(oL- 1/0C) 
100+ (oL - 1/6)? 
, 100/(joC) - jL/C(oL = 1/®С) 
100+ (oL - 1/6)? 


For resonance, the imaginary part of Zy must be zero, that is, 


NE NR 





jac С MgC 
J [100 ( 1 || 
| — + Ц oL- = 0 
al jo X UU ae 
100 | ara pe = 0 
0 оос 


І? Сө? + 100C-L = 0 
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o = 1 100 . 1 100 _ jg? 10° = 9x10? 
Жатса кошы ee eS 
LC r? 107x10% 10% 
and thus 
ор = 49x 10° = 30,000 r/s 
b. 


BW = @)/Q = 30, 000/50 = 600 r/s 


o, = 00- В№/2 = 30, 000 – 300 = 29, 700 r/s 


©, = oo BW/2 = 30,000 + 300 = 30, 300 r/s 


d. At resonance, јоу, = ј3 х 10 х 107 = j30 О and I/jo,C = -j10 ^ x 10/3 = -j100/3. 
0 0 


The phasor equivalent circuit is shown below. 





| 102 
AC TS 
(C -j100/3 Q 


17020? V 











We let z; = ЈО, 2, = -j100/3 Q, and z; = 10+ j30 О. Using nodal analysis we get: 


= 0 
£I £2 £3 
V 
ee Lv = ES, 
£j Z2 Z3 £I 


We wil use MATLAB to obtain the value of Vc. 


Vs=170; 21=1; z2=-j*100/3; z3-10-j*30; 2=1/21+1/22+1/23; Мс0=\5/2;... 
fprintf(' \n'); fprintf(VcO = 966.2f', abs(VcO)); fprintf(' \n'); fprintf( Wn) 
Veo), = 168.32 


6. First, we will find the appropriate value of C5. We recall that at parallel resonance the voltage is 


maximum and the current is minimum. For this circuit the parallel resonance was found as in 
(2.37), that 1s, 
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Of 





PRETI UD 


21 x 43, 000 = Е 7 
2x10'C, 4x10. 


i f 2 4 4,2 -6 
10. = 5 (2x 4.3 x 10") = Ws Onn 43x10) x4x10. 
262 4x10 4x10 

4x 10° j 
C; = 500 AA F = 6.62 x10” F = 6.62 nF 
10* + (2x 43x 10) x 4x 107 


Next, we must find the value of C, that will make the entire circuit series resonant (minimum 
impedance, maximum current) at f = 10 KHz. In the circuit below we let z; = -jX¢,, 


© = -/Хс;,; = Rı + JX, and бдр = 1. 


C2 ЇХ сә 

















| , R; JX, 
Xc; ЛАМ 7 + | Ry, 
+ 100 О L 2mH 
@ Zy — VLOAD 
= -31€ 
Ү = 17020? V 
Then, 
Ziy = 21 * zl zs + одр 
and 
Zıy (f = 10 KHz) = 2+2, | zm 10 KHz | LOAD = Ay © | rs JH 1 (1) 
where z, || 23| is found with the MATLAB code below. 
f= 10 KHz 


format short g; f=10000; w=2*pi*f; C2=6.62*10 ^ (-9); XC2=1/(w*C2); L=2*10 ^ (-3);... 
XL=w*L; R1=100; z2=-j*XC2; z8=R1+j*XL; Zp=z2*z3/(z2+Z3) 


4р = 
111.12 + 127.721 


and by substitution into (1) 





Circuit Analysis II with MATLAB Applications 2-29 
Orchard Publications 


Chapter 2 Resonance 





Zin (f = 10 KHz) = zy; * 111.12 +j127.72 +1 = z; + 113.12 € j127.72 Q (2) 


The expression of (2) will be minimum if we let z; = —j127.72 О at f = 10 KHz. Then, the 
capacitor C, value must be such that 1/mC = 127.72 or 


1 


+ = 125 х 107 Е = 0.125 uF 
2n x 10 х 127.72 


C; = 


Shown below is the plot of |У, одр versus frequency and the MATLAB code that produces this 


plot. 
1= 1000: 100: 60000; w=2*pi*f; Vs=170; C1=1.25*10 ^ (-7); C2-6.62*10^ (-9);... 
L=2.*10. ^ (-3) 5 


R1=100; Rload=1; z1=-j./(w.*C1); z2=-j./(w.*C2); z3- R1-j.*w.*L; Zload—-Rload;... 
210=21+22.*23./(22+23); Vioad=Zload.*Vs./(Zin+Zload); magVload=abs(Vload).... 
plot(f, magVload); axis([1000 60000 0 2]);... 
xlabel('Frequency f); ylabel('|Vload|'); grid 





056 1 '175 2 26 з зв л AS S 85865 в 
Frequency f x 10“ 


This circuit is considered to be a special type of filter that allows a specific frequency (not a band 
of frequencies) to pass, and attenuates another specific frequency. 





2-30 Circuit Analysis II with MATLAB Applications 
Orchard Publications 





Chapter 3 


Elementary Signals 





his chapter begins with a discussion of elementary signals that may be applied to electric net- 

works. The unit step, unit ramp, and delta functions are then introduced. The sampling and 

sifting properties of the delta function are defined and derived. Several examples for expressing 
a variety of waveforms in terms of these elementary signals are provided. 


3.1 Signals Described in Math Form 


Consider the network of Figure 3.1 where the switch is closed at time t = 0. 


R 


t=0 
y 
S 4+ 
Vout open terminals 








Figure 3.1. A switched network with open terminals. 


We wish to describe v,,,, in a math form for the time interval —oo < t < +оо. To do this, it is conve- 


nient to divide the time interval into two parts, -> < t «0, and 0 « t « œ. 

For the time interval — < t < 0, the switch is open and therefore, the output voltage v,,,, is zero. In 
othet wotds, 

= 0 for —o«t«0 (3.1) 


Vout 


For the time interval 0 < t < oo, the switch is closed. Then, the input voltage у; appears at the output, 
Le., 
= yg for 0<1< о (3.2) 


Vout 


Combining (3.1) and (3.2) into a single relationship, we get 

















0 —œ<t<0 33 
UP vg O«t«oo C2) 
We can express (3.3) by the waveform shown in Figure 3.2. 
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Figure 3.2. Waveform for v,,, as defined in relation (3.3) 


out 


The waveform of Figure 3.2 is an example of a discontinuous function. A function is said to be dis- 
continuous if it exhibits points of discontinuity, that is, the function jumps from one value to another 
without taking on any intermediate values. 


3.2 The Unit Step Function u(t) 


A well-known discontinuous function is the unit step function u(t) that is defined as 


(3.4) 





It is also represented by the waveform of Figure 3.3. 
Ug(t) 


t 
Ü > 





Figure 3.3. Waveform for ug(t) 


In the waveform of Figure 3.3, the unit step function u,(t) changes abruptly from 0 to 1 at t = 0. 


But if it changes at t = tọ instead, it is denoted as uj(t — tọ). Its waveform and definition are as 


shown in Figure 3.4 and relation (3.5). 








Figure 3.4. Waveform for ug(t — to) 





* [n some books, the unit step function is denoted as u(t), that is, without the subscript 0. In this text, however, we 


will reserve the u(t) designation for any input. 
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0 t< fg 


ug(t— to) = | (3.5) 


1 t> fo 


If the unit step function changes abruptly from 0 to J at t = -tg, it is denoted as ug(t+ tọ). Its 
waveform and definition are as shown in Figure 3.5 and relation (3.6). 


1^ Holt + to) 


l 
| 


ty o! 





Figure 3.5. Waveform for uo(t + tọ) 


0 t< —to 
ig(t + tp) = (3.6) 


1 t>-tg 


Example 3.1 


Consider the network of Figure 3.6, where the switch is closed at time t = T. 


R 


t=T 
y 
S 4+ 
Vout open terminals 








Figure 3.6. Network for Example 3.1 


Express the output voltage v,,, as a function of the unit step function, and sketch the appropriate 


out 


waveform. 
Solution: 
For this example, the output voltage v,,, = 0 for t « T, and v,,, = Vg for t» T. Therefore, 
Vout = vsug(t — T) (3.7) 


and the waveform is shown in Figure 3.7. 
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>t 


Figure 3.7. Waveform for Example 3.1 
Other forms of the unit step function are shown in Figure 3.8. 


4 





























T -T 
t t t 
O) (a) NO ° (с 
-A LLL -A E MIS EN. 
-Aug(t) -Aug(t — T) -Au(t + T) 
Aug(-t) | Aug(-t-* T) | Aug(-t—T) , 
—— A = A | A 
0| (а) 0| T (e) TO) ip 7 
t 2 t E 
< ДІ E __ эз, ; 
0 @) О. Ө equ 
=== —— a | |-А 
-Aug(-t) -Aup(- t * T) -Aug(- t — T) 


Figure 3.8. Other forms of the unit step function 


Unit step functions can be used to represent other time-varying functions such as the rectangular 
pulse shown in Figure 3.9. 








F ug(t) 
ПБ ав 0 DNE кт | 
(а) (b) LLL 
-ug(t — 1) 


Figure 3.9. A rectangular pulse expressed as the sum of two unit step functions 


Thus, the pulse of Figure 3.9(a) is the sum of the unit step functions of Figures 3.9(b) and 3.9(c) is 
represented as uo(t) — ug(t — 1). 
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The unit step function offers a convenient method of describing the sudden application of a voltage 
ot current soutce. For example, a constant voltage source of 24 V applied at t = 0, can be denoted 
as 24u,(t) V. Likewise, а sinusoidal voltage source v(t) = V,,cos@t V that is applied to a circuit at 
t = tg, can be described as v(t) = (V,,cosot)uo(t — tj) V. Also, if the excitation in a circuit is а rect- 


angulat, or triangular, or sawtooth, or any other recurring pulse, it can be represented as a sum (dif- 
ference) of unit step functions. 


Example 3.2 


Express the squate waveform of Figure 3.10 as a sum of unit step functions. The vertical dotted lines 
indicate the discontinuities at T, 2T, ЗТ and so on. 


4 


v(t) 


A 
@ 








| | 
T 2T Er А 
| | 

І І 


-A © 








Figure 3.10. Square waveform for Example 3.2 


Solution: 


Line segment (D has height A, starts at t = 0, and terminates at t = T. Then, as in Example 3.1, this 
segment is expressed as 


v(t) = A[ug(1) - ug(t - T)] (3.8) 


Line segment @ has height —A , starts at t = T and terminates at t = 2T. This segment is expressed 
as 





v(t) = -A[ug(t - T) - u(t- 27)] (3.9) 
Line segment @ has height A, starts at г = 2T and terminates at t = ЗТ. This segment is expressed as 

v3(t) = A[ug(t - 2T) – ug(t — 3T)] (3.10) 
Line segment ® has height —A , starts at t = ЗТ, and terminates at f = 4T. It is expressed as 


v(t) = -A[ug(t — 3T) - u(t 4Т)] (3.11) 





Thus, the squate waveform of Figure 3.10 can be expressed as the summation of (3.8) through (3.11), 
that is, 
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v(t) = v(t) + v2(t) + v(t) + v4(1) 
Alug(r) - ug(t - T)]-ADug(t - T) - ug(t - 27)] (3.12) 


+A[uo(t- 2T) ut - 3T)]-A[ug(t - 3T) 61] 








Combining like terms, we get 


v(t) = А[ие()— 2ug(t — T) + 2ug(t - 2T) - 2u (t-3T)+...] (3.13) 


Example 3.3 


Express the symmetric rectangular pulse of Figure 3.11 as a sum of unit step functions. 


A i(t) 


і 





-T/2 0 | T/2 
Figure 3.11. Symmetric rectangular pulse for Example 3.3 
Solution: 


This pulse has height A, starts at t = —T/2, and terminates at = T/2. Therefore, with reference to 
Figures 3.5 and 3.8 (b), we get 


i(t) = Aug (t5 ) -Auo (i-£) = aluo( 1+7 )-и, (-7)] (3.14) 


Example 3.4 


Express the symmetric triangular waveform of Figure 3.12 as a sum of unit step functions. 


v(t) 





-T/2 0| T/2 


Figure 3.12. Symmetric triangular waveform for Example 3.4 


Solution: 


We first derive the equations for the linear segments (D and @ shown in Figure 3.13. 
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—-t-l 1 i 4 tl 
EX Les 
@ @ 
2072-8] T/2 . 


Figure 3.13. Equations for the linear segments of Figure 3.12 


For line segment Ф, 

v = (£i 1) [uo (+ 7) 0) ) (3.15) 
and for line segment ®, 

ES (214 1) [uo - uo үн Т) (3.16) 


Combining (3.15) and (3.16), we get 


v(t) = v,(t) + v(t) 


(21+ 1) [uo (r+ 7) - ut) * (-21+ 1) [uo =W (= a) (3.17) 


Example 3.5 


Express the waveform of Figure 3.14 as a sum of unit step functions. 


4 


| v(t) 














0 1 2 3 
Figure 3.14. Waveform for Example 3.5. 
Solution: 


As in the previous example, we first find the equations of the linear segments (D and @ shown in Fig- 
ure 3.15. 
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0 1 2 3 


Figure 3.15. Equations for the linear segments of Figure 3.14 
Following the same procedure as in the previous examples, we get 


v(t) = (22+ 1)[ug(t) —ug(t—1)] + 3[ug(t 1) — ug(t - 2)] 
+ (1+ 3)[ug(t - 2) 2 ug(t — 3)] 


Multiplying the values in parentheses by the values in the brackets, we get 


v(t) = (21+ Duo(t) - (21+ D)ug(t - 1) + 3ug(t — 1) 
3ug(t—- 2) + (- t - 3)ug(t— 2) - (- t + 3)ug(t — 3) 





Of 
v(t) = (2t Dug(t) + [- (2t 1) + 3]ug(t — 1) 


ізет) Ch 3) 3) 
and combining terms inside the brackets, we get 
v(t) = (2t* Djug(t)-2(t — Dug(t — 1)-tug(t - 2) + (t — 3)ug(t — 3) (3.18) 


Two other functions of interest are the unit ramp function, and the unit impulse ot delta function. We 
will introduce them with the examples that follow. 


Example 3.6 


In the network of Figure 3.16, where i, is a constant source, the switch is closed at time t = 0. 


С) 75 ve(t) 











Figure 3.16. Network for Example 3.6 
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Express the capacitor voltage vc(t) as a function of the unit step. 
Solution: 


The current through the capacitor is ic(t) = i; = constant, and the capacitor voltage v(t) is 


Le * 
vet) = 5 Í іс(т)ат (3.19) 
where т is a dummy variable. 


Since the switch closes at t = 0, we can express the current ic(t) as 


and assuming that vc(f) = 0 for t « 0, we can write (3.19) as 





i; p 
It. | ио(т) dt is p! 
vt) = 5| igug(t)dt = C +2] uj(t)dt (3.21) 
C cl. $ 0 C 0 0 
0 
Of 
is 
V(t) = C tug(t) (3.22) 











Therefore, we see that when a capacitor is charged with a constant current, the voltage across it is a 
linear function and forms a ramp with slope i; /C as shown in Figure 3.17. 





` 


slope = is/C 









> Í 


Figure 3.17. Voltage across a capacitor when charged with a constant current source. 





* Since the initial condition for the capacitor voltage was not specified, we express this integral with — at the 
lower limit of integration so that any non-zero value prior to t< 0 would be included in the integration. 
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3.3 The Unit Ramp Function u;(t) 


The unit ramp function, denoted as u(t), is defined as 


и}(ї) = Í | ug(x)dt (3.23) 


where т is a dummy variable. 


We can evaluate the integral of (3.23) by considering the area under the unit step function u,(t) from 


—oo to t as shown in Figure 3.18. 


Агеа = Ixt-t1-tf 





Figure 3.18. Area under the unit step function from — to t 


Therefore, we define u(t) as 


0 t«0 
u(t) = K 250 (3.24) 


Since u,(t) is the integral of uo(t) , then u,(t) must be the derivative of и (7), i.e., 





и) = uy() (3.25) 











Higher order functions of t can be generated by repeated integration of the unit step function. For 


example, integrating uo(f) twice and multiplying by 2, we define u,(t) as 





0 1<0 t 
иќ) =, or и) = 2| u,(x)dt (3.26) 
t t20 —0 
Similarly, 
0 t<0 t 
u;(t) 24, or u(t) = з | и,(т)ат (3:27) 
t t20 —0 
and in general, 
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0 t«0 t 
u,(t) = | " or u(t) = з | и, (t)dt (3.28) 
t t20 —00 
Also, 
_ 14 
Un- 10) Im ad nO (3.29) 
Example 3.7 


In the network of Figure 3.19, the switch is closed at time t = 0 and i,(t) = 0 for t«0. 


R t5 0 
МУМУ" 
ls | + 
CG) i(t) v(t) 
L | = 








Figure 3.19. Network for Example 3.7 


Express the inductor current i; (t) in terms of the unit step function. 


Solution: 


The voltage across the inductor is 





di, 
vi (t) = Ls (3.30) 
and since the switch closes at t = 0, 
i (t) = igug(t) (3.31) 
Therefore, we can write (3.30) as 
‚4 











But, as we know, uo(t) is constant (0 or 1) for all time except at t = 0 where it is discontinuous. 
Since the derivative of any constant is zero, the derivative of the unit step uọ(t) has a non-zero value 


only at = 0. The derivative of the unit step function is defined in the next section. 
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3.4 The Delta Function (t) 


The unit impulse or delta function, denoted as б(ї) , is the derivative of the unit step uọ(t). It is also 
defined as 





f 8(t)dt = и(ї) (3.33) 


—00 











апа 





Slt) = 0 for all 1+0 (3.34) 











To better understand the delta function (t), let us represent the unit step uọ(t) as shown in Figure 
3.20 (а). 


À 


ll 4 
{ l 
Figure (a) 
| 
d t 








—E € 
4 1 
Area =1 | | 2€ Figure (b) 
l0. 
—Є £ rt 


Figure 3.20. Representation of the unit step as a limit. 


The function of Figure 3.20 (a) becomes the unit step as e > 0. Figure 3.20 (b) is the derivative of 
Figure 3.20 (a), where we see that as = — 0, 1/2& becomes unbounded, but the area of the rectangle 
remains 1. Therefore, in the limit, we can think of 8(t) as approaching a very large spike or impulse 


at the origin, with unbounded amplitude, zero width, and area equal to 1. 


Two useful properties of the delta function are the sampling property and the sifting property. 


3.5 Sampling Property of the Delta Function ò(t) 


The sampling property of the delta function states that 


fín8( a) = f(a)&() (3.35) 
FDE = KOSA) (3.36) 
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Sifting Property of the Delta Function 





that is, multiplication of any function f(t) by the delta function (t) results in sampling the function 
at the time instants where the delta function is not zero. The study of discrete-time systems is based 
on this property. 


Proof: 
Since 6(f) = 0 for t«0 and t»0 then, 
KOS) = 0 for t«0 and t»0 (3.37) 
We rewrite f(t) as 
fa) = ХО) +f) -K0)] (3.38) 


Integrating (3.37) over the interval —oo to t and using (3.38), we get 





| ADMa = | KOSA | fco - 018 C04 (3.39) 











The first integral on the right side of (3.39) contains the constant term f(0) ; this can be written out- 
side the integral, that 1s, 


Í f(0)8(x)dx = f(0) | 8(t)dt (3.40) 


The second integral of the right side of (3.39) is always zero because 


ölt) = 0 for t«0 and t>0 
and 
[f(x) - ЖО), -o = f(0) -f(0) = 0 
Therefore, (3.39) reduces to 


Í Қт)8(т)ат = f(o)| 8(x)dc (3.41) 


Differentiating both sides of (3.41), and replacing т with t, we get 





SOE) = KODA) (3.42) 
Sampling Property of O(t) | 











3.6 Sifting Property of the Delta Function б(ї) 


The sifting property of the delta function states that 
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ie f(t)8(t—a)dt = fla) (3.43) 


that is, if we multiply any function f(t) by (t-a), and integrate from —œ to +% , we will obtain the 
value of f(t) evaluated at t = a. 


Proof: 


Let us consider the integral 
b 
| 08 - aa where a<a<b (3.44) 
We will use integration by parts to evaluate this integral. We recall from the derivative of products 
that 
d(xy) = хау + ydx or хау = d(xy) - ydx (3.45) 


and integrating both sides we get 
[хау = ху- а (3.46) 


Now, we let x = f(t); then, dx = f (t). We also let dy = (t-a); then, y = ug(t — а). Ву substitu- 
tion into (3.46), we get 
b 


b 
| IDSC- a)ar = fus - o)- | u(t- а) (а (3.47) 


а 


We have assumed that a < a < b; therefore, uj(t- а) = 0 for а <а, and thus the first term of the 


right side of (3.47) reduces to f(b). Also, the integral on the right side is zero for а <a, and there- 


fore, we can replace the lower limit of integration a by a. We can now rewrite (3.47) as 
b b 
| 086 - a)di = л) | f Wat = Kb) -Kb) + fa) 


and letting а — о and Ь Э о for any |0] <о ,we get 

















t)o(t — a)dt = 

[л )(t - a)dt = f(a) (3.48) 
Sifting Property of S(t) 
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3.7 Higher Order Delta Functions 


An nth-order delta function is defined as the nth derivative of uj(t) , that is, 





s") =F puo] (3.49) 











The function 6'(t) is called doublet, 5"(t) is called triplet, and so on. By a procedure similar to the 
derivation of the sampling property of the delta function, we can show that 





f()8'(r-a) = f(a)8'(r-a) - f'(a)ó(r- a) (3.50) 











Also, the derivation of the sifting property of the delta function can be extended to show that 





| /0ё'@-о)@ = Cnt o (3.51) 
Lio t 


t=a 











Example 3.8 


Evaluate the following expressions: 


a. 3í/8(t- 1) 


b. Í tó(t — 2)dt 


c. 2801-3) 
Solution: 
a. The sampling property states that f(1r)8(t—a) = f(a)ó(t—a) For this example, f(t) = 3 and 
a = 1. Then, 
3i'&(r- 1) = {3 |, _,)8(-1) = 380-1) 


b. The sifting property states that Í f(t)8(t— a)dt = f(a). For this example, f(t) = t and a = 2. 


Then, 


Í t8(t—-2)dt = f(2) =t|,_,=2 


—00 


с. The given expression contains the doublet; therefore, we use the relation 
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А2) (2-а) = f(a)8(r-a) -f'(a)8(r— a) 
Then, for this example, 
4 
аї 
98'(t — 3) – 68(t- 3) 


1281-3) r| б'(1—3)— t^... ,5(1- 3) 


т=3 


Example 3.9 


a. Express the voltage waveform v(t) shown in Figure 3.21 as a sum of unit step functions for the 


time interval -7 «1«7 s. 


b. Using the result of part (a), compute the derivative of v(t) and sketch its waveform. 


v(t)| (V) 











Figure 3.21. Waveform for Example 3.9 


Solution: 


a. We first derive the equations for the linear segments of the given waveform. These are shown in 
Figure 3.22. 


Next, we express v(t) in terms of the unit step function u(t), and we get 


v(t) = 2t[ug(t + 1) - ug(t — 1)] + 2[ug(t — 1) ^ ug(t — 2)] 
+ (-t* 5)[ug(t—-2) -ug(t — 4)] + [ug(t — 4) 2 ug(t — 5)] (3.52) 
+ (-t* 6)[ug(t — 5) – ug(t— 7)] 


Multiplying and collecting like terms in (3.52), we get 
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v(t) 











Figure 3.22. Equations for the linear segments of Figure 3.21 
v(t) = 2tug(t * 1) - 2tug(t 





1) - 2ug(t — 1) - 2ug(t — 2) — tug(t — 2) 

+ Sug(t— 2) + tug(t - 4) - Sug(t — 4) + ug(t — 4) - ug(t — 5) 
-tug(t — 5) + 6ug(t — 5) + tug(t — 7) - 6ug(t — 7) 

or 


v(t) = 2tug(t * 1) + (- 2t 2)ug(t— 1) + (- t * 3)ug(t — 2) 
+ (t-4)ug(t — 4) + (—t + 5)ug(t—5) + (t- 6)ug(t — 7) 
b. The derivative of v(t) is 


dv 


aT 2ug(t + 1) + 2td(t+ 1) - 2и0(1 





1)+ (-2t* 2)6(t— 1) 
—- ug(t— 2) * (- t 3)d(t- 2) + ug(t— 4) + (t —4)0(t — 4) 


(3.53) 
-ug(t-5) * (- t 5)6(t- 5) c ug(t— 7) + (t— 6)0(t — 7) 
From the given waveform, we observe that discontinuities occur only at t = —1, t = 2, and 
t = 7. Therefore, 6(£— 7) = 0,6(t—4) = 0, and 6(t— 5) = 0, and the terms that contain these 


delta functions vanish. Also, by application of the sampling property, 


2t6(t+ 1) = {21|,__,}б(1+1) = -26(t 1) 
(-£+ 3)8(¢- 2) = {(-t+3)|,_, 3802-2) = (7-2) 


(t-6)6(£7 7) = {(¢-6)|,_, }8@-7) = (7-7) 
and by substitution into (3.53), we get 
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É = 2ug(t + 1)-28(1+ 1) 2ug(t - 1) - (t - 2) 





(3.54) 
+ 0(t-2) * ug(t—-4) — ug(t— 5) * ug(t— 7) + 6(t— 7) 


The plot of dv/dt is shown in Figure 3.23. 


dv ^ 
шд V/s 
T (V/s) 














-28(t4 1) 


Figure 3.23. Plot of the derivative of the waveform of Figure 3.23. 


We observe that a negative spike of magnitude 2 occurs at t = —J, and two positive spikes of 
magnitude / occur at t = 2, and t = 7. These spikes occur because of the discontinuities at 
these points. 


MATLAB" has built-in functions for the unit step, and the delta functions. These are denoted by the 
names of the mathematicians who used them in their work. The unit step function u(t) is referred 
to as Heaviside(t), and the delta function (t) is referred to as Dirac(t). Their use is illustrated with 


the examples below. 


symskat; % Define symbolic variables 
u-k*sym(Heaviside(t-a)) % Create unit step function att = a 


u = 
k*Heaviside(t-a) 


d-diff(u) ?6 Compute the derivative of the unit step function 


а = 
k*Dirac(t-a) 





* An introduction to MATLAB? is given in Appendix A. 
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int(d) % Integrate the delta function 


ans = 
Heaviside (t-a) *k 


3.8 Summary 


e The unit step function u(t) that is defined as 


(1) 0 t«0 
u = 
к 1 t>0 


e The unit step function offers a convenient method of describing the sudden application of a volt- 
age of current soutce. 


e The unit ramp function, denoted as и (7), is defined as 


t 


ш) = | uod 


• The unit impulse or delta function, denoted as (t) , is the derivative of the unit step u(t). It is also 
defined as 


t 


Í 8(t)dt = u(t) 


and 
б(ї) = 0 for all t#0 


e The sampling property of the delta function states that 


f(t)8(t-a) = f(a)8(1) 
ot, when a = 0, 


FOSE) = KOSCE) 


• The sifting property of the delta function states that 
| ADSG- addr = fo) 


• The sampling property of the doublet function Ó'(t) states that 
AHS (t—a) = flays(t—a)—-f'(a)d(t— a) 
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3.9 Exercises 


1. Evaluate the following functions: 


a. sin i – z) 
6 

b. cos2ii(1- т) 

4 
G; cos t3(1 — т) 

2 
а. tan2ik(1— т) 

& 
e. f te à(t- 2)dt 


—00 


f. sin ^i (i = | 
2 

















2. 
a. Express the voltage waveform v(t) shown in Figure 3.24, as a sum of unit step functions for 
the time interval 0 « t « 7 s. 
b. Using the result of part (a), compute the derivative of v(t), and sketch its waveform. 
ry 
v(t) | CV) v(t) 
20 
10 7 
t(s) 
-10 1 
-20-p--— 
Figure 3.24. Waveform for Exercise 2 
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3.10 Solutions to Exercises 


1. We apply the sampling property of the (7) function for all expressions except (e) where we apply 
the sifting property. For part (f) we apply the sampling property of the doublet. 


We recall that the sampling property states that f(t)8(t—a) = f(a)8(t—a). Thus, 
a. sinta(1- E) - sint|, (1-3) - sinzo(1- 9) - 0.58(1- 3) 
b. cos218(1-) = cos2t| _ (1-7) - cos&a(1- 7) = 0 

4 т=т/4 4 2 4 


С; cos (1-9) - 101+ cos21) (1-7) = 5U + созп)8(1-%) = za - )8(.-2) = 0 





ї= п/2 
T\ _ Tu T T). T 
d. tan 2i - 9) = tan21|, . (t 2) - tanta (r- 8) - s(r- E) 


We recall that the sampling property states that | f(t)8(t - ao)dt = f(a). Thus, 


oo 


е [ Feat- 2) = ге |_,=4е° = 054 


We recall that the sampling property for the doublet states that 


f(a (t—a) = f(a)8'(r-a) -f'(a)8(t — a) 





Thus, 
sin^i (1- л) = sin’t alis z) — e na a(r- л) 
22 | =л/2 2 dt li x72 2 
1 ; 
f. = 50 — cos2t)|, _ „= z) — sin2t|. _ „lt - z) 
- fu + ne(r- 3) z sinnd(1~2) = (1-8) 
2. 
v(t) = e "'Tuj(t) - uo(t — 2)] + (Ot - 30) [ug(t — 2) — ug(t — 3)] 
a. 
*(-10t + 50)[ug(t — 3) – ug(t — 5)] + (0t — 70) [ug(t — 5) – ug(t — 7)] 
Of 
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v(t) = e" ut) - el ust 2) + I0tug(t — 2) - 30up(t — 2) - IOtug(t — 3) + 30ug(1 — 3) 
- IOtug(t — 3) + 50ug(t — 3) + L0tug(t - 5) - 50ug(t — 5) + IOtug(t — 5) 
—70и(ї — 5) - IOtu(t — 7) + 70up(t — 7) 
= e wt) + (7e 7 + 101 30)ug(t - 2) + (-20t  80)ug(t — 3) + (201 — 120)ug(t — 5) 
*(-10t + 70)ug(t — 7) 
b. 
a = -2e u(t) +e S(t) + (2e 7 + 10)us(t — 2) + (е  10t — 30)8(t — 2) 
20ug(t — 3) + (— 201+ 80)8(t— 3) + 20u (t- 5) + (201-120)8(1-5) ® 
10u(t — 7) + (— 101+ 70)8(t — 7) 
Referring to the given waveform we observe that discontinuities occur only at t = 2, = 3, 
and t = 5. Therefore, 6(t) = 0 and б(1— 7) = 0. Also, by the sampling property of the delta 
function 
(-e ^ + 10r— 30)8(1— 2) = (-е ^' + 10t -30)|, _ ,8(t- 2) = -108(1— 2) 
(- 20t + 80)8(t - 3) = (- 20t + 80), .,8(t- 3) = 208(r— 3) 
(20t — 120)8(t— 5) = (201 — 120)|,_ ,8(t-5) = -208(t- 5) 
and with these simplifications (1) above reduces to 
dv/dt = -2e ^ut) + 2e ^ u(t-2) + 10ug(t 2) — 108(t — 2) 
~20up(t — 3) + 208(t — 3) + 20u,(t — 5) – 208(t — 5) — 10ug(t — 7) 
= -2e "'[ug(t) - uy(t — 2)]-108(t— 2) + I0[us(1 — 2) – u(t- 3)] + 208(1— 3) 
— 10[ug(t- 3) -u(t - 5)]— 2086(1— 5) + dO a (ES АСАД 
'The waveform for dv/dt is shown below. 
dv/dt | 
P EFL (V/s) 208-3) 
20 4 
10 4 
ло + \ 1 t (s) 
ree a oft -208(t — 5) 
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his chapter begins with an introduction to the Laplace transformation, definitions, and proper- 

ties of the Laplace transformation. The initial value and final value theorems are also discussed 

and proved. It concludes with the derivation of the Laplace transform of common functions 
of time, and the Laplace transforms of common waveforms. 


4.1 Definition of the Laplace Transformation 


The two-sided or bilateral Laplace Transform pair is defined as 

















e ue FG) = | fleas (4.1) 
ot+jo 

ZL" F(s)}= f(t) = $51 | F(s)e" ds (4.2) 
60-JOo 











; : -1 
where £{f(t)} denotes the Laplace transform of the time function f(t), £ {F(s)} denotes the 
Inverse Laplace transform, and s is a complex variable whose real part is с, and imaginary part œ, 
that is, s = o * jo. 
In most problems, we are concerned with values of time t greater than some reference time, say 
t = tọ = 0, and since the initial conditions are generally known, the two-sided Laplace transform 


pair of (4.1) and (4.2) simplifies to the unilateral or one-sided Laplace transform defined as 





see Еб) = | fide “de = | fea (4.3) 
10 0 














zj _ _ 1 ojo s 
£ {F(s)}= ft) = 2c] | F(s)e ds (4.4) 
o-jo 











The Laplace Transform of (4.3) has meaning only if the integral converges (reaches a limit), that is, if 


«oo (4.5) 





| fie dt 





To determine the conditions that will ensure us that the integral of (4.3) converges, we rewtite (4.5) 
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as 


| Noe "etas eus (4.6) 
0 











n sil = l,and thus the condition 


The term e" in the integral of (4.6) has magnitude of unity, i.e., |е 


for convergence becomes 


< oo (4.7) 





|, Жде “dt 





. . . . . . . ж 
Fortunately, in most engineering applications the functions f(t) are of exponential order . Then, we 
can express (4.7) as, 


« (4.8) 





| f(te ?'at 








E MT 
[ ke” eai 
0 





and we see that the integral on the right side of the inequality sign in (4.8), converges if o > бү. 


Therefore, we conclude that if f(t) is of exponential order, £ {f(t)} exists if 
Re{s} = 0»0$ (4.9) 
where Re{s} denotes the real part of the complex variable s. 


Evaluation of the integral of (4.4) involves contour integration in the complex plane, and thus, it will 
not be attempted in this chapter. We will see, in the next chapter, that many Laplace transforms can 
be inverted with the use of a few standard pairs, and therefore, there is no need to use (4.4) to obtain 
the Inverse Laplace transform. 


In our subsequent discussion, we will denote transformation from the time domain to the complex 
frequency domain, and vice vetsa, as 


f(t) = F(s) (4.10) 


4.2 Properties of the Laplace Transform 
1. Linearity Property 


The linearity property states that if 
fi, 50), va »f,(t) 


have Laplace transforms 





* А function f(t) is said to be of exponential order if |f(t)| < ke” for all t2 0. 
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F(s), F)(s), ..., F.(s) 
respectively, and 
Puoi o 


are arbitrary constants, then, 





€; f(t) * c5 fO) +... te, fA OS с, Fy(s)* c5 Е(5) +... +c, ЕС) (4.11) 











Proof: 
Lic fi(t) + co fat) +... 0 c f) = | [ci f(t) + eo f(t) +... c, f, (t) dt 


= | fi(De "dt +c, | fe "dt... +c, [ f. (De "dt 
= c Fi(s) eo F,(s) +... + c, F, (5) 
Note 1: 
It is desirable to multiply f(t) by uj(t) to eliminate any unwanted non-zero values of f(t) for t « 0. 
2. Time Shifting Property 


The time shifting property states that a right shift in the time domain by a units, corresponds to mul- 


tiplication by e ^ in the complex frequency domain. Thus, 








f(t - a)ug(t - a) ee ^ F(s) (4.12) 








Proof: 
L (f(t-a)ug(t-a)) = [oca [ feed (4.13) 
0 a 


Now, we let t-a = т; then, t = т+а and dt = dt. With these substitutions, the second integral 
on the right side of (4.13) becomes 


лоса ares [feas - e ^ F(s) 
0 0 


3. Frequency Shifting Property 


The frequency shifting property states that if we multiply some time domain function f(t) by an 


. . —at А . ee . bo 4% А è 
exponential function e “ where a is an arbitrary positive constant, this multiplication will produce a 


shift of the s variable in the complex frequency domain by a units. Thus, 
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e ^ft) € F(s+a) (4.14) 











Proof: 
e te" iy = | ene ar = [foe aio Fea) 
0 0 


Note 2: 


A change of scale is represented by multiplication of the time variable t by a positive scaling factor 


а. Thus, the function f(t) after scaling the time axis, becomes f(at) . 
4. Scaling Property 


Let a be an arbitrary positive constant; then, the scaling property states that 





Kat) e Er() (4.15) 


2 
a 


Proof: 


9 {Дап} = | Kapeat 
0 


and letting t = t/a, we get 


{Дай} = | Ae aI) = 2 foe "aco = irh) 

0 а а 

Моге 3: 

Generally, the initial value of f(t) is taken at t = 0 to include any discontinuity that may be present 


att = 0. Ifitis known that no such discontinuity exists at = O , we simply interpret f(0 ) as f(0) . 


5. Differentiation in Time Domain 


The differentiation in time domain property states that differentiation in the time domain corresponds 


to multiplication by s in the complex frequency domain, minus the initial value of f(t) att = 0 . 
'Thus, 

















FO = S fa) e sFG) 7007) (4.16) 
Proof: 
eu = | Фе “ай 
0 
4-4 Circuit Analysis II with MATLAB Applications 


Orchard Publications 


Properties of the Laplace Transform 





Using integration by parts where 


[vau = uv- fuav (4.17) 
we let du = f'(t) and v = е“. Then, и = f(t), dv = —se ™ , and thus 


LEO) = Аде" Е ғо 





eee sf feat = lim [oe 
0 0 а — о 





= lim [e "f(a) - f(0 )] - sF(s) 2 0-0) + sF(s) 


The time differentiation property can be extended to show that 





























2 
£5 f(0 SFO -sf(0) -f(0) (4.18) 
t 
d? 3 2A LAM Аде 
кое F(s)-s^f(0)—-sf'(0)—-f"(0) (4.19) 
t 
and in general 
d" n п- 1 = n-2 mrn n-l,4- 
"pac F(s)-s f(0)-s "f(0)-..-f (0) (4.20) 











To prove (4.18), we let 
— реу & 
8) =f) = Ff) 
and as we found above, 


L£ig'(t)} = sL{g(t)}-g(0 ) 
Then, 


LPO} = sLFO}-F(CO) = sisl AOI- )] -£'(0 ) 

= s°F(s)—sf(0)-f'(0) 
Relations (4.19) and (4.20) can be proved by similar procedures. 
We must remember that the terms f(0 ), f'(0 ), f"(0 ), and so on, represent the initial conditions. 
Therefore, when all initial conditions are zero, and we differentiate a time function f(t) n times, 
this corresponds to F(s) multiplied by s to the nth power. 
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6. Differentiation in Complex Frequency Domain 


This property states that differentiation in complex frequency domain and multiplication by minus one, 
corresponds to multiplication of f(t) by t in the time domain. In other words, 





f(t) &-Е(») (421) 
ds 











Proof: 
LRD} = FG) = | fe "at 
0 


Differentiating with respect to s, and applying Leibnitz's rule for differentiation under the integral, we 


get 


d аг эи. (ð -st EE. 
FG) | fiDe"dt = |, се "ft = |, -te "f(t)dt 


-| [le “at = - fol 
0 


In general, 





К) = (4 кб) (4.22) 
ds 











The proof for n 2 2 follows by taking the second and higher-order derivatives of F(s) with respect 


to 5. 
7. Integration in Time Domain 


This property states that integration in time domain corresponds to F(s) divided by s plus the initial 
value of f(t) at t = 0 , also divided by s. That is, 








[ г fdr EG) LIO) (4.23) 














* This rule states that if a function of a parameter a. is defined by the equation F(a) = j fos a)dx where f is some 
a 


known function of integration x and the parameter a , a and b are constants independent of x and a, and the par- 





b 
tial derivative 0f/0a. exists and it is continuous, then dF _ Í Om, ш). 
da 4, @а) 
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Proof: 


We express the integral of (4.23) as two integrals, that 1s, 
t 0 t 
| ar = | оа | fena: (424) 
n -0 0 


The first integral on the right side of (4.24), represents a constant value since neither the upper, nor 
the lower limits of integration are functions of time, and this constant is an initial condition denoted 


as f(0 ). We will find the Laplace transform of this constant, the transform of the second integral 
on the right side of (4.24), and will prove (4.23) by the linearity property. Thus, 


oo 


LOY} | MO Ve Madr = f| еа = KO) 
0 


= f(0) <o-(-A2) _f@) 


S 


9 (4.25) 


This 15 the value of the first integral in (4.24). Next, we will show that 


[ Hodes 
0 5 
We let 
g(t) = [ Жат 
0 
then, 
g(t) = fir) 
and 
0 
g(0) = | ftdt = 0 
0 
Now, 


L£ ig); = G(s) = s£ {8(1)}—8(0) = G(s)-0 
s£ i g(t)} = G(s) 


L {gn} = S) 
c [оа = FG) (4.26) 
0 5 


and the proof of (4.23) follows from (4.25) and (4.26). 
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8. Integration in Complex Frequency Domain 
This property states that integration in complex frequency domain with respect to s corresponds to 


division of a time function f(t) by the variable t, provided that the limit lim fO exists. Thus, 
t>0 





£D | Fas (4.27) 











Proof: 


F(s) = [ лоса 
0 


Integrating both sides from s to oo, we get 


oo oo 


[Роа = | лое ar as 


5 5 


Next, we interchange the order of integration, i.e., 
f ros = | |j eds эй 
5 0 5 


and performing the inner integration оп the right side integral with respect to s, we get 
| F(s)ds = | |е |да = | Ше, =Z [e 
5 oLt ct oe ; 

9. Time Periodicity 


The time periodicity property states that a periodic function of time with period T corresponds to 
T 

the integral | fit)e “dt divided by (4- ee) in the complex frequency domain. Thus, if we let f(t) 
0 


be a periodic function with period Т, that is, f(t) = f(t+ nT), for n = 1,2, 3, ... we get the trans- 
form pair 





f Кеа 


ft* nT) о £ = (4.28) 
1 A. e^ 
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Proof: 


The Laplace transform of a periodic function can be expressed as 
© | А 2Т А 3T à 
LI = Í Кеа = EE dt + Í Кеа + Í Де “а +... 
0 0 Т 2Т 
In the first integral of the right side, we let t = т, in the second t = т+ T, in the third t = 1+2T, 


and so on. The areas under each period of f(t) are equal, and thus the upper and lower limits of 
integration are the same for each integral. Then, 


L i) = f. Қт)е “ат + [i fée DeC dt 4 | f(t + 2T)e lt Pdr... (4.29) 
0 0 0 
Since the function is periodic, i.e., f(t) = f(t+T) = f(v - 2T) =... = f(tt+nT), we can write 
(4.29) as 
S tfe) = (te +e +...) [fear (4.30) 
0 


By application of the binomial theorem, that is, 


1 





l+a+a +a +... = (4.31) 
l-a 
we find that expression (4.30) reduces to 
T 
Í Koe dr 
< tf()) = 0 
t-e 


10. Initial Value Theorem 


The initial value theorem states that the initial value f(0 ) of the time function f(t) can be found 


from its Laplace transform multiplied by s and letting s — © .That is, 





lim f(t) = lim sF(s) = f(0 ) (4.32) 


t>0 











Proof: 


From the time domain differentiation property, 


d z 
FAO e sFG) - (07) 


or 
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d TEE pad -st 
|20) = sF(s)-f(0) = | 5, fie “at 


Taking the limit of both sides by letting s > oo, we get 


T 
d -st 
lim — f(t)e dt 
T о | dt 
£0 


lim [sF(s)-f(0 )] = lim 


Interchanging the limiting process, we get 


and since 


T 


£0 


g —st 
lime = 0 
5 — 00 


the above expression reduces to 


or 


lim [sF(s)-f(0)] = 0 


lim sF(s) = f(0) 


11. Final Value Theorem 


The final value theorem states that the final value f(oo) of the time function f(t) can be found from 


its Laplace transform multiplied by s, then, letting s > 0. That is, 


Proof: 





lim f(t) = lim sF(s) = f(e) 











From the time domain differentiation property, 


or 


d m 
5, KD = sFG) -f(07) 


d ~_ [4 -st 
rJ = sF(s)-f(0) = |, 5, fie ш 


Taking the limit of both sides by letting s > 0, we get 


(4.33) 
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T 
lim [sF(s)-f(0 )] = lim | lim [ d feat 
5 0 Ке а dt 
£0 


and by interchanging the limiting process, we get 


T 
dm [СОЛ = т | ЛО] lime" di 
£0 


Also, since 
5 —st 
lime = 1 
5 0 


the above ехргеѕѕіоп reduces to 


| _ . fd "E 
lim [sF(s)-f(0 )] = lim [ 2594 = Jim. | 0 


pd 30 
= Jim AT) —fle)] = fœ) -f (0) 
£0 


and therefore, 
lim sF(s) = f(oo) 
5 0 


12. Convolution in the Time Domain 


Convolution in the time domain corresponds to multiplication in the complex frequency domain, 
that is, 


„о (434) 
Proof: 
LAOI = se || neta oc |= [| || ficat Dar e" at 
а ЕШ, 


| (4.35) 
z [ fief. fa - e "dr s 


We let t-t = A; then, t = X t, and dt = dA. By substitution into (4.35), 





* Convolution is the process of overlapping two signals. The convolution of two time functions f,(t) and f,(t) is 


denoted as f,(t)*f,(t) , and by definition, f,(1)*f,(t) = it f,(t)f,(t-1)dt where т is a dummy variable. It is 


discussed in detail Signals and Systems with MATLAB Applications by this author. 
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L (fif) [лор fea. ar = Jaona] 096. 


F /(s)F2(s) 


13. Convolution in the Complex Frequency Domain 


Convolution in the complex frequency domain divided by 1/27], corresponds to multiplication in the 
time domain. That is, 


fi (of) TU cd )G)* Fs) (4.36) 
Proof: 
LOO} = [ (00е "ar (4.37) 
0 
and recalling that the Inverse Laplace transform from (4.2) is 
ojo ў 
fit) = = Í " F (и)е du 


by substitution into (4.37), we get 


00 ojo ‘ ae 
suono = f [za f Роше roe ar 
0 o-jo 


Ds [^ КІ jo] f Ape ar aa 


We observe that the bracketed integral is F,(s — р) ; therefore, 
L l fr F d 1 Е жЕ 
UI) = 2nj J, jo iQ) FG – Шар = 2л] 108)®*Ё›(5) 


For easy reference, we have summarized the Laplace transform pairs and theorems in Table 4.1. 


4.3 The Laplace Transform of Common Functions of Time 


In this section, we will present several examples for finding the Laplace transform of common func- 
tions of time. 


Example 4.1 
Find £ (ug(1)j 
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TABLE 4.1 Summary of Laplace Transform Properties and Theorems 






























































Property/Theorem Time Domain Complex Frequency Domain 
1 Lineatity €, filt) * c5 f(t) сЕ (5) + c5 F(s) 
Puget T 0) +... +с„Е (5) 
2 Time Shifting ft - a)ug(t — a) p S 
3 Frequency Shiftin -аѕ F(sta 
quency 5 e n) (з +a) 
4 Time Scaling f (at) 1 DE 
"I" 
5 Time Differentiation d | 7 0- 
See also (4.18) through (4.20) |a; SEC 
6 Frequency Differentiation tf(t) d y 
See also (4.22) sa we 
7 Time Integration t _ 
| Лоа F(s) , f(0) 
—00 5 5 
8 Frequency Integration f(t) 
E f rows 
5 
9  lTime Periodicity f(t+nT) T E 
| Ke ^ dt 
0 
d oot 
10  |Initial Value Theorem lim f(t . Е 
О lin sF(s) = f(0 ) 
5 — 00 
11 |Final Value Theorem lim f(t) lin sF(s) = f(oo) 
f — о 5 0 
12 [Time Convolution fiif) F(s)F5(s) 
13 [Frequency Convolution t) f(t 1 
q ) fi If эт] FG Рэ) 
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Solution: 


We start with the definition of the Laplace transform, that is, 


z {До} = Fi) = [nea 
0 


For this example, 





{н} = | теа = = 
0 





Thus, we have obtained the transform pair 








и) e : (4.38) 








for Re{s} = o> 0. 
Example 4.2 

Find £ {u(t} 
Solution: 


We apply the definition 
& Ut) = F(s) = | fleas 
0 
and for this example, 


L {u(t} = L tn = еа 


We will perform integration by parts recalling that 











[nav = uv- [vau (4.39) 
We let 
и = t and dv = e? 
then, 
—st 
du = 1 and v = -É 
5 
By substitution into (4.39), 
* This condition was established in (4.9). 
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—st 
—te 


{т} = 











0 0 


" со А —st —st т 
-| 2-а = FEE (4.40) 
5 
0 


Since the upper limit of integration in (4.40) produces an indeterminate form, we apply L’ Hópital's 


* : 
rule , that is, 

















d 
ai? 1 
limte = lim — = lim = — = 0 
tro t0 o t>% а ^ t>o ge 
dt 
Evaluating the second term of (4.40), we get £ {t} = 1 
5 
Thus, we have obtained the transform pair 
1 
[e (4.41) 
5 
for с> 0. 
Example 4.3 


Find £ {t"u,(t)} 
Solution: 


To find the Laplace transform of this function, we must first review the gamma or generalized facto- 
rial function V (n) defined as 











oo 
e INC 
T(n) = | x" edx (4.42) 
0 
* Often, the ratio of two functions, such as As , for some value of x, say a, results in an indeterminate form. To 
work around this problem, we consider the limit lim do , and we wish to find this limit, if it exists. To find this 
х—>а$\Х 


limit, we use L'Hópital's rule which states that if f(a) = g(a) = 0, and if the limit Li Lex) as x 
X 


i т MOD = Т (2 xy 
approaches a exists, then, m "rm E Loew) 
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The integral of (4.42) is an improper integral but converges (approaches a limit) for all n » 0. 


We will now derive the basic properties of the gamma function, and its relation to the well known 
factorial function 


п!  n(n-1)(n-2)-: - 3-2-1 
The integral of (4.42) can be evaluated by performing integration by parts. Thus, in (4.39) we let 


=y 


n-1 
u=e and dv=x 





Then, 
du = -е “dx and v=% 
n 
and (4.42) is written as 
Eye EE yt f "еа (4.43) 
n |.g "0 





With the condition that n > 0, the first term on the right side of (4.43) vanishes at the lower limit 


x = 0. It also vanishes at the upper limit as x — oo. This can be proved with L’ Hopital’s rule by dif- 
ferentiating both numerator and denominator m times, where m =n. Then, 








d" n а"! п—1 

n —x n ET m-1 ny 

lim ~ = lim ^— = lim dx lim dx = 
xo И x29 ne” х 00 а" x> o y red x 
ne she 
dx" dx" 
= n(n- 1)(п-2)...(п-т+1)х' " _ lim (= 009-2)... (п-т+1) _ 9 
х — 00 


n e х оо x - ©. 
Therefore, (4.43) reduces to 

1 50 n —x 
Г(и) = | xe dx 


0 
and with (4.42), we have 





* Improper integrals are two types and these are: 


b 
d. Í f(x)dx where the limits of integration a or b or both are infinite 
a 


b 
b. [| f(x)dx where f(x) becomes infinite at a value x between the lower and upper limits of integration inclusive. 
a 
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5 мы IPn 
Г(п) = [> e™dx = iJ e^ dx (4.44) 
By comparing the integrals in (4.44), we observe that 
foe Lot (4.45) 
Of 
пГ(п) = Г(п+ 1) (4.46) 











It is convenient to use (4.45) for n « 0, and (4.46) for n » 0. From (4.45), we see that Г(п) becomes 


infinite as n 0. 
For n = 1 , (4.42) yields 


Г(1) = | ede Sie" ed (4.47) 
0 
and thus we have the important relation, 
Td) = 1 (4.48) 
From the recurring relation of (4.46), we obtain 
Г(2) = 1-Г(1) = 1 
Г(3) = 2-Г(2) = 2.1 
Г(4) = 3-Г(3)= 3.2 


2! (4.49) 
3! 


and in general 


Г(п+1) =n! (4.50) 





for n = 1,2,3,... 


The formula of (4.50) is a noteworthy relation; it establishes the relationship between the T(n) 


function and the factorial n! 
We now return to the problem of finding the Laplace transform pair for иу , that is, 


L {tugt} = Í t"e "dt (4.51) 
0 


To make this integral resemble the integral of the gamma function, we let st = y, ot t = y/s, and 
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thus dt = dy/s. Now, we rewrite (4.51) as 


n _ 5 yy - z) | d O a-y _ Г(и+1) п! 
Eat uot} E | (2) £ a(? B ТА! Pee nel ont] 
0 5 0 5 5 


Therefore, we have obtained the transform pair 



































n ! 
ш) > —— (4.52) 
5 
for positive integers of n and с> 0. 
Example 4.4 
Find £ (9(r)) 
Solution: 
L t8(t) = Í S(t)e "dt 
0 
and using the sifting property of the delta function, we get 
L {8(1)} = Í 6(De "dt = O = 1 
0 
Thus, we have the transform pair 
(t) © 1 (4.53) 
fot all с. 
Example 4.5 
Find £ {8(t-a)} 
Solution: 
c {8(t—a)} = Í б(1-а)е "dt 
0 
and again, using the sifting property of the delta function, we get 
L {8(t-a)} = Í 8(t-a)e "dt = e^ 
0 
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Thus, we have the transform pair 











o(t-a)ee (4.54) 





foro»0. 


Example 4.6 
Find £ (e "uj()) 


Solution: 


[ QU = [ QS PE 
0 0 


L {е "ug(t)) 




















= ( 1 л 1 
sta sca 
0 
Thus, we have the transform pair 
V LO escis (4.55) 
Т sta 
for с> -a. 
Example 4.7 
: п -at 
Find £ р е 0| 
Solution: 
For this example, we will use the transform pair of (4.52), i.e., 
n n! 
t Uo(t) c pre (4.56) 
5 
and the frequency shifting property of (4.14), that is, 
e ft) © F(s +a) (4.57) 
Then, replacing s with s +a in (4.56), we get the transform pair 
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е ы м (4.58) 
( 





where n is a positive integer, and o > —a. Thus, for n = І, we get the transform pair 












































te "'ug(r) e 5 (4.59) 
(s a) 
for o>-a. 
For n = 2, we get the transform 
е ut) eS — (4.60) 
(= +а) 
and in general, 
("е ^ ult) eS —Y (4.61) 
(s +a) 
for o»-a. 
Example 4.8 


Find £ (sinot ug(t)) 


Solution: 


ao 


L£ {sinot uo(t)} = | (sinot)e "dt = lim | (sinwt)e ^ dt 
0 0 


and from tables of integrals 
[езп dies e^ (asinbx — bcosbx) 
2712 
a +b 
Then, 





* This can also be derived from ѕіпоі = Leet” - e 7?!) , and the use of (4.55) where eult) e L. By the lin- 
J К 














earity property, the sum of these terms corresponds to the sum of their Laplace transforms. Therefore, 
. ә d. I... d _ 0 
L [sinotug(t)] = p (- ac - Rs 
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a 
e " (-ssinot — ою соз Ot) 




















£ (sinot ug(t)) = lim 
Edi 52+ о? 
0 
—as . 
-= | e (-ssinoa – осоѕоа) oO _ 0 
pisc 2 2 $59 2| 2 2 
gu S +0 S +0 S +0 
Thus, we have obtained the transform pair 
sinat иі < 5 (4.62) 
5-0 
for o» 0. 
Example 4.9 


Find £ (cosot uj(t)) 


Solution: 


a 


L {cos@t ug(t)) = Í (cosot)e "dt = lim | (coswt)e “dt 
0 


ao 0 
x * 
and from tables of integrals 


fe cos re e^ (acosbx + bsinbx) 
MPO 
a +b 
Then, 
a 


—st . 
‚ € (-scos@t + osinot) 
lim — ————————— 


С (cosot uo(t)} 





ae: 
E S +0 
0 
e ^ (—scosoa + osinoa) 5 5 
тои ae: > l| 02 2 
ds 5 +0 5 +0 5 +0 


Thus, we have the fransform pair 





. l, j -j А К : TN 
* We can use the relation coswt = pies +е 7^") and the linearity property, as in the derivation of the transform 


of sinot on the footnote of the previous page. We can also use the transform pair £ (n) €» sF(s) -f(0 ) ; this 


is the time differentiation property of (4.16). Applying this transform pair for this derivation, we get 


L[cosotuo(t)] = L 2 sinorug(r) |= Г, [sinom |= ae 2 ps B 7 
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cosot ugt 5—5 (4.63) 
S +0 
for o » 0. 
Example 4.10 
Find £ (e "sinet ug(t)) 
Solution: 
Since 
sinotugt > > 
5 +0 
using the frequency shifting property of (4.14), that is, 
e "f(t) © F(s +a) (4.64) 
we replace s with s +a, and we get 
e " sint u(t) = ——Ó——À4 (4.65) 
(sta) +0 
for 6» 0 and a» 0. 
Example 4.11 
Find £ (e ^ cosot up(t)} 
Solution: 
Since 
cos Qt u(t) © 5——5, 
5 +0 
using the frequency shifting property of (4.14), we replace s with s + a, and we get 
e " cosot u(t) © — 0 (4.66) 
(sta) +o 
for o>0 and a» 0. 
For easy reference, we have summarized the above derivations in Table 4.2. 
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TABLE 4.2 Laplace Transform Pairs for Common Functions 

































































f(t) F(s) 
1 up(t) I/s 
2 [tun 1/5 
3 т) nl 
ntl 
4 б(ї) 1 
5 ó(t—a) e 
6 e" ur) 1 
sta 
/ t"e ult) n ; 
(5 + a» 
8 sin@t ug(t) © 
S +0 
9 cos@t ug(t) 5 
VIRES, 
S +0 
10 |e пог Uo(t) ШЕНЕ. D 
(s+ ay +o 
Tc gat оза uo(t) Lll E. oo 
(s+ ay t of 





4.4 The Laplace Transform of Common Waveforms 


In this section, we will present some examples for deriving the Laplace transform of several wave- 
forms using the transform pairs of Tables 4.1 and 4.2. 


Example 4.12 


Find the Laplace transform of the waveform fp(t) of Figure 4.1. The subscript Р stands for pulse. 
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Sp(t) 





0 а 
Figure 4.1. Waveform for Example 4.12 


Solution: 


We first express the given waveform as a sum of unit step functions. Then, 
f(t) = A[ug(t) ^ ug(t — a)] (4.67) 
Next, from Table 4.1, 
f(t - ajug(t - a) <= e ^ F(s) 

and from Table 4.2, 

u(t) 1/5 
For this example, 

Aug(t) © A/s 


and 


Aug(t — a) = ews 


Then, by the linearity property, the Laplace transform of the pulse of Figure 4.1 is 





Example 4.13 


Find the Laplace transform for the waveform f, (t) of Figure 4.4. The subscript L stands for line. 


fi) 
1 = — — 





p qe 7» 
Figure 4.2. Waveform for Example 4.13 
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Solution: 


We must first derive the equation of the linear segment. This is shown in Figure 4.3. Then, we 
express the given waveform in terms of the unit step function. 





Figure 4.3. Waveform for Example 4.13 with the equation of the linear segment 


For this example, 
fit) = (t- Dug(t- 1) 
From Table 4.1, 


f(t - a)ug(t - a) ә e ^ F(s) 
and from Table 4.2, 


tug(t) ol 
5 


Therefore, the Laplace transform of the linear segment of Figure 4.2 1s 
-s 1 
(@—1)ш5(1—1)©е 5 (4.68) 
5 


Example 4.14 
Find the Laplace transform for the triangular waveform fy(t) of Figure 4.4. 
Solution: 


We must first derive the equations of the linear segments. These are shown in Figure 4.5. Then, we 
express the given waveform in terms of the unit step function. 





> t 





Figure 4.4. Waveform for Example 4.14 
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Figure 4.5. Waveform for Example 4.13 with the equations of the linear segments 


For this example, 


fr) 





t[ug(t) = ug(t — 1)] + (7 t 2)[ug(t — 1) - ug(t - 2)] 
tug(t) — tug(t — 1) – tug(t — 1) + 2ug(t — 1) + tug(t— 2) - 2ug(t — 2) 





and collecting like terms, 


f(t) = tug(t) - 26 — Dug(t - 1) + (t— 2)ug(t - 2) 


From Table 4.1, 
ft- a)ug(t - a) & e " F(s) 
and from Table 4.2, 
tug(t) ot 
5 
Then, 
1 ^] -2s 1 
tug(t) - 2(1— D)ug(t — 1) + (t-2)ug(t- 2) © Ec es T 
5 5 5 
Of 


tug(t) - 2(t- Dug(t- 1) + (t- 2)ug(t- 2) © fa —2е ke) 
S 


Therefore, the Laplace transform of the triangular waveform of Figure 4.3 is 





fiue fa Ee (4.69) 
S 











Example 4.15 


Find the Laplace transform for the rectangular periodic waveform fp(t) of Figure 4.6. 
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Ма) 





А 





0 а, '2а 'Ja 





Al+--e-oo —— 


Figure 4.6. Waveform for Example 4.15 
Solution: 


This is a periodic waveform with period T = 2a, and thus we can apply the time periodicity prop- 
erty 


[feas 
S) = om 


ST 
=g 


where the denominator represents the periodicity of f(t). For this example, 



































sb uy ecd | Tine ae [f Aars [area] 
R Je gas 0 R 1— P. 0 » 
A NL а о“ 2а 
1 Каш S ^ S Й 
Of 
A -аѕ —2as —as 
SERIA) =. ee I cue 
—2as 
s(l-e ^) 
Lus 
ER A -as -2as. _ A(1 =e a) 
Е —2as (1 -2e Te ) 3 —as —as 
5801-е) site `)(1—-е `) 
Е А(1 _ e ^) К А P А _ Pod, d 
ds (1+ gu s Po Li Ri. + dn ee 
A Pu. 20958 = ае _ А sinh(as/2) 
= S JE QS 28 gee Е 5 соѕћ(а5/ 2) 
Of 
kw e Алап (8) (4.70) 
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Example 4.16 


Find the Laplace transform for the half-rectified sine wave fyy(t) of Figure 4.7. 


| Saw) 





Figure 4.7. Waveform for Example 4.16 


Solution: 


This is a periodic waveform with period T = 2x. We will apply the time periodicity property 


[poe "ar 
L (т) = 4+ —_ 


-sT 
=E 


where the denominator represents the periodicity of f(t). For this example, 





























< ifaw} = zc fte "at = m f sinte * di 
1-е j 0 1-е К 0 
= d 20d сш 
= -27s 2 mee, -2ns 
1-е s +1 i (5 +1)(1-е `) 
1 Yee 
L (fu) = ———— E ) 
(s +1)(1+е )(-e `) 
or 
1 
"me EX (4.71) 
(5 +1)(1-е `) 
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4.5 Summary 


e The two-sided or bilateral Laplace Transform pair is defined as 
& (ee F(s) = [fleas 


L'{F(s)}= f(t) = rail, nen 


where £{f(t)} denotes the Laplace transform of the time function f(t), £ CREE (s)} denotes 
the Inverse Laplace transform, and s is a complex variable whose real part is с, and imaginary 


part œ, that is, s = o * jo. 


e The unilateral or one-sided Laplace transform defined as 
see F(s) = | fide “а = | fear 
A 0 


e We denote transformation from the time domain to the complex frequency domain, and vice 
vetsa, as 


f(t) < F(s) 


• The linearity property states that 
€; f(t) * c5 f(t) +... *tc,f D Sc, Fy(s) + су Е(5) +... +, FG) 
e The time shifting property states that 
f(t - a)ug(t — a) & е ^ F(s) 
e The frequency shifting property states that 


е“) © Е(5 + а) 


• The scaling property states that 
Қа) = Le( 3 ) 
a \a 
• The differentiation in time domain property states that 


FO = 5 fü) e sF() 700) 
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2 
2 Ат) S 5?Е (з) - 5007) -f(0^) 


d? 3 2 zm ' tal n T 
ке PE F(s)-s*f(0)—sf'(0)—f"(0) 
t 
and in general 


PC es" F(s)-s" KO- s ^f(0)-...—f" (07) 
t 


where the terms f(0 ), f'(0 ), f"(0 ), and so on, represent the initial conditions. 
e The differentiation in complex frequency domain property states that 


d 
tf(t) e za) 


and in general, 


пу) e c Jie "A 


• The integration in time domain property states that 





e The integration in complex frequency domain property states that 


Ко e | Роа 


provided that the limit lim Ја) exists. 


t0 


e The time periodicity property states that 


[eat 


0 
f(t-nT)e Bu 


e The initial value theotem states that 


lim f(t) = Pm EU = f(0 ) 


1 0 
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e The final value theorem states that 


lim f(t) = lim sF(s) = (о) 


Convolution in the time domain corresponds to multiplication in the complex frequency domain, 
that is, 


FiO S(t) © F (5) F (5) 


Convolution in the complex frequency domain divided by //2mj, corresponds to multiplication 
in the time domain. That is, 


1 
AO) e 2nj F(s)* F(s) 


The Laplace transforms of some common functions of time are shown below. 


uo(t) © 1/5 
te 1/s 


n ! 
t ug(t) © — 
5 
(nol 


as 


é(t-a)ee 


-at 1 
€ ugt) © —— 
of?) sta 





—at 
te | ug(t) = р 
(s a) 


(5 + ay 





2 -at 
te ug(t) = 


n! 


(s + ay 


n -at 
te ut) e 





sint ugt > 2 
S +0 





COS Of ugt < 2 
S +0 
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e“ sinot up(t) © ы 


(s+ ay +o 
= sta 

e“ cosot и) © RENS. 

(sta) +0 


• The Laplace transforms of some common waveforms are shown below. 


























fp) 
t 
> 
o! a 
Аш) - ug -a)] e Ae Ae) 
5 S Ss 
Ла) 
1- E диш 45 
l 
l 
І t 
| > 
0 1 2 
t- Dug(t-1 HE 
( = ио P yee 52 
>t 
1 -s 
0) = 50-е") 
5 
^ ДЖО) 
А — 
AE Н. 1 
0 а ‘2a 3a 2 
Bhs — 
f) e: (2) 
fa (0 5 anh ^ 
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4.6 Exercises 
1. Find the Laplace transform of the following time domain functions: 
a. 12 
b. 6uo(t) 
c. 24ug(t — 12) 
d. Stup(t) 
e. 4 tuolt) 
2. Find the Laplace transform of the following time domain functions: 
a. jó 
b. j5Z-90° 
c. 5e ut) 
d. ót 7700) 
e. 156(t— 4) 
3. Find the Laplace transform of the following time domain functions: 
a. (C 315 + 4t 3)ug(f) 
b. 3(2t- 3)8(1— 3) 
c. (3sin5t)ug(t) 
d. (5cos3t)ug(t) 
e. (2tan4t)ug(t) Be careful with this! Comment and skip derivation. 
4. Find the Laplace transform of the following time domain functions: 
a. Jt(sin5t)ug(t) 


b. 21^ (cos3t)us(r) 


-5t . 
c. 2e "sin5t 
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d. 8e " cos4t 
е. (cost)d(t— 1/4) 
5. Find the Laplace transform of the following time domain functions: 


a. 31и0(1- 3) 

Б. 5t 4)ug(t - 3) 
с. (t-3)e”ug(t-2) 
СЕ) 


e. 4te ^ cos2t)ug(t) 


6. Find the Laplace transform of the following time domain functions: 
a. E sin3t) 
b d 3e") 
C. Ct cos21) 
d. fe sin 21) 
е. fe") 
7. Find the Laplace transform of the following time domain functions: 


sint 


= 
э. 
a 
Ё 
а 
a 





[om 
—- 
8 
o 
© 
© 
a 
©, 
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РЕ 
е. Í — ат 
t 


t 


8. Find the Laplace transform for the sawtooth waveform fsp (t) of Figure 4.8. 











a 2a Ja 


Figure 4.8. Waveform for Exercise 8. 


9. Find the Laplace transform for the full rectification waveform frra(t) of Figure 4.9. 





Рев?) Full Rectified Waveform 
sint 

















Figure 4.9. Waveform for Exercise 9 
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4.7 Solutions to Exercises 
1. From the definition of the Laplace transform ог from Table 4.2 we get: 


! 
А e 4.3 


S 


а. 12/5 b. 6/s c. 


p = d. 5/s 


2. From the definition of the Laplace transform or from Table 4.2 we get: 








! 2 
M dod eese d eo ur pu 
5+5 (5 + 5) 
3. 
! ! 

a. From Table 4.2 and the linearity property 2 T х2 + 4 з 

5 
5 5 5 


b. 32: - 3)8(1- 3) = 3(21—3)| _ ,8(¢-3) = 98(t-3) and 95(1-3) = 9e 








: 2 2 
$ E sin4t 4/(5 +2) 8 
2 2 d. em Ет 
ЖҮРО: s +3 s/(s +2) 


picious because 8/s < 8и,(1) and the Laplace transform is unilateral, that is, there is one-to- 


с. 3: . This answer looks sus- 


one correspondence between the time domain and the complex frequency domain. The fallacy 
with this procedure is that if we assume that f, (1) = F(s) and f,(t) = F (s), we cannot con- 


F 
clude that fit) e iG) 


Л) Fs) 


multiplication in the time domain corresponds to convolution in the complex frequency 








. For this exercise f,(t) -f,(t) = sin4t- and as we've learned 


cos4t 


domain. Accordingly, we must use the Laplace transform definition | (2tan4t)e “ағ and this 
0 


requires integration by parts. We skip this analytical derivation. The interested reader may try 
to find the answer with the MATLAB code syms s t; 2*laplace(sin(4*t)/cos(4*t)) 


4. From (4.22) 


ifa) e ( 1)" rs) 
ds 


d( 5 35.) 30s 
Sem ———|=-з3\—2—А©®/^ m ne e 
с? [жт (5? + 25у. 
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b. 
2 2 2 2 
2d 5 cod. s +3 -s(2s) „а|— +9 
з РР ree dms 
ds ^s +3 (5 +9) (5 +9) 
2 2 2 2 
= 2.6 -9)(-2s)-2(s -9)(2s)(-5 +9) 
(s? +9) 
2 2 3 3 
_ 2. G + 9)(-25) – 45(– 5 *9). 5,225 — 185 +45 — 36s 
3 
(s? +9) (53 9) 
3 2 
E 28 Eo aC is dss 27) 
(s^ +9) (s^ +9) (s^ 4 9) 
C. 
би „.. 10 
Скар) 57 (з+5)°+25 
а. 
8(s-3) _ 8(s43) 
(s3) 45 (5+3) +16 
е. 
созт|48(@—т/4) = (42/2)8(t - 2/4) and (42/2)8(t - 2/4) = (42/2)e C^?* 
5. 
a. 
z -3s( S 15 PES -3s 1 
Stug(t—3) = [5(t-3) + 15]ug(t -3) Se Cy = ге (2+3) 
b. 
(2t° - 5t e 4)ug(t- 3) = [2(t- 3) + 12t- 18 -5t + 4]ug(t — 3) 
= [2(t-3) + 7t - 14]ug(1 — 3) 
= [2(t- 3Y + 7(t- 3) +21 - 14]ug(1 — 3) 
азу x23) 7| - 3) e (2 x2 Ta 7) 
s g^ o5 
C. 
(sje ш үе (ж езүн К ао) 
ect? 1 = 1 |= Ee e 
(se2) (5+2) (5+2) 
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d. 
(ede оаза озуни е Led) 
esce 2 -4 2 |= 2e 8] aed 
(s+3) G*3) (s+ 3) 
е. 
4te (созин) = 40 | 45 — +3 z| =-44 H a l 
451005 4 3) +2 45152 4 654944 
2 
eL s+3 je з I 
SLs 465 + 13 (5° + б + 13) 
i e 25° — 6s — 6s в 4(5 + бз + 5) 
2 = 2 
(52 + бэ + 13) (s° + 65 + 13) 
6. 
a. 
in3t 2 £ t F 0 0 ) = sin3t = 0 
5 +3 
4 (sin31) = 5215-0 = 3 
dt = +3 s +9 
b. 
ГЕ А аи) e sFGs) -f(0 ) K0)23e*| =3 
5+4 а pu 
4 364) з 3 а 38, 3684) -2 
dt 5+4 5+4 5+4 5+4 
C. 
cos2t €» оС s l 
sa ds’ S44 
2 
к В к _ (5°+4) (—25)—(—5° + 4)(5° + 4)2(25) 
2 =, 2A 4 
„ҖЕ е; бз Бы) (е жи) 
2 2 3 3 2 
= (5 +4)(—25)—(—5 +4)(45) —2s —85+45 — 165 _ 2s(s —12) 
3 3 3 
(52+ 4) (52+ 4) (52+ 4) 
'Thus, 
2 2s(s° — 12) 
t cos 2t > — > 
(s +4) 
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and 


La ? cos2t) e sF(s) -f(0 ) 


2 35.9 
a 62565 -12) 9228 (5 —12) 





























3 3 
(54) (87 4) 
d. 
sin2t & —; 2 ; e " sin2t e —ÀL £g) e sF(s) - (0°) 
s +2 (s+2) +4 d 
l (e 7 gin 21) e ‚———— -0z ы = 
(5+2) +4 (s+2) +4 
е. 
! 5 ! : 
Pet relat. аа) e sF(s)-f(O) 
5 (5+2) d 
E 
d oe )es те s 
(s * 2) (5 +2) 
7. 
а. 
: 1 sint . s n sint . : 
sint © 4 but to find = 4 —— ; we must show that the limit lim —— exists. Since 
st] : t>0 t 
lim S"* = | this condition is satisfied and thus 277 < Í ds. From tables of integrals 
x>0 X t 5 5? + 1 
f 1 1, -1 1 -1 А 
5—50х = -tan (x/a) + C. Then, Í 5—45 = tan (1/s)+C and the constant of inte- 
x +a g s +1 
gration C is evaluated from the final value theorem. Thus, 
lim f(t) = lim sF(s) = Ит5[їап (1/зу+ C] = 0 and 9 e лап (1/5) 
t> o0 520 50 t 
b. 
" t - 
From (а) above m e тап (1/5) and since Í f(tdts F(s) 09 ,it follows that 
Lr 5 5 
1o. 
Í SIT e es aun (Pg) 
0 T S 
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From (a) above v e тап (1 /s) and since f(at) © Li) , it follows that 








sinat 1. (1/8 sinat -1 
ce -tan |——| ot < tan (a/s) 
a 





at a 
d. 
з cost. feos . 
cost > >, —— Í > —4s, and from tables of integrals 
sri f ssl 





E 50х = l Eu EE Then, [zas = uis edd and the constant of inte- 
X +a 2 S +] 2 


gration C is evaluated from the final value theorem. Thus, 


lim f(t) = Am EO) = = 2m ims[7 In(s? tl) c| = 0 and using it fade FG) 00) we 





? cost 1 3 
get | zd e» s In(s + 1) 


io! oo 


zi Co | Las ‚ and from tables of integrals 


Р m 
st]? 





1 1 1 | | 
ecl b). ——ds = 
[= Т рах 5 п(ах+ b). Then, f; т ; In(s + 1) + C and the constant of integration C 


is evaluated from the final value theorem. Thus, 
t E 
lim f(t) = lim sF(s) = lim s[In(s+1)+C] = 0 and using | (ace Pis) 100) ae 
t>o 50 50 25 S S 


e grt 1 
get | —dv e -In(s- 1) 
ees 


TF) 








>t 





a 2a 3a 


This is a periodic waveform with period T = a and its Laplace transform is 
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1 A 


[ea - —A [ea (1) 
l-e “o a(l-e )'0 


and from (4.40) of Example 4.2 and limits of integration 0 to a we get 


F(s) = 





L lo 


I 
—, 
~ 
er 
a 
> 
I 
| 
~ 
[e] È 
| 
iS 
ьа 
(es 5 











1 ae ^ e“ 1 —as 
эз |= SU ane ] 
5 5 
Adding and subtracting as we get 
a 1 —as 1 —as 
£ (tjl; = [С cas) -( ase  -as] = SIU +as) -e )-as] 
5 5 


By substitution into (1) we get 


F(s) = с ке . tia +as)(1 -e ^)-as] = ———— [G8 as)(1 -e ^)-as] 
а(1-е ) s as (l-e `) 
_ AU +as)_ Аа = A[U ta a l 
as аз(1-е “) 9 Ы (ise) 


This is a periodic waveform with period T = a = т and its Laplace transform is 


1 


F(s) = 
1 Ed 





———— [ sinte “dt 
TUS 


[aea E ie ! 
0 (I-e )'0 


From tables of integrals 


[sindxe*ax E e^ (asinbx — bcosbx) 

















a+b 
Then, 
T 
Fís) = 1 e" (ssint — cost) 1 І+е 
(s) ~ лу 2 ns 2 
1-е s +l gje due s +1 
-TS 
Е = „l+ E 1 сот") 
s +1 l-e s +1 
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his chapter is a continuation to the Laplace transformation topic of the previous chapter and 
presents several methods of finding the Inverse Laplace Transformation. The partial fraction 
expansion method is explained thoroughly and it is illustrated with several examples. 


5.1 The Inverse Laplace Transform Integral 


The Inverse Laplace Transform Integral was stated in the previous chapter; it is repeated here for con- 
venience. 





7 


L"{F(s)}= ft) = 5 © F(s)e"ds (5.1) 
o-jo 











This integral is difficult to evaluate because it requires contour integration using complex variables 
theory. Fortunately, for most engineering problems we can refer to Tables of Properties, and Com- 
mon Laplace transform pairs to lookup the Inverse Laplace transform. 


5.2 Partial Fraction Expansion 


Quite often the Laplace transform expressions are not in recognizable form, but in most cases appear 
in a rational form of s, that is, 


Fs) = Mo) (5.2) 


where N(s) and D(s) are polynomials, and thus (5.2) can be expressed as 


т- m-2 


1 
Tas 


n п- 1 n-2 
aus ta, [5 ta, 55 +...Fa)S tap 


N(s) _ bps” tbn us +... +b;s+bọo 


D(s) 





F(s) = (5.3) 
The coefficients a, and b, are real numbers for k = 1,2, ..., n, and if the highest power m of N(s) 


is less than the highest power n of D(s), ie, m «n, F(s) is said to be expressed as a proper rational 


function. If m 2 n, F(s) is an improper rational function. 


In a proper rational function, the roots of N(s) in (5.3) are found by setting N(s) = 0; these аге 
called the zeros of F(s). The roots of D(s), found by setting D(s) = 0, are called the poles of F(s). 


We assume that F(s) in (5.3) is a proper rational function. Then, it is customary and very convenient 
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to make the coefficient of s” unity; thus, we rewrite F(s) as 


т- 1 


Lops" eb, js +b 255 “+... bis bg) 
F(s) = D a (5.4) 
S a - a E a 
gu ded unes feb d nq кы. 
аһ ay ay a, 


The zeros and poles of (5.4) can be real and distinct, or repeated, or complex conjugates, or combina- 
tions of real and complex conjugates. Howevet, we are mostly interested in the nature of the poles, so 
we will consider each case separately. 


Case I: Distinct Poles 
If all the poles ру, р», ps. ..., p, of F(s) are distinct (different from each another), we can factor the 


denominator of F(s) in the form 


E N(s) 
Fe) (spi): (5-р): (spa): (s-p,) Ө 


. . . . . . . * 
where p, is distinct from all other poles. Next, using the partial fraction expansion method, we can 


express (5.5) as 











r r r r 
F(s) = Eque Lou t E. ыш шл (5.6) 
(s—p;) (s-p) (S—p3) (s — p,) 
where rj, Fo, r5, ..., r, ate the residues, and pj, P2, ps, ..., p, ate the poles of F(s). 


To evaluate the residue r,, we multiply both sides of (5.6) by (s — p,) ; then, we let s > p}, that is, 
ry = lim (s—p,)F(s) = (s—p,)F()| _ (5.7) 
S> Pk S= DP; 


Example 5.1 


Use the partial fraction expansion method to simplify F;(s) of (5.8) below, and find the time domain 


function f;(t) corresponding to Ё (5). 


F(s) = 2842 — (5.8) 





* The partial fraction expansion method applies only to proper rational functions. It is used extensively in integra- 
tion, and in finding the inverses of the Laplace transform, the Fourier transform, and the z-transform. This 
method allows us to decompose a rational polynomial into smaller rational polynomials with simpler denomina- 
tors from which we can easily recognize their integrals and inverse transformations. This method is also being 
taught in intermediate algebra and introductory calculus courses. 
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Solution: 


Using (5.6), we get 





s +3s+2 О +1)0з+2) Gad) Geo) 





2а SEDE lun "2 (5.9) 


The residues are 








: 35+ 2 
EL I)F = —— = –1 аі 
rye ling (SAT) GAD, (5.10) 
and 
; 35+ 2 
rı = dim (s+2)F(s) = as a 4 (5.11) 
Therefore, we express (5.9) as 
3s+2 -1 4 
F(s) = ——— = + (5.12) 
in s +3s+2 (5+1) (5+2) 
and from Table 4.2 of Chapter 4 
-at 1 
е ut) <> = (5.13) 
Then, 
=] 4 -t -2t 
Е (5) © (-е +4e )ug(t) = fy(t) (5.14) 


= + — 
(s+l) (5+2) 

The residues and poles of a rational function of polynomials such as (5.8), сап be found easily using 

the MATLAB residue(a,b) function. For this example, we use the code 

Ns = [3, 2]; Ds = [1, 3, 2]; [5 p, К] = residue(Ns, Ds) 

and MATLAB returns the values 





1 х 
4 
-1 
p = 
-2 
=1 
k = 
[] 
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For this MATLAB code, we defined Ns and DS as two vectots that contain the numerator and 
denominator coefficients of F(s). When this code is executed, MATLAB displays the x and p vec- 
tors that represent the residues and poles respectively. The first value of the vector r is associated 
with the first value of the vector p, the second value of r is associated with the second value of p, 
and so on. 


The vector k is referred to as the direct term and it is always empty (has no value) whenever F(s) is 
a proper rational function, that is, when the highest degree of the denominator is larger than that of 


the numerator. For this example, we observe that the highest power of the denominator is s?, 
whereas the highest power of the numerator is s and therefore the direct term is empty. 


We сап also use the MATLAB ilaplace(f) function to obtain the time domain function directly from 
F(s). This is done with the code that follows. 


syms s t; Fs=(3*s+2)/(s ^ 2+3*s+2); ft=ilaplace(Fs); pretty (ft) 
When this code is executed, MATLAB displays the expression 

4 exp(-2 t)- exp(-t) 
Example 5.2 


Use the partial fraction expansion method to simplify F,(s) of (5.15) below, and find the time 


domain function f,(t) corresponding to F,(s). 


2 
Рд) = 22 42842 _ (5.15) 
S +12s + 445 +48 


Solution: 


First, we use the MATLAB factor(s) symbolic function to express the denominator polynomial of 
Е (=) in factored form. For this example, 


syms s; factor(s ^ 3 + 12*s ^ 2 + 44*s + 48) 


ans = 
(5+2) * (5+4) * (5+6) 
Then, 
2 2 
F,(s) = "ee " ea +2545 А _ 2 А A : an ы 
9512524445448 CICING (5+2) (у+4) (8+6) 


The residues are 
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2 
aie 35 +2545 _ 9 (5.17) 
(5+4)(5+6) > 8 


2 
_ 35 +2s+5 37 (5.18) 


г = = 
(5+ 2)(5+6) |, 4 


2 
= Js +2s+5 _ 89 (5.19) 
(5 + 2)(5+4)| | 8 
Then, by substitution into (5.16) we get 


2 
. 35 *2s*5 — . 9/8 ,-37/4, 89/8 co 
Sipe sagas. О?) (3+4) (s+6) 


From Table 2.2 of Chapter 2 


F(s) = 














-at 1 
e ut) <> —3 (5.21) 
Then, 
9/8 —37/4 89/8 9 2: 37 -4t 89 -6t 
F - 2e зг d - 22 
2(5) E LE e OG е (Se 25 + 56 Jui ft (5.22) 
Check with MATLAB: 


syms s t; Fs = (3*s^2 + 4*s + 5)/ (S^3 + 12*s^2 + 44*s + 48); ft = ilaplace(Fs) 


ft - 
-37/4*exp(-4*t)«9/8*exp(-2*t)«89/8*exp(-6*t) 


Case II: Complex Poles 


Д ж s . . 
Quite often, the poles of F(s) are complex , and since complex poles occur in complex conjugate 


pairs, the number of complex poles is even. Thus, if p, is a complex root of D(s), then, its complex 


conjugate pole, denoted as p,*, is also a root of D(s). The partial fraction expansion method can 


also be used in this case, but it may be necessary to manipulate the terms of the expansion in order to 
express them in a recognizable form. The procedure is illustrated with the following example. 


Example 5.3 


Use the partial fraction expansion method to simplify F3(s) of (5.23) below, and find the time 





* A review of complex numbers is presented in Appendix B of Circuit Analysis I with MATLAB Applications. 
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domain function f(t) corresponding to F,(s). 


F,(s) = ——— (5.23) 
s+5s +12s4+8 
Solution: 


Let us first express the denominator in factored form to identify the poles of F3(s) using the MAT- 
LAB factor(s) function. Then, 
syms s; factor(s ^ 3 + 5*s ^2 + 12*s + 8) 


ans - 
(s+1)*(s%2+4*s+8) 


The factor(s) function did not factor the quadratic term. We will use the roots(p) function. 
p=[1 4 8]; roots_p=roots(p) 


roots_p = 
-2.0000 + 2.00001 
-2.0000 - 2.00001 

















Then, 
+3 +3 
Ез) =- E IDE i2)(s42-j2) 
s +55 412548 Ј Ј 
Of 
* 
Убу зд ж СШ. e СОРОТ ee RN (5.24) 
Pere +125+8 (s+1) (s+24+j2) (s+2-j2) 
The residues are 
r =- = С (5.25) 
S +45+8| _ 
5=-1 
„= 5+3 UE C ЖЕРИ 
! G*DG*242),. , 4  CI-j2OCj) 8 +74 po 
БОО кш ШО ШЕ. | 
= — LLL Itc 
(— 8+)4)(—8-)4) 80 5 20 
В * : 
rt = (-1.By --1-8 (5.27) 
5 20 5 20 
By substitution into (5.24), 
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Fs) = 2S 21 343/20 , - 1/5 3720 ss 
: (s+1)  (s+2+ 2) (s + 2-j2) À 


The last two terms on the right side of (5.28), do not resemble any Laplace transform pair that we 
derived in Chapter 2. Therefore, we will express them in a different form. We combine them into a 


single term , and now (5.28) 15 written as 


2/5 1  (2s*1) (5.29) 


нуз (s+1) 5 (52+ 4s +8) 





For convenience, we denote the first term on the right side of (5.29) as F3,(s), and the second as 


Е (8). Then, 


2/5 2 - 
F3,(s) = сыге ! 2 faf) (5.30) 
Next, for F'35(s) 
F(s) = 1.52050 (5.31) 
(s + 45+ 8) 
and recalling that 
e " sinotugt < T. j 
(sta) +0 (5.32) 
-at Sta | 
€  cosQtugt < сс 
(sta) +0 
we express F'3,(s) as 
2 oom 2 2 3/2 
+ = 
кыз) = 3 A | = (2 2 
(s-2) +2) (s-2) +2) (s+2) +2) 
27,22. 5+2 ) sae 2 ) (5.33) 
= 25 ЕИО аа Dy: d 
(s+2) +2) (s-2) +2) 





SN ue i EDT „2, 
ВЕ Р с 





* Here, we used MATLAB with simple((—1/5 +3]/20)/(5+2+2|)+(—1/5 —3j/20)/(s--2—2j)). The simple func- 





tion, after several simplification tools that were displayed on the screen, returned (-2*s-1)/ 
(5*5^2+20*5+40) 
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Addition of (5.30) with (5.33) yields 





243. 2 5+2 3 2 
F3(s) = Е.1(5) + Е.,(5) = -2(—— }+4(—+— ) 
i d TO 2 C309 09 15v" MOS Qo ao") 
2: po Зла = 

= 56 -3e cos2t+ 10€ sin2t = fs(t) 
Check with MATLAB: 
syms astw; % Define several symbolic variables 
Fs=(s + 3)/(s ^3 + 5*s^2 + 12*s + 8); ft=ilaplace(Fs) 


ЕБ = 
2/5*exp(-t)-2/b5b*exp(-2*t)*cos(2*t) 
+3/10*exp(-2*t) *sin(2*t) 


Case III: Multiple (Repeated) Poles 
In this case, F(s) has simple poles, but one of the poles, say p; , has a multiplicity т. For this condi- 
tion, we express it as 
F(s) = ——— G9) _____ (5.34) 
(s - p) (s—p5)...(s- p, )s- Pp) 


Denoting the m residues corresponding to multiple pole p, as гу, rj», Рз» ..., Tim, the partial frac- 


tion expansion of (5.34) is written as 


























F(s) = Fil at —À 4 Bite Tim 
(s—-pj) (s—-pj) (s—p;) (8-р) (5.35) 
TES NL NN: 
(s-pj) (s—p;) (5—р„) 
For the simple poles р, р», ..., p,, we proceed as before, that is, we find the residues as 
г, = lim (s—p,)F(s) = (s—p,)F(s)| _ (5.36) 
SDP, S= Px 
The residues r;;, F12, F13, ..., Fim corresponding to the repeated poles, are found by multiplication of 
both sides of (5.35) by (s- р)". Then, 
m 2 т- 1 
(8-р) F(s) = ru *(s-pprn*(s-pi) rst *t(s-pi) Tin 
» (5.37) 
+(s—p)) ( Ut. ыз pum У 
(s-p2) (s-p;) (s-p, 
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Next, taking the limit as s > p; on both sides of (5.37), we get 


x 
lim (s — p)” F(s) = Cus п [($—р,;)г› + (5— Pi) Гуз + + (S—p;)” ris] 
2p; 


5р 
. r3 Fa 
+ lin |6- Pi) irs Po) ees 





Of 
ги = lim (з—р{) F(s) (5.38) 
Sp, 


and thus (5.38) yields the residue of the first repeated pole. 


The residue r;, for the second repeated pole ру, is found by differentiating (5.37) with respect to s 


and again, we let s p, , that is, 
г» = dim {{(s—p,)"F(s)] (5.39) 
s — pds 
In general, the residue гу, can be found from 


(5—р) F(s) = ru ri(s-pi) + ris py "bees (5.40) 
whose (m — 1)їһ detivative of both sides is 


EE k-1 


(k- Dry, = Jim о га (UR icy 





[( p) FG)] (5.41) 


Of 


1 k-1 


А 
EU ci pa 








(s - p) FG)] (5.42) 


rik = 


Example 5.4 


Use the partial fraction expansion method to simplify F,(s) of (5.43) below, and find the time 


domain function f,(t) corresponding to F,(s). 





+3 
Fs) = ————— (5.43) 
(з + 2)(5+ 1) 
Solution: 
We observe that there is a pole of multiplicity 2 at s = —/, and thus in partial fraction expansion 
form, F4(s) is written as 
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ОЕК АИ Def LA LT io (5.44) 
"m (+ 2)(8+ 1) (8+2) (s+ (5+1) 


The residues are 








| 054 
(S4) | 
5+3 
= 2an = 2 
is s+2 
s--l 








= (s+2)-(s+3) 


s=-l (8+2) 








5 = -1 


The value of the residue r» can also be found without differentiation as follows: 


Substitution of the already known values of r; and rz; into (5.44), and letting s = 0", we get 


























s+3 E á 2 E 25 
(st1y($42).., Stee GE |. Gto 
or 
from which r» = —J as before. Finally, 
F,(s)=> —+2— = er nee -+ at Be ороор) (5.45) 
(s+2)(s+1y G*2 (sep? Ot) 
Check with MATLAB: 


syms s t; Fs=(S+3)/((S+2)*(S+1) ^ 2); ft=ilaplace(Fs) 
ft = exp(-2*t)-«2*t*exp(-t)-exp(-t) 


We can use the following code to check the partial fraction expansion. 


syms $ 
Ns = [1 3]; % Coefficients of the numerator N(s) of F(s) 

expand((s + 1) ^ 2); % Expands (s + 1)^2t0s^2 + 2*s + 1; 

di-[1 2 1]; % Coefficients of (s + 1) ^2 = s^2 + 2*s + 1 term in D(s) 
d2 = [0 1 2]; % Coefficients of (s + 2) term in D(s) 





* This is permissible since (5.44) is an identity. 
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Ds=conv(d1,d2); % Multiplies polynomials d1 and d2 to express the 
% denominator D(s) of F(s) as a polynomial 
[rp,k] =residue(Ns, Ds) 


е = 
1.0000 
-1.0000 
2.0000 
p Е 
-2.0000 
-1.0000 
-1.0000 
k = 
[] 
Example 5.5 


Use the partial fraction expansion method to simplify F;(s) of (5.46) below, and find the time 


domain function f;(t) corresponding to the given F;(s). 
£351 
F,(s) = n (5.46) 
(s+1)(s+2) 
Solution: 


We observe that there is a pole of multiplicity 3 at s = —/, and a pole of multiplicity 2 at s = -2. 


Then, in partial fraction expansion form, F';(s) is written as 





F(s) = Pu ышы? = oat E де ТИ а 7 MN (5.47) 
(s1y (se? (+) (542)? (5+2) 


The residues are 














5.3541 
ти = 5 ==] 
(s +2) ee 
: - gien 
2 = 5. 
dS. (s4 2) 
ў=— 
_ (s*2Y (2s + 3)—2(5 + 2)(5° +35 + 1) s+4 NT 
4 3 
(5+2) u ©©+2) |,__, 
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. E zd ic 
E T ‚ PEKEE 


| 544 ) «мешш 








$—— 





2ds\(5 4 2y? 2 (s 4 2)? 





s=-l 
_ —8—5 


= =—4 
(з + 2) 





Е (123s ) 
2X say 








s=-l sz-l 


Next, for the pole at s = -2, 
= s +3541 
(s+1) 


= 1 


s=-2 





and 


"n 5.3541 _ (st1) (2s 3)-3(s IY (s +3541) 
аҳ (su py 


























6 
ge (s+) s=-2 
_ (st Ds 3) - 3(5 +3541) _-s'-4s ee 
(з + 1)* s=-2 (s 1) $2-2 
By substitution of the residues into (5.47), we get 
Poer се ы, rc e (5.48) 


+ + 
(6+1 (se? (8+1) (942)? (5+2) 
We will check the values of these residues with the MATLAB code below. 


syms s; % The function collect(s) below multiplies (5+1) ^ 3 by (5+2) ^2 
% and we use it to express the denominator D(s) as a polynomial so that we can 
% we can use the coefficients of the resulting polynomial with the residue function 
Ds- ocollect(((s-- 1) ^ 3)*((s--2) ^ 2)) 


Ds - 
5^5+7*5^4+19*5^3+25*5^2+16*в+4 


Ns-[13 1]; Ds=[1 7 1925 16 4]; [r,p,k]=residue(Ns,Ds) 





ү == 
4.0000 
1.0000 
-4.0000 
3.0000 
-1.0000 
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p = 
-2.0000 
-2.0000 
-1.0000 
-1.0000 
-1.0000 

k = 


[] 
From Table 2.2 of Chapter 2 


-at 1 -at 1 


sta (sta) 





and with these, we derive f;(t) from (5.48) as 


t -2t 


Даа) = -ir e" +3te ! 4е te 7 + 4e 


We can vetity (5.49) with MATLAB as follows: 


n-l -at 
t e c 


(n— 1)! 
(sa) 


(5.49) 


syms s t; Fs=—1/((S+1) ^ 3) + 3/((5+1) ^ 2) - 4/(5+1) + 1/((S+2) ^2) + 4/(5+2); 


ft=ilaplace(Fs) 


ft = -1/2*t^2*exp(-t)43*t*exp(-t)-4*exp(-t) 
+t*exp (-2*t)+4*exp(-2*t) 


5.3 Case for m» n 


Our discussion thus far, was based on the condition that F(s) 15 a proper rational function. However, 


if F(s) is an improper rational function, that is, if m > n , we must first divide the numerator N(s) by 


the denominator D(s) to obtain an expression of the form 


m-n N(s) 








2 
F(s) = kot kıs c kos +...+k,,_,5 * Ds) (5.50) 
where N(s)/D(s) is a proper rational function. 
Example 5.6 
Derive the Inverse Laplace transform f,(t) of 
2s+2 
Fás) = — 5.51 
e) БЕРЕ ( ) 
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Solution: 


For this example, F,(s) is an improper rational function. Therefore, we must express it in the form 


of (5.50) before we use the partial fraction expansion method. 


By long division, we get 





2 
F(s) E 5 +25+2 = е 
st] s+] 
Now, we recognize that 
1 р 
5+1 
апа 
1 <= (70) 
but 
5e? 
To answer that question, we recall that 
ug(t) = e(t) 
and 
ug (t) = S(t) 
where 8'(t) is the doublet of the delta function. Also, by the time differentiation property 
" ' 2 ' 2 2 1 
Ug (t) = 0 (t) s F(s) -sf(0)-£(0) = s F(s) = s йс, 
Therefore, we have the new transform pair 
з © 8n) (5.52) 
and thus, 
IIT NE i 
F =-———=-— » ! = | 
(5) "m ep tene + 6(t) + S'A) = 300) (5.53) 
In general, 
d" n 
^—6(t)es (5.54) 
dt n 
We verify (5.53) with MATLAB as follows: 
Ns = [1 2 2]; Ds = [1 1]; [r p, k] = residue(Ns, Ds) 
r- 
1 
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=i 


1 1 


Неге, the direct terms k= [1 1] are the coefficients of (t) and 6'(t) respectively. 


5.4 Alternate Method of Partial Fraction Expansion 


Partial fraction expansion can also be performed with the method of clearing the fractions, that is, 
making the denominators of both sides the same, then equating the numerators. As before, we 
assume that F(s) 1s a proper rational function. If not, we first perform a long division, and then work 
with the quotient and the remainder as we did in Example 5.6. We also assume that the denominator 
D(s) can be expressed as a product of real linear and quadratic factors. If these assumptions prevail, 


we let (s—a) be a linear factor of D(s), and we assume that (s — a)” is the highest power of (s — a) 
that divides D(s). Then, we can express F(s) as 





= N(s) = r] T) lin 
F(s) = == = —+—— +... 5.55 
(5) D(s) к=" day (Ser ( ) 


Let s^ +05 + B be a quadratic factor of D(s), and suppose that (s + 05 + p is the highest power 
of this factor that divides D(s). Now, we perform the following steps: 
1. To this factor, we assign the sum of п partial fractions, that is, 
risk, A rj$ + k, — rad 

sas (sche B) (s- as B) 
2. We repeat step 1 for each of the distinct linear and quadratic factors of D(s) 
3. We set the given F(s) equal to the sum of these partial fractions 
4. We clear the resulting expression of fractions and arrange the terms in decreasing powers of s 
5. We equate the coefficients of corresponding powets of s 
6. We solve the resulting equations for the residues 
Example 5.7 
Express F7(s) of (5.56) below as a sum of partial fractions using the method of clearing the fractions. 


—25+4 


Fs) = —— 
es (3^4 Ds e 1^ 


(5.56) 
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Solution: 


Using Steps 1 through 3 above, we get 











—2s+4 rıs +A T2 F22 
Fs) = ——————Àcz + + (5.57) 
ü (Ба) (nD -pD Oe) 


With Step 4, 
—25+4 = (ris + А)(з— DY + rus + 1) + г››(5— 1)(5° +1) (5.58) 
and with Step 5, 


-2s44 = (Ti+ r2) + (—2r, +A —г» + rs (5.59) 
+(т,—2А+г››)5+(А—г»››+ rjj) 


Relation (5.59) will be an identity is s if each power of s is the same on both sides of this relation. 


Therefore, we equate like powets of s and we get 


0 = rjtr5 





0 = -2r;*A-r5*r 
1 2277 £2] (5.60) 
4-A-rjtr 
Subtracting the second equation of (5.60) from the fourth, we get 
4 = 2r; 
Of 
2 (5.61) 
By substitution of (5.61) into the first equation of (5.60), we get 
0 = 2417 
ot 
Tə = -2 (5.62) 
Next, substitution of (5.61) and (5.62) into the third equation of (5.60) yields 
-222-2A-2 
Of 
А = 1 (5.63) 
Finally by substitution of (5.61), (5.62), and (5.63) into the fourth equation of (5.60), we get 
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4 = 1+2+т» 


Of 
гу = 1 (5.64) 
Substitution of these values into (5.57) yields 


Fs) = –25+4 2 25+1 т 1 2 


(52+ 1)(5 = 1)2 (52+ 1) (к 1)2 (8-2) 








(5.65) 


Example 5.8 


Use partial fraction expansion to simplify Ё„(5) of (5.66) below, and find the time domain function 


f(t) corresponding to Fs(s). 
F,(s) = —— ——— (5.66) 
5° +55 +125+8 


Solution: 


This is the same transform as in Example 5.3, where we found that the denominator D(s) can be 


expressed in factored form of a linear term and a quadratic. Thus, we write Fg(s) as 
F(s) = —_it3 ___ (5.67) 
(st 1)(5 +45 + 8) 


and using the method of clearing the fractions, we rewrite (5.67) as 


F,(s) = ЕНЕ г: _ rcc бра Онер у. (5.68) 
(st1)(s+4s+8) 5*1 sr4s48 
Аз їп Ехатр1е 5.3, 


“ое. = 2 (5.69) 


2 
S +4s+8 
s--l 


Next, to compute r, and r;, we follow the procedure of this section and we get 


(5+3) = r (s? + 4s + 8) + (rjs + rj)(s 1) (5.70) 


Since r; is already known, we only need two equations in ғ and гз. Equating the coefficient of s? 


on the left side, which is zero, with the coefficients of s? on the right side of (5.70), we get 


0=r;+r, (5.71) 
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апа since r; = 2/5, then r, = -2/5. 


To obtain the third residue r}, we equate the constant terms of (5.70). Then, 3 = 8r,+r3 or 


328x2/5-trj,0t т; = -1/5. Then, by substitution into (5.68), we get 





F,(s) = = мы м: (5.72) 


as before. 


The remaining steps are the same as in Example 5.3, and thus /%(ї) is the same as f3(f), that is, 


f» fio» (Fe - 2e? 


t 9i 2f 
cos2t 10€ sin21) up(t) 
5.5 Summary 
e The Inverse Laplace Transform Integral defined as 
-1 1 THID st 
“© iF(s)e fi) = ;— F(s)e ds 
2nj J -jo 
is difficult to evaluate because it requires contour integration using complex variables theory. 


e For most engineering problems we can refer to Tables of Properties, and Common Laplace trans- 
form pairs to lookup the Inverse Laplace transform. 


e The partial fraction expansion method offers a convenient means of expressing Laplace trans- 
forms in a recognizable form from which we can obtain the equivalent time-domain functions. 


e If the highest power m of the numerator N(s) is less than the highest power n of the denomina- 


tor D(s), i.e., m «n, F(s) is said to be expressed as a proper rational function. If т> n, F(s) is 
an improper rational function. 


e The Laplace transform F(s) must be expressed as a proper rational function before applying the 
partial fraction expansion. If F(s) is an improper rational function, that is, if m > n , we must first 


divide the numerator N(s) by the denominator D(s) to obtain an expression of the form 


"Л" + N(s) 


2 
F = Ко +5 + ks +...+k 
(5) 0 15 25 m-n D(s) 


e Ina proper rational function, the roots of numerator N(s) are called the zeros of F(s) and the 


roots of the denominator D(s) are called the poles of F(s). 
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e The partial fraction expansion method can be applied whether the poles of F(s) are distinct, com- 
plex conjugates, repeated, or a combination of these. 


e When F(s) is expressed as 











Ў 
O к cue pen 
(s—p;) (s-p) (G-pj (s-p,) 
г, T, F3, ..., Р, ate called the residues апару, P2, P3, ..., p, ate the poles of F(s). 


e The residues and poles of a rational function of polynomials can be found easily using the MAT- 
LAB residue(a,b) function. The direct term is always empty (has no value) whenever F(s) is a 
proper rational function. 


e We can use the MATLAB factor(s) symbolic function to convert the denominator polynomial 
form of F,(s) into a factored form. 


e We can use the MATLAB collect(s) and expand(s) symbolic functions to convert the denomi- 
nator factored form of F5(s) into a polynomial form. 


e [n this chapter we developed the new transform pair 


5e (t) 
and in general, 


аб)" 
аі 


• Тһе method of clearing the fractions is an alternate method of partial fraction expansion. 
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5.6 Exercises 


1. Find the Inverse Laplace transform of the following: 
ae 
5+3 
4 
(s 3) 





4 
(s 3)* 





3s+4 
(5+3) 


5? + 65+ 3 
ЭБ ас 
(s 3) 
2. Find the Inverse Laplace transform of the following: 


3з +4 
P 
S +45 + 85 


45 + 5 
b. ho TE PEUX 
S +55 + 18.5 
5543542 
se 5s + 10.5549 
4 52-16 
© 3 2 
s +8s + 245 + 32 
st] 
е. 


s +652 + 115+ 6 
3. Find the Inverse Laplace transform of the following: 


35+ 2 
s 4205 





55543 
b. 2—5 (бее hint on next page) 


(s^ +4) 
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1 s? 
29 5n at + atcosat) < 


2 2.2 
Hint: (S +a) 
1 А 1 
— (sinat — atcosat) < 
2 3 2 0-2 
a (s +a’) 


2s+3 
552425541 


5855 + 245 + 32 


а. 2 
S +6s+8 


—25 3 


еб с=с 
(2s + 3) 


4. Use the Initial Value Theorem to find f(0) given that the Laplace transform of f (t) is 


25+ 3 
554425541 


Compare your answer with that of Exercise 3(c). 


5. It is known that the Laplace transform F(s) has two distinct poles, one at s = 0, the other at 
s = —].lItalso has a single zero at s = 1, and we know that lim f(t) = 10. Find F(s) and f(t). 
1 00 
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5.7 Solutions to Exetcises 

















1. 
a. 
RT b. s: jede с. ы -o pe” athe" 
9d (5 +3) (SES) M i 
d. 
3544 _ 3(5+4/3+5/3-5/3) _ 3 (8+3)-5/3 3.1 — ., 1 
(s+3y (s+3) (s+3) (s-3)0 (5+3) 
33-1 5 4-31 x 3-3 5 4 a 
eg! е z e =z e T E 
е. 
2 2 2 
s OSEE. _5 +65+9-6 _(э+3)__6 __1___„. 1 
(з +3)” (s+3) (s43y (s+3) (5+3) (5+3) 
et fat ó 4-31 _ о ie’) 
2! 4! E 2 
7A 
a. 
3s+4  _ 3(5+4/3+2/3-2/3) _ „ (s+2)-2/3 — (s+2) d 2x9 
ee pag cl MEL Lm rU I m 
s +45 + 85 (5+2) +81 (5+2) +9 (5+2) +9 (5+2) +9 
= тыш шг, 2 5€ Je "'cos9t - e 27 in Ot 
(5+2 £0" 9 (+2) +9 
Ь. 
45+ 5 A 4s+5 Е 45+ 5 — 4. s+5/4 
s+55t+18.5 5 +59+6.25412.25 (s 2.5) +35 (53:05) +35 
5 10/4— 10/4 & 5/4 3125 1 5x35 
= р зе рр аг PE E E IEE c С арыр, 
(s+2.5) +3.5 (s+2.5) +3.5 © (5+ 2.5) +3.5 
= 4. P C) M 2.9) г 29. = ;9 4e ??!соз3.51— у 
GEIS у +35 7 


c. Using the MATLAB factor(s) function we get: 


syms s; factor(s ^ 2-- 3*s--2), factor(s ^ 3--5*s ^ 2+10.5*s+9) 


ans 


ans 


(5+2) * (5+1) 


1/2* (5+2) * (2*5^2+6*5+9) 
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Then, 
$4352 —  (stl(st2)  ,.  (stl) __ stl 
s+ 59° +10.58+9 (st2)(s° +35+45) (5 +3$+45) з +35+2.25—2.25+4.5 
20515-1541 _ s+15 1l 05x 1.5 
(sRLSYQ (LSY (QebLS) +0.57 17 (L5) +(1.5)° 
CEA IT TU EE +12 1—9 5 € сов 51 c е P sin 1.51 
(s 1.5) (1.5) (s 2.5) + 3.5 
d. 
5^—16 _ (5t4(s-4) _ _ (s-4) _s+2-2-4 
5 +85 +245632 (5+4)(5 +4s+8) (s+2) 42? (542) 427 
5+2 Er 6x2 
(say an? 9 (42) 42° 
= т -3—4 5 € € "cos2t- 3e "'sin2t 
(s+2) +2 (5+2) +2 
е. 
Lu LL Ecc г РИБЕ ЕНЕС cm 
миву та POC +2)(5+3)_ (2) 3) 
r 
eR: CNN rı + 2 asni = ] г = 1 = —] 
(s+2)(s+3) st+2 5+3 5+3| __, s+2| ln 


1 | 1 1 | -2t -3t 
= ———————2[——-——|ee -e 
(s+2)(s+3) Ls+2 s+3 























3. 
a. 
3+2 = ЕЕН 2x3 = 3. a ue 2 „© 3cos5t+ S sin5t 
s25 а Е 9 5°+5 52052 5 5265 5 
Ь. 
552 +3 552 3 
= = О ИТЕРЕ x 2(3in2t + 2tcos2t) +3: 5 "s sin2t 21с0521) 
(4) (4-2) (57 +27) 
e (3 + 3) sin2t + [os 2.) 2tcos2t = аы P сөзд 
4 16 4 1 16 8 
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2543 = 2s+3 r] T) 


= ———————— = + 
32425541 (5+4)(5+1/4) 5+4 5+1/4 








2543 C _4 „2 2843 5/2 2 
Pa EYE B UE TUE 
s+1/4| __,„ -15/4 3 Sa ay 15/4 3 
4/3, 2/3 Degg Ж 
s+4 s+1⁄4 3 
d. 
74857 +24з5+32 _ (5+4)(5 +4548) _ (5 +4s+8) 
Eu ачен де cu уду чону CL and by long division 
Me an opus (s + 2)(s * 4) (s +2) 
2 
Жш Аа: АКИ eu qose 
5+2 5+2 
e. 
-2s 3 
e 


Tu e^ F(s) = А 2)ugt- 2) 
St+ 


dije ай л 


= 3/8 » 3/8 3(1 2 (3/20 _ 3 2 (3/2): 
3 3,3 3 3 23 21 ч Е 16! e 
(2s+3) (2s+3)/2 [(25+3)/2] (s 3/2) н 
PER -2s 3 - at 2y oye g 8/20-2 (2-2) 


(25 + 3)" 16" 


4. The initial value theorem states that lim f(t) = lim sF(s). Then 
t0 $— 00 


2 
КО) = lims—2 = tim 25 +35_ 
зэ 54.425541. S252 442554] 
— li 252/5? + 38/5? Em 2+3/s D 
= A ee eee oe, ay eT lim oo a 
5090 s/s -425s/s «c 1/s 59 %0 1+ 4.25/5+ 1/5 
The value #0) = 


2 is the same as in the time domain expression that we found in Exercise 3(c) 
A(s- 1) | m _ 
5. We are given that F(s) = and lim f(t) = lim sF(s) = 10.'Then, 
s(s t 1) t> o 50 
m 20s) ae =Ali (s-1 


i im = -А = 10. Therefore, 
= 0 s(s + 1) 50 (5+1) 


—10(5—1)_ 70, "2 10 20 
F(s) = —— = = + а ЫЫ 10 — 20 t), that i 
(s) s(s* 1) s stl s sl ( * Эш, м 








f(t) = (10 - 20е ust) and we see that lim f(t) = 
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Circuit Analysis witb Laplace Transforms 





his chapter presents applications of the Laplace transform. Several examples are given to illus- 
trate how the Laplace transformation is applied to circuit analysis. Complex impedance, com- 
plex admittance, and transfer functions are also defined. 


6.1 Circuit Transformation from Time to Complex Frequency 


In this section we will derive the voltage-current relationships for the three elementary circuit 
devices, i.e., resistors, inductors, and capacitors in the complex frequency domain. 


a. Resistor 


The time and complex frequency domains for purely resistive circuits are shown in Figure 6.1. 





Time Domain Complex Frequency Domain 
+ | | 
п) ук) = Rigli) + | Vals) = КІ) 
Vp(t) v(t) T pl V 
R (n = YR V,(s) к(5) _ Vals) 
ip(t) = R =e 
a(t) = 6 5) = E 
d _ R 
Figure 6.1. Resistive circuit in time domain and complex frequency domain 
b. Inductor 


The time and complex frequency domains for purely inductive circuits is shown in Figure 6.2. 


Time Domain Complex Frequency Domain 
x ] 0 ye + | VO 5 sL) -Li 0) 
dt 
sL By (0° 
v(t) Lg i (1) | Р а Eo) Ij(s) = Vi) | (0 ) 
i(t) = aI v, dt VCs) Ls $ 








(+) Lio) 





Figure 6.2. Inductive circuit in time domain and complex frequency domain 
c. Capacitor 


The time and complex frequency domains for purely capacitive circuits is shown in Figure 6.3. 
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Time Domain Complex Frequency Domain 
аа dv Е 
+ | ict) = CH Ы = M Is) = sCVe(s) - Сус(07) 
C |+ ict) AS IAs) = 
v (f) aM iius 1 t , 6 Е Ics) vc(0 ) 
GI IPIS v(t) = aj i dt Vet) Mori c ENS 
ке! ` CE ne) 
ER x S 





Figure 6.3. Capacitive circuit in time domain and complex frequency domain 
Note: 


In the complex frequency domain, the terms sL and 1/sC are called complex inductive impedance, 
and complex capacitive impedance respectively. Likewise, the terms and sC and 1/51, are called com- 
plex capacitive admittance and complex inductive admittance respectively. 


Example 6.1 
Use the Laplace transform method to find the voltage vc(t) across the capacitor for the circuit of 


Figure 6.4, given that vc(0 ) = 6 V. 


R 
E co дер 
S 
t 
I2uj(t) V IF) "eO 








Figure 6.4. Circuit for Example 6.1 


Solution: 


We apply KCL at node A as shown in Figure 6.5. 


Vs ТО 
C|t ic 
> 
12u,(t) V 1F| Vc) 








Figure 6.5. Application of KCL for the circuit of Example 6.1 
Then, 
iptic = 0 


or 
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vc(t) - 12u,(t) PN дус 


= 0 
1 dt 


or 


аус 
т, = 12и0(1) 


The Laplace transform of (6.1) is 


sVc(s) - vc(0 ) + Vc(s) = = 





Of 
(5+ DVe(s) = 2+6 
S 
or 
654.12 
V - 
eI тст, 


By partial fraction expansion, 








Vis 6s 12 _ "т, T2 
ig s(s +1) s (8+1) 








ne о — 12 
(s * 1) TNT. 
pe 6s + 12 se 
б s--l 
Therefore, 
12 6 -t -t 
V = Á — — & 172-6бе = (12-6 t) = t 
cG) T e ( e )ug(t) vel ) 
Example 6.2 


(6.1) 


Use the Laplace transform method to find the current (7) through the capacitor for the circuit of 


Figure 6.6, given that vc(0 ) = 6 V. 


Vs IQQ i ic(t) 
“TS 
t 
12u9(t) V ів vel!) 








Figure 6.6. Circuit for Example 6.2 
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Solution: 


This is the same circuit as in Example 6.1. We apply KVL for the loop shown in Figure 6.7. 


к 10 
WV 
E Cc 
2 ic(t) ris 
t 
12ug(t) V 1F| vc) 











Figure 6.7. Application of KVL for the circuit of Example 6.2 


t 


| 1p. 
їс) + c. | іда = I2ug(t) 
and with R = 1 and С = 1, we get 


FOR f ic(t)dt = 12u,(t) (6.2) 


—00 


Next, taking the Laplace transform of both sides of (6.2), we get 


Ic(s) + EC) uu). 42 
S 


S S 


(1D ЕЕ 
S S S S 





LÁ CN 
с 
+ 
M 
Nut 
м. 
a 
~ 
с 
— 
| 
l 


or 


Ics) = < e iclt) = бе uy() 


Check: From Example 6.1, 
ус(®)= (12- бе )ug(r) 
Then, 


: Е аус _ dvc _ а e _ zf 
ic(t) = C PUE P 8 )ug(t) = бе uo(t) + 6б(ї) (6.3) 


The presence of the delta function in (6.3) is a result of the unit step that is applied at t = 0. 
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Example 6.3 


In the circuit of Figure 6.8, switch S, closes at t = 0, while at the same time, switch S, opens. Use 











the Laplace transform method to find v,,,(t) for t» 0. 
i(t) 
t=0 2A 
Ys ч. 
L, 05H 
1 (OOD x 
; > 
i, (t) 05H T 
T> " R, DO 
vO )=3V 1Q L, | 











Figure 6.8. Circuit for Example 6.3 


Solution: 


Since the circuit contains a capacitor and an inductor, we must consider two initial conditions One 
is given as vc(0 ) = 3 У. The other initial condition is obtained by observing that there is an initial 


current of 2 А in inductor L}; this is provided by the 2 A current source just before switch S, 


opens. Therefore, our second initial condition is i; ,(0 ) = 2 A. 


For t» 0, we transform the circuit of Figure 6.8 into its s-domain equivalent shown in Figure 6.9. 


(D 





МУМУ + 
ls! 2 0.55 IV 
pi 1 0.55 5 У бз) 
+ 
ey J 











Figure 6.9. Transformed circuit of Example 6.3 


In Figure 6.9 the current in L, has been replaced by a voltage source of / У. This is found from the 


relation 


1 
=x 


Lip (0) = 5x22 1V (6.4) 





* Henceforth, for convenience, we will refer the time domain as t-domain and the complex frequency domain as s- 
domain 
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The polarity of this voltage source is as shown in Figure 6.9 so that it is consistent with the direction 


of the current i, ,(t) in the circuit of Figure 6.8 just before switch S, opens. 


The initial capacitor voltage is replaced by a voltage source equal to 3/5. 


Applying KCL at node (D, we get 





Vou) =/=—.3/8 + Vous) + Vous) EN) (6.5) 
1/5+2+5/2 1 58/2 


and after simplification 
Vas) = 2845) (6.6) 
s +85 +10s+4 
We will use MATLAB to factor the denominator D(s) of (6.6) into a linear and a quadratic factor. 
p=[1 8 10 4]; r=roots(p) % Find the roots of D(s) 


r= 
-6.5708 
-0.7146 + 0.3132i 
-0.7146 0.31321 


y=expand((s + 0.7146 – 0.3132j)*(s + 0.7146 + 0.3132j))% Find quadratic form 


ЕР /2500*5+3043737/5000000 
3573/2500 % Find coefficient of s 
ans = 

1.4292 
3043737/5000000 % Find constant term 
ans = 

0.6087 
Therefore, 

йз (йазы sO RN (6.7) 


5085 +105+4  (s+6.57)(s° + 1.435 + 0.61) 


Now, we petform partial fraction expansion. 





jin uu ao uL. (6.8) 
(з + 6.57)(5° + 1.43s +0.61) 5* 627. 574 1435 4 O61 
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ENSE е)... - 1.36 (6.9) 


2 
s + 1.43s +0.61| __ 


The residues r, and r; are found from the equality 
2s(s+3) = ryG? + 1.435 + 0.61) + (т; s + г;)( + 6.57) (6.10) 
Equating constant terms of (6.10), we get 
0 = 0615, + 657r, 


and by substitution of the known value of r, from (6.9), we get 














rs = -0.12 
Similarly, equating coefficients of s?, we get 
2 = Fi + F2 
and using the known value of r; , we get 
r, = 0.64 (6.11) 
By substitution into (6.8), 
_ 136 0.645—0.12 _ 1.36 0.645 + 0.46 – 0.58 * 
таар аон 
каз S 14354061 5*9 s 1.435 +0.51 € 0.1 
Of 
1.36 s + 0.715 — 0.91 
Vau) а (овд as 
5+6. (s + 0.715)? + (0.316) 
1.36 0.64(5 + 0.715 0.58 
= Mo раа (6.12) 
$*627 (5.10715) +(0.316) (5+ 0.715) + (0.316) 
1.36 " 0.64(s + 0.715) _ 1.64 x 0.316 





S+6.57 (940.715) +(0.316) (s-0.715y. + (0.316) 


Taking the Inverse Laplace of (6.12), we get 





0.64s — 0.12 
s? + 1435 + 0.61 


* 


We perform these steps to express the term in a form that resembles the transform pairs 





e " созо (0) e 3 M and e "sin otug(t) = —À—3 . The remaining steps are carried out in 
(sta) *o (sta) *o 
(6.12). 
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—6.57t —0.715t —0.715t 


Vout (t) = (4.360 + 0.64e cos0.316t — 1.84е sin0.316t)ug(t) (6.13) 


6.2 Complex Impedance Z(s) 


Consider the s -domain RLC series circuit of Figure 6.10, where the initial conditions are assumed to 


be zero. 
R sL 
A s ү 
E BN. 
© I(s) ы] Vou) 
Vss) sC l 











Figure 6.10. Series RLC circuit in s-domain 


For this circuit, the sum R + sL + = represents the total opposition to current flow. Then, 
5 



































Vs(s) 
i= ll 14 
о) R+sL+1/sC on) 
and defining the ratio V.(s)/I(s) as Z(s), we get 
2(5) = I(s) = ITO (6.15) 
and thus, the s-domain current /(s) can be found from 
Vs(s) 
I(s) = 6.16 
(9 = 25 (6.16) 
where 
Aj equam (6.17) 
5С 











We recall that s = с+јо . Therefore, Z(s) is a complex quantity, and it is referred to as the complex 
input impedance of an s-domain RLC series circuit. In other words, Z(s) is the ratio of the voltage 


excitation V (s) to the current response /(s) under zero state (zero initial conditions). 
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Example 6.4 


Find Z(s) for the circuit of Figure 6.11. All values are in Q (ohms). 


4 





+ 
7 1 1/8 
VsCs) : s 
Figure 6.11. Circuit for Example 6.4 
Solution: 
First Method: 


We will first find /(s), and we will compute Z(s) from (6.15). We assign the voltage V,(s) at node 
A as shown in Figure 6.12. 
1 У (5) ( 
" ies 
^l) E | 
Vs(5) 5 s 


i 


Figure 6.12. Circuit for finding I(s) in Example 6.4 





By nodal analysis, 


VG) - Vs) | Va) Vals) _ 
1 sS s+1/s — 











(144+ 1 ) vats) = Vs(s) 








st+1/s 
3 
s +] 
Vas) = =A : VG) 
S +25 +5+ 1 
The current /(s) is now found as 
Vs(s) - Va(s) 5+1 25° +1 
I(s) = уса = ba Vs(s) = ye 
S +25 +5+1 S +25 +5+1 
and thus, 
V 3 2 
Z(s) = sS) aW +25 +5+/ (6.18) 
I(s) 2543 
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Second Method: 


We can also compute Z(s) by successive combinations of series and parallel impedances, as it is 
done with series and parallel resistances. For this example, we denote the network devices as 
22 2з and Z, shown in Figure 6.13. 





1 1/5 
а ( 

Zi Z3 
Z(s) — 53 7, 5 5 24 
р 








Figure 6.13. Computation of the impedance of Example 6.4 by series — parallel combinations 


To find the equivalent impedance Z(s) , looking to the right of terminals a and b, we start on the 
right side of the network and we proceed to the left combining impedances as we combine resis- 
tances. Then, 


Z(s) = [Z5 * Z9 || Z2] + Z; 


2 3 3 2 
Zope M EE) rue of RA. oue ы a Ru (6.19) 


ststI/s (255 +1)/s 25/41 25° +1 
We observe that (6.19) is the same as (6.18). 


6.3 Complex Admittance Y(s) 


Consider the s-domain GLC parallel circuit of Figure 6.14 where the initial conditions are zero. 





(presi дй Ж 


Is(s) sC 














Figure 6.14. Parallel GLC circuit in s-domain 


For this circuit, 


GV(s) * VG) +sCV(s) = I(s) 


(G+ E + sC)(V(s)) Saio 


Defining the ratio /;(s)/V(s) as Y(s), we get 
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ye ae OG туссе (6.20) 

















_ 15(5) 
where 
VG) ]Ge T ase (6.22) 
sL 











We recall that s = 6 jo. Therefore, Y(s) is a complex quantity, and it is referred to as the complex 
input admittance of an s-domain GLC parallel circuit. In other words, Y(s) is the ratio of the cur- 


rent excitation J,(s) to the voltage response V(s) under zero state (zero initial conditions). 
Example 6.5 


Compute Z(s) and Y(s) for the circuit of Figure 6.15. All values are in О (ohms). Verify your 
answers with MATLAB. 





= 
8/5 : 10 2 20 
Z(s) — 
Y(s) —> Bs ARN 
16/s 











Figure 6.15. Circuit for Example 6.5 


Solution: 


It is convenient to represent the given circuit as shown in Figure 6.16. 






































gi z| 
Z(s), Y(s) —> Z) 23 
e ® 








Figure 6.16. Simplified circuit for Example 6.5 
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where 


2 
zog dore 
S S 





Z, = 10+ 55 


16 | 4(5s +4) 


Z, = 20+ — 
à S S 


Then, 
(104 s (feste 


0 4(5s + 4) 
S 





Z,+ 
10+ 55 + 


(10 + ss (8219) 
13548, s / _ 138° +8 | 20(5s +145+8) 
5 552 + 105+ 4(55 + 4) 5 552 + 305 + 16 
S 


655° + 4905” + 52852 + 4005 + 128 
5(55^ + 30s + 16) 
Check with MATLAB: 
syms S; 21 = 13*s + 8/5; 22 = 5*s + 10; 23 = 20 + 16/s; z = 21 + z2* z3/ (22+23) 


Z = 


13*5+8/5+ (5*5+10) * (204+16/s) / (5*5+30+16/5) 
210 = simplify(z) 


7210 = 
(65*5^4+490*5^3+528*5^2+400*5+128) /s/ (5*5^2+30*5+16) 


pretty(z10) 


65 s + 490 s + 528 s + 400 в + 128 


s (5s + 30 s + 16) 


The complex input admittance Y(s) is found by taking the reciprocal of Z(s), that is, 





2 
Ys) = zn = - SOs + 30s + 16) (6.23) 
(5) 6554 +4905” + 528s^ + 4005 + 128 
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6.4 Transfer Functions 


In an s-domain circuit, the ratio of the output voltage V,,,,(s) to the input voltage V;,(s) under 
zero state conditions, is of great interest in network analysis. This ratio is referred to as the voltage 
transfer function and it is denoted as G,(s) , that is, 


Vous) 


G,G) e 945 


(6.24) 


Similarly, the ratio of the output current /,,,(s) to the input current /;,(s) under zero state condi- 


out 


tions, is called the current transfer function denoted as G,(s), that is, 


I5) 
G(s) =~ 6.25 
The current transfer function of (6.25) 15 rarely used; therefore, from now on, the transfer function 
will have the meaning of the voltage transfer function, Le., 





Vous) 
Vis) 


G(s)= (6.26) 





Example 6.6 


Derive an expression for the transfer function G(s) for the circuit of Figure 6.17, where R g tepte- 
sents the internal resistance of the applied (source) voltage V;, and R} represents the resistance of 


the load that consists of Ау, L, and С. 

















Figure 6.17. Circuit for Example 6.6 


Solution: 


No initial conditions are given, and even if they were, we would disregard them since the transfer 


function was defined as the ratio of the output voltage Vout 


(s) to the input voltage V;,(s) under 
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zero initial conditions. The s -domain circuit is shown in Figure 6.18. 





> 
AAA 
> + 





R, 
SL : Vou) 
Vis) 
e | 
УС “ТУМ v 











Figure 6.18. The s-domain circuit for Example 6.6 


The transfer function G(s) is readily found by application of the voltage division expression of the 


s -domain circuit of Figure 6.18, i.e., 


R,+sL+1/sC 


Vou) = RR + sb + 1756 0) 
Then, 
G(s)= Vous) = ааа (6.27) 
Vias) — R,* Rit Ls 1/5С | 
Example 6.7 


Compute the transfer function G(s) for the circuit of Figure 6.19 in terms of the circuit constants 


Ку, К,, Кз, C;, and С, Then, replace the complex variable s with jo, and the circuit constants with 


their numerical values and plot the magnitude |G(s)| = V,,,(s)/V;,(s) versus radian frequency o. 





C2| 10 nF 





^ 200K d 


Vin T Vout 


| Ct |25nF 


Figure 6.19. Circuit for Example 6.7 














Solution: 


The s -domain equivalent circuit is shown in Figure 6.20. 
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1/sC5 
ei AT 
Ri у Ез |» 
VN 4 
|| Vi(s) VG) + | 
Vin (5) кең Vout (5) 
i 1/sC 











Figure 6.20. The s-domain circuit for Example 6.7 


Next, we write nodal equations at nodes 1 and 2. 


























At node 1, 
Vi(s) – У. (s Vi(s) — V. (5 т: 
1(5)— Vn d LM GS) V uk m Vi)-VXs) _ 9 (6.28) 
R, 1/sC,; К, R; 
At node 2, 
R; 1/sC, 
Since V,(s) = 0 (virtual ground), we express (6.29) as 
Vis) = (-8R:C2) Vou GS) (6.30) 
and by substitution of (6.30) into (6.28), rearranging, and collecting like terms, we get: 
/ 1 1 1 1 1 
( R, + R, + R, + 5С, JCsR;C3) E3249 = R Vin) 
Of 
VAS 
(s)= ur ) (———— ——— Y (6.31) 
in(S) R, (z*Eebe6)eme | 
R; R, К; R, 
By substitution of s with j@ and the given values for resistors and capacitors, we get 
G(jo) = - = 1 
2 x 10? ( - +j2.5 х 10 o Jas x 10* x 1075)  —L— 
-` 20x 10 4x10 - 
Of 
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VoU) E (6.32) 


G(jo)= V. (jo) Е —6 2 , -3 
in 2.5x I0 о —j5x I0 0+5 


We use MATLAB to plot the magnitude of (6.32) on a semilog scale with the following code: 


w=1:10:10000; Gs--1./(2.5.*10. ^ (-6).*w. ^ 2-5.*j.*10. ^ (-3).*w+5); 
semilogx(w,abs(Gs)); grid; hold on 

xlabel('Radian Frequency w’); ylabel( | Vout/Vin |^; 

title((Magnitude Vout/Vin vs. Radian Frequency’) 

The plot is shown in Figure 6.21. We observe that the given op amp circuit is a second order low- 


pass filter whose cutoff frequency (—3 dB) occurs at about 700 r/s. 


Magnitude Vout/Vin vs. Radian Frequency 





Se 


ныса 


[vaut/Vin| 


ee Sy 


aer eee 








10° 
Radian Frequency w 


Figure 6.21. |G(jo)| versus о for the circuit of Example 6.7 
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6.5 Summary 


The Laplace transformation provides a convenient method of analyzing electric circuits since 
integrodifferential equations in the t -domain are transformed to algebraic equations in the s - 
domain. 


In the s-domain the terms sL and 1/sC are called complex inductive impedance, and complex 
capacitive impedance respectively. Likewise, the terms апа sC and J/sL are called complex 
capacitive admittance and complex inductive admittance respectively. 
The expression 
Züysd SD 
5С 
is a complex quantity, and it is referred to as the complex input impedance of ап s -domain RLC 


series circuit. 


In the s-domain the current J(s) can be found from 


V 
I(s) = X 





The expression 
йуж бб 
sL 
is a complex quantity, and it is referred to as the complex input admittance of an s -domain GLC 
parallel circuit. 


In the s -domain the voltage V(s) can be found from 


In an s -domain circuit, the ratio of the output voltage V,,,,,(s) to the input voltage V;,(s) under 


ou 
zero state conditions is referred to as the voltage transfer function and it is denoted as G(s), that 
is 


> 


Mes) 


G(s) = V.) 





Circuit Analysis П with MATLAB Applications 6-17 
Orchard Publications 


Chapter 6 Circuit Analysis with Laplace Transforms 





6.6 Exercises 


1. In the circuit of Figure 6.22, switch S has been closed for a long time, and opens at t = 0. Use 
the Laplace transform method to compute i, (t) for t» 0. 





t=0 R, 
Д 
S 109 
1, 
200 { H x 
| И e V 











Figure 6.22. Circuit for Exercise 1 


2. In the circuit of Figure 6.23, switch S has been closed for a long time, and opens at t = 0. Use 


the Laplace transform method to compute v,(t) for t» 0. 














Figure 6.23. Circuit for Exercise 2 


3. Use mesh analysis and the Laplace transform method, to compute i,(t) and i,(t) for the circuit 


of Figure 6.24, given that ij (0 ) = 0 and vé(0 ) = 0. 





L, R, 
(OOOO AAANN—— 
2H 30 
Rig 10 1. 1H 


С 

эку T, Cc 

vi(f) = ug(t) 1) у i(t) (*) 
is | v(t) = 2uo(t) 











Figure 6.24. Circuit for Exercise 3 
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4. For the s-domain circuit of Figure 6.25, 
a. compute the admittance Y(s) = I;(s)/V;(s) 


b. compute the t-domain value of і (7) when v,(t) = u(t), and all initial conditions are zero. 


zy TUNE. 
19 jJ T 
(5) Rə $10 
Vis) R4 22 V;(s) = 2Ve(s) 








Figure 6.25. Circuit for Exercise 4 


5. Detive the transfer functions for the networks (a) and (b) of Figure 6.26. 





R L 
— 5 = " 
Vin(S) FE vals) VG) RŠ Vous) 
d (a) = » (b) Е 











Figure 6.26. Networks for Exercise 5 


6. Derive the transfer functions for the networks (a) and (b) of Figure 6.27. 


R 
WW 
+ + 
Vi (s) s : Vou) 
_ (b) _ 











Figure 6.27. Networks for Exercise 6 


7. Derive the transfer functions for the networks (a) and (b) of Figure 6.28. 
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— wv 
+ 


+ R + 

2 
Vis) R Vials) У;„(5) Уош(5) 
(а) 


ZU 
(b) 








Figure 6.26. Networks for Exercise 7 


8. Derive the transfer function for the networks (a) and (b) of Figure 6.29. 


ck 






















R2 
R, ү 

| 
КИ WV | 
| г jc" | i: 

У (5) У GG) Vis) Vus) 
yu _ cs 
(a) 








(b) 
Figure 6.29. Networks for Exercise 8 


9. Derive the transfer function for the network of Figure 6.30. Using MATLAB, plot |G(s)| versus 
frequency in Hertz, on a semilog scale. 


R4 


R,2 11.3 kQ 
R, = 22.6 КО 









С=С, = 0.01 LF 


Vou) 








^ 


Figure 6.30. Network for Exercise 9 
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6.7 Solutions to Exercises 


1. Att = 0 the t-domain circuit is as shown below and the 20 О resistor is shorted out by the 

















inductot. 
* MIN 
S 109 
L 
$200 |B ynn c 
i(t) 32 V 
Then, 
; 32 
i к - 10 = 32А 
t= 


and thus the initial condition has been established as i,(0 ) = 3.2 A 


For all t>0 the t-domain and s -domain circuits are as shown below. 


202 31.0 1) = 32А 200 


1тН 











Li(0 )- 32x10^ V 


From the s -domain circuit above we get 


324407 — 32 200001 


= = sar V OSG 
oe 20+ 1075 5 + 20000 oft) = 100) 


2. Att = 0 the t-domain circuit is as shown below. 


















=a + 20KQ 
Ut . 
re ix(1) 
E 60 KQ vc(t) 10КО 
72V 
Then, 
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72 V 72 V _ 72V 


_——————— = = =2 A 
6 КО +60 KQ||60 КО 6 KQ+30 КО 36 КО i 


i(0 ) = 





and 


07) = 11,0 "Sec i 
Therefore, the initial condition is 
000) = (20 КО + 10 KO)-i(0 ) = (30 КО): (1 mA) = 30 V 


For all т> 0 the s-domain circuit is as shown below. 





























20 КО У Vg = Vels) 
a GENE EN Ve(s) te x 10 " 
^|^ 40/9 x 10 5s eps л 
V, 2 22.5 KQ 
E 
30/s gu ooo 3574 E 








(60 КО + 30 KQ)|| (20 КО +10 КО) = 225 КО 





22.5 x 10? 30 30x 22.5 x 10° 
yog UD icu орле 
9 x 10°/40s + 225x 10° 5 9х 105740 22.5 x 107 
_ (30x 22.5 x 10)/(22.5 x 10°) _ 30 _ 30 
9x105/(40x22.5x10) «s 9х 10%/90х10*+5 105 
Then, 
30 -10t 
Ves) = EY Md 30e up(t) Vz vct) 


3. The s-domain circuit is shown below where z; = 25, z) = 1+ 1/5, апа z; = s+3 





2 
|1/s|* 
us] n6 JE n JC 
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'Then, 
(z1 + z5M, (5) - 221208) = 17s 
— 2,1305) + (z2 + 23)1,(s) = -2/s 


(+) = | |16) — р 
-z2 (@›;+;)| |165) -2/s 
Using MATLAB we get 


2=[21+22 -z2; -z2 22+23]; Vs=[1/s —2/s]'; Is=Z\Vs; fprintf( \n’);... 
disp(‘ls1 = '); pretty(Is(1)); disp(Is2 = '); pretty(Is(2)) 


and in matrix form 


Isl = 
2 
2s- 1+s 
2 3 
(6s+3+9s + 2 s) conj(s) 
Is2 = 
2 
4s +s+1 
2 3 
(бс +3 + 95 + 2 s ) conj(s) 
Therefore, 
2 
Is) = PEE а. _ (1) 


255 + 952 + 65+ 3 


2 
45 +5+1 
Is) = = (2) 
2s +95 +65+3 


We express the denominator of (1) as a product of a linear and quadratic term using MATLAB. 


p=[2 9 6 3]; r=roots(p); fprintf(" \n'); disp(root1 =); disp(r(1));... 
disp(root2 ='); disp(r(2)); disp(root3 ='); disp(r(3)); disp(‘root2+root3 =); disp(r(2) +r(8));... 
disp(‘root2 * root3 ='); disp(r(2)*r(3)) 


rootl = 
-3.8170 


root2 = 
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-0.3415 + 0.52571 
root3 = 
-0.3415 - 0.52571 


root2 + root3 = 
-0.6830 


root2 * root3 
0.3930 


and with these values (1) is written as 


2 
1,(s) Е S +251 = Г] + ; raS +13 (3) 
(s + 3.817) - (5° + 0.6835 + 0.393) | (5t 817) (52 + 0.6835 + 0.393) 
Multiplying every term by the denominator and equating numerators we get 
s? +25—1 = ri(s" + 0.683s + 0.393) + (rs + r;)(s + 3.817) 
TE 
Equating s^, s, and constant terms we get 
rjtr,-1 
0.683r) + 3.817r, +r; = 2 
0.393"; + 3.817r, = —1 
We will use MATLAB to find these residues. 
A=[1 1 0; 0.683 3.817 1; 0.393 0 3.817]; В=[1 2 -1]5 r=A\B; fprintf( \n’);... 
fprintf(r1 = 965.2f W,r(1)); fprintf(r2 = 965.2f V ,r(2)); fprintf(r3 = 965.2f,r(3)) 
rl = 0.48 r2 = 0.52 пЗ 931 
By substitution of these values into (3) we get 
1,(s) Г] MP +3 Е 0.48 0.525 0.31 (4) 


= + = КЫНАНЫН c RPM 
(s 3817) (510683540393) | (5* 9817) (57 0.6835 + 0.393) 
By inspection, the Inverse Laplace of first term on the right side of (4) is 


0.48 -3.82t 
(s+ 3.82) €» 0.48e (5) 
The second term on the right side of (4) requires some manipulation. Therefore, we will use the 
MATLAB ilaplace(s) function to find the Inverse Laplace as shown below. 


symsst 
IL—ilaplace((0.52*s-0.31)/(s ^ 2+0.68*s+0.39)); 
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pretty (IL) 
1217 17 1/2 1/2 
- ---- exp(- -- t) 14 sin(7/50 14 t) 
4900 50 
13 17 1/2 
+ -- exp(- -- t) соѕ (7/50 14 t) 
25 50 
Thus, 
i(t) = 048€ 7" — 0,93e 7" sin0.53t + 0,526 "7" cos0.531 


Next, we will find /,(s). We found earlier that 


d +s+] 


h(s) = =z 2 - - 
2s +9з +6s+3 


and following the same procedure we have 





2 
SA ui r FS 
L(s) = — —— - TUE III) MN KEPT (6) 
(з + 3.817) (s? + 0.6835 + 0.393) (5 * $817). (s? 4 0.6835 + 0.393) 
Multiplying every term by the denominator and equating numerators we get 
—45°—5—1 = ri(s? + 0.683s + 0.393) + (rs + rj) (s + 3.817) 
Equating 5^, s, and constant terms we get 
r,) +1, = —4 
0.683r, +3.817r, +r; = -1 
0.393r) + 3.817"; = —1 
We will use MATLAB to find these residues. 
A=[1 1 0; 0.683 3.817 1; 0.393 0 3.817]; B=[-4 -1 -1]5 r=A\B; fprintf( \n’);... 
fprintf(r1 = 965.2f \t',r(1)); fprintf(r2 = 965.2f \t',r(2)); fprintf(r3 = %5.2f',r(3)) 
rl = -4.49 r2 = 0.49 r3 - 0.20 
By substitution of these values into (6) we get 
+ E 
Is) = 5 + d IRSE. = 4.49 ; 0.495 + 0.20 (7) 
(s 3.817) (s? 40,6835 +0393) (843817) (уг + 0.6835 + 0.393) 
By inspection, the Inverse Laplace of first term on the right side of (7) is 
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0.48 -3.82t 
(543.82) €» -4.47e (8) 
The second term on the right side of (7) requires some manipulation. Therefore, we will use the 
MATLAB ilaplace(s) function to find the Inverse Laplace as shown below. 














symsst 
IL=ilaplace((0.49*s+0.20)/(s ^ 2+0.68*s+0.39)); pretty(IL) 
167 17 172 1/2 
---- exp(- -- t) 14 sin(7/50 14 t) 
9800 50 
49 17 1/2 
+ --- exp(- -- t) cos(7/50 14 t) 
100 50 
Thus, 
i(t) = —447e °°" + 0.06€ "7" sin0.53t + 0.49e "cos 0.531 
4. 
Ves) 
ЛС 
1 I/s 7 
©) : 
I,(s) I,(s) 
Vis) 2 Vs) = 2Ve(s) 
ANNN—— 
a. Mesh 1: 
(2 * 1/s)-1,(s)-1,(s) = Vis) 
Of 
6(2 + 1/s)-I,(s)-61,(s) = 6V,(s) (1) 
Mesh 2: 
-I(s) + 61,(s) = -V2(s) = -(2/s)I,(s) (2) 
Addition of (1) and (2) yields 
(12 + 6/s)-1,(s)+(2/s—1)-1(s) = 6V(s) 
or 
(11+8/s)-1,(s) = 6V,(s) 
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6 2 Os 
115+ 8 





and thus 
¥(s) = (s) _ 
vs = П +875 





b. With У, (5) = 1/5 we get 
Os 1 6 6/11 б -(8/11t _ 
.- = =——— == t 
5 548/11 П iG) 


Ij(s) = Y(s) - Ү,(5) = 115 + 8 








115+ 8 




















5. 
Circuit (a): 
R 
(WWI —À 
+ + 
1/Cs 
Vin(S) ИД) 
CS. 
Vou) = R+1/Cs : Vi(s) 
and 
G(s) = Vo) | 1/Cs _ 1/Cs Lud. ds MIRE 
Vis) R+1/Cs  (RCs+1)/(Cs) RCsel1 s+1/RC 
Circuit (b): 
L 
[000001 
+ + 
У(5) R Mou) 
Vou GS 5) = = LeR Ua) 
and 
Va | R _ R/L 
STR/L 





Bop Vis) Ls+R 


Both of these circuits are first-order low-pass filters 
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6. 
Circuit (а): 
+ 
VouS) 
R 
Vou(5) = prey eg ҮМ) 
and 
G(s) = У (5) = R = RCs = S 
Vis) 1/Cs+R (RCs+1) s+1/RC 
Circuit (b): 
R 
WW 
= + 
Vin(s) L Vou 5) 
Ls 
Vou 5) = R+Ls i Vin(S) 
and 
G(s) 2x Vou) = Ls к. S 
Vis) R+Ls s+R/L 
Both of these circuits are first-order high-pass filters. 
"s 
Circuit (a): 
— [000001 . 
4 L C ( T 
VCS) R Vou) 
R 
Vou) = Тут p, Cg R Vint) 
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and 
Уош(5) _ R RCs _ (R/L)s 


G(s) = = = ы Ne 21 aor 
Ум) | Lstl/CstR роу +1+RCs з? +(R/L)s+1/LC 





This circuit is a second-order band-pass filter. 








Circuit (b): 
муу 
+ R + 
$ 
У (5) Vou) 
Em 
Ls + 1/ Сз 
Vou) = Ra pep 1/Cs aC) 
and 
Ms). Ls+1/Cs -s 1С +1 _ 554 1/LC 
G(s) = —— ML ME 288 


Vinls) | R*tLstl/Cs LCs +RCs+1 s +(R/L)s+1/LC 
This circuit is a second-order band-elimination (band-reject) filter. 


8. 
Circuit (2): 




















К 
AAA/N 
|68 
+ 
У;„(5) 
| VourlS) 
Rx1/C V Vo As dd 
Let z; = Ку and z, = A2 ^ ^^ 7. and since for inverting op-amp Vous) Ed ‚ fot this circuit 
R,+1/Cs VCS) Z] 
éd) Va) 0, х 1/Cs)/(R, +1/Cs)]  -(R,x 1/Cs) SR C 
6) Se moe ere О ЕЕ ILI EE VUL 
Vis) R; R,-(R,+1/Cs) s+1/R,C 
This circuit is a first-order active low-pass filter. 
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Circuit (b): 
R2 
R; Ü 
put e 
Vis) VG) 
= | - 





Vou 5) = 22 
Vi, (s) £I 


dO, E -R, 2 (К/К) 
VCS) R,+1/Cs | s+1/R,C 


Letz; = R,;+1/Cs апа z, = R, and since for inverting op-amp , for this circuit 


G(s) = 


This circuit is a first-order active high-pass filter. 























9. 
R, = 11.3 KO 
R, = 22.6 KO 
R3=R, = 68.1 КО 
С=С, = 0.01 LF 
At Node V;: 
Vi(s) n Vi(s) = Vi4CS) E 
К; R3 
or 
1,1 1 
в) и) = Youd) O 
At Node У; : 
V = 
(s) - V2(s) " Уз(5) -0 
R, 1/C;s 
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and since У,(5) = V,(s) we express the last relation above as 


Yo vao) mae SD) +C,sV(s) = 0 
1 





R5 
Of 
1 
(+ Си) = gv @ 
At Node У,: 
Vals) - Vis) , Vas) - Vis) У2(5) - Vou(5) _„ 
R, R, 1/ Сз 
Of 
1,1 _ Vas), ч 
AFAR М0) = TET e e Casas) @ 
From (1) 
__ Q/R) ; 
Vi(s) = (R, +R,)/RR, pud) = (RR) Vous) (4) 
From (2) 


Vs) = R( + Св) Узб) = (1 +Ё,С,в)У (8) 
2 


and with (4) 
(1+ КС) 


VI = (R5 * К.) 


Vou) ©) 


By substitution of (4) and (5) into (3) we get 





R3(1+R,C,s) У. (s) R 
1 d ) 3 2 = in Ho ee „у 
Ur tR OT ue) Vu) = к, * RR eR) o0) * C Vout) 
Of 
s ) R,1+R,C,s) ] R; 1 
discus bs MU I ыл euer LU e V = —V. 
G tR, ne (К; + R4) К,(К:+ R4) 29 Wouls) К, n 
and thus 
G(s) = Vou 5) = 1 


Vin(S) Е gros |: do Hy а 
Ку Ry 7^ (RjR)  RjQR,*Rj) ^ 


By substitution of the given values and after simplification we get 
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7.83 x 107 


CUIS 2 4 7 
S +1.77 x 10°s 5.87 x 10 


W-—1:10:10000; s=j.*w; Gs=7.83.*10. ^ 7./(s. ^ 2+1.77.*10. ^ 4.*S+5.87.*10. ^ 7);... 


semilogx(w,abs(Gs)); grid; hold on 
xlabel('Radian Frequency w?; ylabel('| Vout/Vin |'); 
titleMagnitude Vout/Vin vs. Radian Frequency) 





[vout/Vin| 








10° 
Radian Frequency w 





The plot above indicates that this circuit is a second-order low-pass filter. 
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his chapter discusses frequency response in terms of both amplitude and phase. This topic will 

enable us to determine which frequencies are dominant and which frequencies are virtually 

suppressed. The design of electric filters is based on the study of the frequency response. We 
will also discuss the Bode method of linear system analysis using two separate plots; one for the mag- 
nitude of the transfer function, and the other for the phase, both versus frequency. These plots reveal 
valuable information about the frequency response behavior. 


Note: Throughout this text, the common (base 10) logarithm of a number x will be denoted as 
log(x) while its natural (base е) logarithm will be denoted as In(x). However, we should remember 
that in MATLAB the /log(x) function displays the natural logarithm, and the common (base 10) log- 
arithm is defined as log J0(x) . 


7.1 Decibels 


The ratio of any two values of the same quantity (power, voltage or current) can be expressed in 
decibels (dB ). For instance, we say that an amplifier has 10 dB power gain or a transmission line 
has a power loss of 7 dB (or gain —7 dB). If the gain (or loss) is 0 dB, the output is equal to the 


input. We should remember that a negative voltage or current gain Ay or A, indicates that there is a 


180? phase difference between the input and the output waveforms. For instance, if an amplifier has 
a gain of —/00 (dimensionless number), it means that the output is 180° out-of-phase with the 
input. For this reason we use absolute values of power, voltage and current when these are expressed 
in dB terms to avoid misinterpretation of gain or loss. 


By definition, 


Eu 


dB = 10log (7.1) 








in 


Therefore, 


10 dB represents a power ratio of 10 


10п dB represents a power ratio of 1 0" 
20 dB tepresents a power ratio of 100 
30 dB represents a power ratio of 1, 000 


60 dB represents a power ratio of 1, 000, 000 
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Also, 

1 dB represents a power ratio of approximately 1.25 
3 dB represents a power ratio of approximately 2 

7 dB represents a power ratio of approximately 5 


From these, we can estimate other values. For instance, 4 dB = 3 dB + 1 dB which is equivalent to a 
power ratio of approximately 2 x 1.25 = 2.5. Likewise, 27 dB = 20 dB + 7 dB and this is equivalent 
to a power ratio of approximately 100 x 5 = 500. 


Since y = logx’ = 2logx and P = V^/R = VR, if we let R = J the dB values for the voltage and 
cuttent ratios become: 


V, ut 


dB, = 10log = 20log 











vi (72) 


їп 


апа 


loui 


20log (7.3) 














in 
Example 7.1 


Compute the gain in dBy for the amplifier shown in Figure 7.1. 


Pin Fiut 
lw 10 w 


Figure 7.1. Amplifier for Example 7.1 








Solution: 


Fo 10 
dBy = 10log = = 10log— = 1010810 = 10x 1 = 10 dBy 


in 





Example 7.2 


Compute the gain in dB, for the amplifier shown in Figure 7.2 given that log2 = 0.3. 


Vin Vou 
lv 2v 


Figure 7.2. Amplifier for Example 7.2. 
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Solution: 


V 
dB, = 20log—2# = 20log2 = 2010g0.3 = 20x 0.3 = 6 dB 
V V 1 ү 


7.2 Bandwidth and Frequency Response 


Electric and electronic circuits, such as filters and amplifiers, exhibit a band of frequencies over 
which the output remains neatly constant. Consider, for example, the magnitude of the output volt- 
аре |V,,,,| of an electric or electronic circuit as a function of radian frequency œ as shown in Figure 
1.3. 

A |У, 


| 






0.707 - — 
Bandwith 








Figure 7.3. Definition of the bandwidth. 


As shown in Figure 7.3, the bandwidth is BW = œ,- 0, where o, and o, are the lower and upper 
Vou) = 42/2 = 0.707 and these two points 
ate known as the 3 dB down ot half-power points. They detive their name from the fact that since 
power p = у /Ё = iR, for R = 1 and for v = 0.707|V,,, or i = 0.707|I 


that is, it is “halved”. Alternately, we can define the bandwidth as the frequency band between half- 
power points. 


cutoff frequencies respectively. At these frequencies, 





| the power is 7/2, 


out out 


Most amplifiers are used with a feedback path which returns (feeds) some or all its output to the 
input as shown in Figure 7.4. 


INPUT OUTPUT 
Y GAIN AMPLIFIER 
= 
FEEDBACK CIRCUIT 


Figure 7.4. Amplifier with partial output feedback 


























Figure 7.5 shows an amplifier where the entire output is fed back to the input. 
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INPUT OUTPUT 
GAIN AMPLIFIER 


+ 
| FEEDBACK PATH 




















Figure 7.5. Amplifier with entire output feedback 


The symbol X (Greek capital letter sigma) inside the circle indicates the summing point where the 
output signal, or portion of it, is combined with the input signal. This summing point may be also 
indicated with a large plus (+) symbol inside the circle. The positive (+) sign below the summing 
point implies positive feedback which means that the output, or portion of it, is added to the input. 
On the other hand, the negative (—) sign implies negative feedback which means that the output, or 
portion of it, is subtracted from the input. Practically, all amplifiers use used with negative feedback 
since positive feedback causes circuit instability. 


7.3 Octave and Decade 


Let us consider two frequencies и, and и, defining the frequency interval u, — иу, and let 
05 
и-и = 108005 1080; = log jg — (7.4) 
1 


If these frequencies are such that o, = 2@,, we say that these frequencies are separated by one 


octave and if œ, = 100, , they are separated by one decade. 


Let us now consider a transfer function G(s) whose magnitude is evaluated at s = |ja|, that is, 


IG =©| = 1с) = € (7.5) 
5 | o 
s = [јо] 
Taking the log of both sides of (7.5) and multiplying by 20, we get 
20log jo|G(@)| = 20log C - 20log po" = – 20klog ую + 20log 9C 
or 


IG(o)|;g = —20klog уо + 20log С (7.6) 


Relation (7.6) is an equation of a straight line in a semilog plot with abscissa log уо where 








dB 
l = -20k 
ee decade 
and intercept = C dB shown in Figure 7.6. 
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—20 dB/decade = —6 dB/octave 






|G(@)| axis intercept 
30 | ser 


log j9® 
> 





9 | 
1 10 100 1000 





Figure 7.6. Straight line with slope -20 dB/decade = —6 dB/octave 


With these concepts in mind, we can now proceed to discuss Bode Plots and Asymptotic Approxi- 
mations. 


7.4 Bode Plot Scales and Asymptotic Approximations 


Bode plots are magnitude and phase plots where the abscissa (frequency axis) is a logarithmic (base 
0 


5 


10) scale, and the radian frequency œ is equally spaced between powers of 10 such as 10 , 10 


10! , 10° and so on. 


The ordinate (dB axis) of the magnitude plot has a scale in dB units, and the ordinate of the phase 
plot has a scale in degrees as shown in Figure 7.7. 

















^ ^ 
20T 90° 
2 odor go 45° L 
37 3 
© © 
8 OF i > ә 0 | > 
=, 10 100 < 1 10 100 
= -10+ Frequency o r/s Е —459l Frequency o r/s 
A 
~20+ —90°-- 
Bode Magnitude Plot Bode Phase Angle Plot 
Figure 7.7. Magnitude and phase plots 
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Itis convenient to express the magnitude in dB so that a transfer function G(s), composed of prod- 
ucts of terms can be computed by the sum of the dB magnitudes of the individual terms. For exam- 
ple, 





20 (14 1) | 
| = 20 dB « (14 2) JB ed B 
1+jo 100 1+jo 


and the Bode plots then can be approximated by straight lines called asymptotes. 


7.5 Construction of Bode Plots when the Zeros and Poles are Real 
Let us consider the transfer function 


А (5+2): (S+Z)... (S z,) 


GOJ a ЗЕ uL ese Nd 
Ө) s-(stpi):(p3)-(stpo-(p,) 


(7.7) 


where A is a teal constant, and the zeros z; and poles p; ate real numbers. We will consider complex 


zeros and poles in the next section. Letting s — jo in (7.7) we get 


А.(о +2): (Ио +z): ... (© +) 


GT Иа АА aea sac uen, НЕЬ. ICI ОЕА 
Vo) ЈО (Јо +рџ): Go +p): Goa +p): Go p,) 


(7.8) 


Next, we multiply and divide each numerator factor јо +z; by z; and each denominator factor 


jo * p; by p; and we get: 


Go) = (7.9) 
jo pí( 8 & 1) per) p (ie. 1) 
2 
Letting 
П= 
a AEZ E CS 


= ДЕ А (7.10) 


we can express (7.9) in dB magnitude and phase form, 
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IG(o)| = 20log|K| + 20log( 2 + 1) + 201og( 2 + 1) baf 20log( 19 + 1) (7.11) 
Z] £2 <т 
- 20log |jo| – 201og(2 + 1) - 201o, (Ie + 1) Ste 20log(/2 + 1) 
Рі P2 Pn 
ZG(o) = ZK e A8 +1) + (I9 e 1) +... 009+) (7.12) 
£T £2 Zm 
- Zjo- A(I8 +1) - 2 +1 ~...- mur) 
р] P2 Pn 


The constant К can be positive or negative. Its magnitude is |K| and its phase angle is 0? if K» 0, 
and —180° if К <0. 'The magnitude and phase plots for the constant К are shown in Figure 7.8. 











У" ^ 
= E 
S 20log|K] ж K »0 
E Ej 
ES <x Frequency o r/s 
= S 

> 
$0 3 K «0 
E & -180? 
Frequency o r/s 


Figure 7.8. Magnitude and phase plots for the constant K 


For a zero of order n, that is, (j@)” at the origin, the Bode plots for the magnitude and phase are as 


shown in Figures 7.9 and 7.10 respectively. 


For a pole of order n , that is, 1/(j о)" = (jo) " at the origin, the Bode plots are as shown in Figures 
7.11 and 7.12 respectively. 


Next, we consider the term G(jo) = (ajo) . 


The magnitude of this term is 
МИЫ swa par p eta sey (7.13) 
and taking the log of both sides and multiplying by 20 we get 


20log|G(jo)| = 10nlog(a’ + o?) (7.14) 


Itis convenient to normalize (7.14) by letting 


и= о/а (7.15) 
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Figure 7.9. Magnitude for zeros of Order n at the origin 
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Figure 7.10. Phase for zeros of Order n at the origin 


Then, (7.14) becomes 





Qi. kD 
20log|G(ju)| = : n - I0nloga? + 10nlog(1 + и?) 
а (7.16) 
= 10nlog(1 + и?) + 20nloga 
7-8 Circuit Analysis П with MATLAB Applications 


Orchard Publications 





Construction of Bode Plots when the Zeros and Poles are Real 




















Magnitude in dB 
о 

















0.01 0.10 1.00 10.00 100.00 


о (r/s) 











Figure 7.11. Magnitude for poles of Order n at the origin 
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Figure 7.12. Phase for poles of Order n at the origin 


For u «1 the first term of (7.16) becomes /0nlog1 = 0 dB. For и» І, this term becomes approxi- 


mately 10nlog u = 20nlogu and this has the same form as G(jo) = (j@)” which is shown in Fig- 


ute 7.9 forn = l.m-2-.àndqm = 3. 


The frequency at which two aymptotes intersect each other forming a corner is referred to as the 
corner frequency. Thus, the two lines defined by the first term of (7.16), one for u « 1 and the other 
for и» І intersect at the corner frequency и = 1. 


The second term of (7.16) represents the ordinate axis intercept defined by this straight line. 
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The phase response for the term G(jo) = (a + jo). is found as follows: 


We let 
ico (7.17) 
aud 
ф(и) = tan ^u (7.18) 
Then, 
CER ын би See E RA RR TA ee (7.19) 


Figure 7.13 shows plots of the magnitude of (7.16) fora = 10, п = І, п = 2 ‚апап = 3. 





Order n for (a+jo)" 
u= о/а, a=10 





Asymptotes 























Magnitude in dB 





s~ Corner Frequencies 








0.01 0.10 1.00 10.00 100.00 
Frequency u (r/s) 











Figure 7.13. Magnitude for zeros of Order n for (a +jo)” 


As shown in Figure 7.13, a quick sketch can be obtained by drawing the straight line asymptotes given 
Ьу 10log1 = 0 and 10nlogu’ for u« 1 and u» 1 respectively. 


The phase angle of (7.19) is пф(и). Then, with (7.18) and letting 


no(u) = 0(u) = ntanu (7.20) 
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we get 
lim Ө(и) = lim ntan ^u = 0 (7.21) 
u0 и ә 0 
and 
lim 0(u) = Пт тап ^u = 2 (7.22) 
и — o0 uo 2 


At the corner frequency u = a we get u = 1 and with (7.20) 


Ө(1) = ntan 11 = F (7.23) 


Figure 7.14 shows the phase angle plot for (7.19). 





Order n for (а+јо)" 
u= w/a, a=10 
Ө(и) = n*arctan(u)*180/n 
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Ф 
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: ju 11] 
б : 
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Figure 7.14. Phase for zeros of Order n for (a + јо)" 


The magnitude and phase plots for G(jo) = 1/(a + jo)" are similar to those of G(jo) = (ajo). 
except for a minus sign. In this case (7.16) becomes 


-20log|G(ju)| = –10п108(1 + u^ )-20nloga (7.24) 
and (7.20) becomes 
Ө(и) = -ntanu (7.25) 
The plots for (7.24) and (7.25) аге shown in Figures 7.15 and 7.16 respectively. 
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Figure 7.15. Magnitude for poles of Order n for 1/(a + јо)" 





Order n for 1/(а+јоз)" 
u= w/a, a=10 
Ө(и) = -n*arctan(u)*180/x 
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Figure 7.16. Phase for poles of Order n for 1/(a + јо)" 


7.6 Construction of Bode Plots when the Zeros and Poles аге Complex 


The final type of terms appearing in the transfer function G(s) are quadratic term of the form 


2 ; . 
as +05 +c whose roots are complex conjugates. In this case, we express the complex conjugate 
roots as 
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(sr a-jp)(s- acjp) = (sta) + p? 





А e (7.26) 
=s +2as+a +B 
and letting 
a = Co, (7.27) 
and 
a^ +B = o (7.28) 
by substitution into (7.26) we get 
s+2as+a° + В" = 5+ 260,5 + о? (7.29) 
Next, we let 
G(s) = s+ 260,5 + о? (7.30) 
Then, 
G(jo) = (joy +j20,0+ o 
уы! í 6 (7.31) 
-(0,—0)-j20,0 
The magnitude of (7.31) is 
А 21. 24 2502.02 
IG(jo)| = dod - 0) +46 0,0 (7.32) 
and taking the log of both sides and multiplying by 20 we get 
20log|G(jo)| = l0log[(o2 — o?) + 4620202] (7.33) 


As in the previous section, it is convenient to normalize (7.33) by dividing by ТИ to yield a function 
of the normalized frequency variable и such that 
и= 0/0, (7.34) 
Then, (7.33) is expressed as 
2 
20log|G(ju)| = 10log[(o; - ^) «4C oo] 


or 
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o? - o^Y 2 o-o P 
Iob [a 1—; ) ema - юе — ) набој 
On Q) On 0 (7.35) 


п п 





20108 |С (ји) 








= 10108 [901 и2) 43] = 10logot + I0log[ (1 и?) + 46202] 


The first term іп (7.35) is a constant which represents the ordinate axis intercept defined by this 
straight line. For the second term, if u «1 , this term reduces to approximately /0log] = 0 dB and 


TN Р 4 : 
if u» 1, this term reduces to approximately /0logu' and this can be plotted as a straight line 
increasing at 40 dB/decade . Using these two straight lines as asymptotes for the magnitude curve 
we see that the asymptotes intersect at the corner frequency и = 1. The exact shape of the curve 


depends on the value of б which is called the damping coefficient. 


A plot of (7.35) for б = 0.2, 6 = 0.4 , and € = 0.707 is shown in Figure 7.17. 


The phase shift associated with (ө? - o?) *j20,0 is also simplified by the substitution u s 0/0, 
and thus 





0(u) = ian (2) (7.36) 


The two asymptotic relations of (7.36) are 








=] 
lim Ө(и) = lim tan ( ES = 0 (7.37) 
и э 0 и Э 0 1-и 
апа 
a 
lim Ө(и) = lim tan ( шн.) = л (7.38) 
и — oo и — oo 1-и 


At the corner frequency o = 6,,u = J and 








=] 
0(1) = lim tan ( ш) = П (7.39) 
url 1-и 2 
A plot of the phase for б = 0.2, = 0.4 ‚апа б = 0.707 is shown in Figure 7.18. 
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2 
Figure 7.17. Magnitude for zeros of 10logoy, + 10log[(1 и?) + 46и?) 
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2 
Figure 7.18. Phase for zeros of 10log oy. + 10log[(1 — u^) + 4C] 

The magnitude and phase plots for 
G(o) = —— 


(o, — c) *j20,0 
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are similat to those of 
G(jo) = (о> - o?) +j20,0 


except for a minus sign. In this case, (7.35) becomes 


-10(log@*)—10log{(1 =н) + 40707] 
and (7.36) becomes 





Ө(и) = -tan ( zs) 


1-и? 


A plot of (7.40) for б = 0.2, 6 = 0.4 , апа € = 0.707 is shown in Figure 7.19. 





Magnitude for Poles of 1/((0,2-02)+ј26оһо) 
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2 
Figure 7.19. Magnitude for poles of 1/10logof + 10log[(1 – u^) t 4C] 


A plot of the phase for б = 0.2, = 0.4 , and б = 0.707 is shown in Figure 7.20. 


(7.40) 


(7.41) 
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Figure 7.20. Phase for poles of 1/10log* + I0log[(1 – и?) + 4C] 


Example 7.3 

For the circuit shown in Figure 7.21 

a. Compute the transfer function G(s). 

b. Construct a straight line approximation for the magnitude of the Bode plot. 

c. From the Bode plot obtain the values of 20log|G(jo)| at o = 30 r/s and o = 4000 r/s. Com- 
pare these values with the actual values. 


d. If v(t) = J0cos(5000t + 60°), use the Bode plot to compute the output v,,(f) . 


C 
(torn 
me 100 mH 
T Vou C) 
= 110 Q i 


v,up(t) 








Figure 7.21. Circuit for Example 7.3. 
Solution: 


a. We transform the given circuit to its equivalent in the s – domain shown in Figure 7.22. 
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(A) 110 Vous) 
(5) 








Figure 7.22. Circuit for Example 7.3 in s - domain 


and by the voltage division expression, 


110 
Vous) murem Men) 
10 /s + 0.15 + 110 
Therefore, the transfer function is 
V 
Gs ou S) _ А 1105 —€— 1100s = 11005 (742) 
Уш(5) — 9s 110s 105. s^ 1100s 10° (5 + 100)(s + 1000) 
b. Letting s = jo we get 
; 1100jo 
G =) ee 
Go) = Gay Тобу + 1000) 
or in standard form 
G(o) = 0.011jo (7.43) 


(1 + jo/ 100)(1 + jo/ 1000) 


Letting the magnitude of (7.43) be denoted as A , and expressing it in decibels we eet 
5 5 P 5 g 


Aag = 20log|G(jo)| = 20log 0.011 + 20log|jo| – 20log 





(2 +19) — 20108 
10 





(1+ 5) (7.44) 


We observe that the first term on the right side of (7.44) is a constant whose value is 
20log0.011 = —39.17. The second term is a straight line with slope equal to 20 dB/decade . For 
œ < 100 r/s the third term is approximately zero and for о > 100 it decreases with slope equal to 
-20 dB/decade . Likewise, for о < 1000 r/s the fourth term is approximately zero and for 
œ > 1000 it also decreases with slope equal to 20 dB/ decade. 


For Bode plots we use semilog paper. Instructions to construct semilog paper with Microsoft 
Excel are provided in Appendix D. 
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In the Bode plot of Figure 7.23 the individual terms are shown with dotted lines and the sum of 
these with a solid line. 
































1.E+00 1.E+01 1.E+02 1.E+03 1.E+04 1.E+05 











Figure 7.23. Magnitude plot of (7.44) 


c. The plot of Figure 7.23 shows that the magnitude of (7.43) at о = 30 r/s is approximately 
-9 dB and at œ = 4000 r/s is approximately —/0 dB. The actual values are found as follows: 


At œ = 30 r/s, (7.43) becomes 


0.011 x j30 


ОВ (1 + j0.3)(1 + j0.03) 


and using MATLAB we get 


9g30-0.011*30j/((1--0.3j)*(1--0.03j));... 
fprintf(' \n'); fprintf(mag = %6.2f \t',abs(g30));... 
fprintf(‘magdB = %6.2f dB',20*log10(abs(g30))); fprintf( Wn; fprintf( Wn) 


mag = 0.32 magdB = -10.01 dB 
Therefore, 

IG(j30)| = 0.32 
and 


20log|G(j30)| = 2010g0.32 « –10 dB 
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Likewise, at o = 4000 r/s, (7.43) becomes 


0.11(j4000) 


GIO) тЫ 


and using MATLAB we get 


g4000=0.011*4000j/((1 +40j)*(1+4j));... 
fprintf( \n'); їргіп (тад = %6.2f \t',abs(g4000)).... 
fprintf(magdB = %6.2f dB',20*log10(abs(g4000))); fprintf( Wn); fprintf( An") 


mag - 0.27 magdB - -11.48 dB 


Therefore, 
|G(j4000)| = 0.27 
and 
20log|G(j4000)| = 20log0.27 = —11.48 dB 


d. From the Bode plot of Figure7.23, we see that the value of Agg at о = 5000 r/s is approxi- 


mately —/2 dB. Then, since in general ав = 20logb, and that y = logx implies x = 10° , we 


have 


and therefore 
V 


out max 


= IAI|V.] = 0.25x10 = 25V 


If we wish to obtain а more accurate value, we substitute œ = 5000 into (7.43) and we get 


9g5000-0.01 1*5000j/((1--50j)* (1--5j));... 
fprintf( \n'); fprintf(mag = %6.2f \t',abs(g5000)):... 
fprintf(phase = %6.2f deg.',angle(g5000)*180/pi); fprintf( \n'); fprintf(' Wn) 





mag = 0.22 phase = -77.54 deg. 
635000) = .0.01105000) _ 0.22 7 77,54 
(1+ j50)(1 +5) 
Then, 
Vout max = |A] x 10 = 0.22 x 10 = 2.2 V 
and in the t — domain 
vou (£f) = 2.2cos(5000t — 77.54?) 
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We can use the MATLAB function bode(sys) to draw the Bode plot of a Linear Time Invariant 
(LTI) System where sys = tf(num,den) creates a continuous-time transfer function SyS with 
numerator num and denominator den, and tf creates a transfer function. With this function, the fre- 
quency range and number of points are chosen automatically. The function 
bode(sys,{wmin,wmax}) draws the Bode plot for frequencies between wmin and wmax (in radi- 
ans/second) and the function bode(sys,w) uses the user-supplied vector W of frequencies, in radi- 
ans/second, at which the Bode response is to be evaluated. To generate logarithmically spaced fre- 
quency vectors, we use the command logspace(first exponent,last exponent, 
number of values). For example, to generate plots for 100 logarithmically evenly spaced points 


for the frequency interval / 0-'< ф< 10° r/s ‚ we use the statement logspace(-1,2,100). 


The bode(sys,w) function displays both magnitude and phase. If we want to display the magnitude 
only, we can use the bodemag(sys,w) function. 


MATLAB requires that we express the numerator and denominator of G(s) as polynomials of s in 
descending powets. 


Let us plot the transfer function of Example 7.3 using MATLAB. 


From (7.42), 

OR 
s +1100s+ 10 

and the MATLAB code to generate the magnitude and phase plots is 

num=[0 1100 0]; den=[1 1100 10^ 5]; w=logspace(0,5,100); bode(num,den,w) 
However, since for this example we are interested in the magnitude only, we will use the code 


num=[0 1100 0]; den=[1 1100 10^ 5]; sys=tf(num,den);... 
w=logspace(0,5,100); bodemag(sys,w); grid 


and upon execution, MATLAB displays the plot shown in Figure 7.24. 


Example 7.4 

For the circuit of Example 7.3 

a. Draw a Bode phase plot. 

b. Using the Bode phase plot estimate the frequency where the phase is zero degrees. 
c. Compute the actual frequency where the phase is zero degrees. 


d. Find v,,,(f) if v;,(t) = 10cos(@t+ 60?) and о is the value found in part (c). 


out 
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Figure 7.24. Bode plot for Example 7.3. 


Solution: 


a. From (7.43) of Example 7.3 
G(jo) = 


and in magnitude-phase form 


0.011jc 
(1 + jo/ 100)(1 + јо / 1000) 


(7.45) 


| 0.011 |jo| 
G uice O a уу. 
(0) = ad a 1000) A9 - P - 0 
where 
Za = 90° Z-B = -tan ^ (o/100) Z-y = ап (@/ 1000) 
For o = 100 
Z-p = -tan `1 = -45° 
For o = 1000 
Z-y = -tan 11 = —45° 


The straight-line phase angle approximations are shown in Figure 7.25. 
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olo) = a-B-y 














-y = ап (o/ 1000) ~~~ 
-B = ап (o/ 100) 




















Figure 7.25. Bode plot for Example 7.4. 


Figure 7.26 shows the magnitude and phase plots generated with the following MATLAB code: 


num = [0 1100 0]; аеп= [1 1100 10^ 5]; w=logspace(0,5,100); bode(num,den,w) 


b. From the Bode plot of Figure 7.25 we find that the phase 1s zero degrees at approximately 


œ = 310 r/s 


c. From (7.45) 
0.011jo 


G(j ЕЕ rrt Ж-НИН 
Go) (1 + jo/ 100)(1 + jo/ 1000) 


and in magnitude-phase form 


GUS 0.0110 290? 


The phase will be zero when 


гап (&/ 100) + тап (0/1000) = 90° 


I +]®/ 100)| Ztan “(®/ 100)|(1 + јо / 1000)| Ztan '(®/ 1000) 
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Bode Diagram 





Magnitude (dB) 





Phase (deg) 


ds 
e 














10° 10' 10 10° 10* 10° 
Frequency (rad/sec) 


Figure 7.26. Bode plots for Example 7.4 generated with MATLAB 


This is a trigonometric equation and we will solve it for о with the solve(equ) MATLAB func- 
tion as follows: 


syms w; x=solve(atan(w/100) - atan(w/1000)-pi/2); combine(x) 


ans - 
316.2278 


Therefore, œ = 316.23 r/s 
d. Evaluating (7.45) at œ = 316.23 r/s we get: 


0.011(j316.23) (7.46) 


GG316.23) = Oe MM 
(1 + 316.237 100)(1 + j316.23/ 1000) 
and with MATLAB 


Gj316-0.011*316.23j/((1--316.23j/100)*(1--316.23j/1000)); fprintf(' W);... 
fprintf(magGj316 = 965.2f \t', abs(Gj316));... 
fprintf(phaseGj316 = %5.2f deg.', angle(Gj316)*180/pi) 


magGj316 = 1.00 phaseGj316 = -0.00 deg. 


We are given that |V,,| = 10 V and with |G(j316.23)| = 1 we get 
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[Youd = 16631623) |V;| = 1x 10 = 10 V 
The phase angle of the input voltage is given as Ө, = 60° and with 0(j316.23) = 0° we find that 


the phase angle of the output voltage is 


B ui = Ө;, + 0(j316.23) = 60° + 0? = 60° 
and thus 
Voui = 10760? 


or 
(t) = 10cos(316.23t + 60°) 


Vout 


7.7 Corrected Amplitude Plots 


The amplitude plots we have considered thus far are approximate. We can make the straight line 
more accurate by drawing smooth curves connecting the points at one-half the corner frequency 
0/2, the corner frequency o, and twice the corner frequency 20, as shown in Figure 7.27. 


At the corner frequency o, , the value of the amplitude A in dB is 
AaB] = +20108|1 +j| = +20log J2 = +3 dB (7.47) 
0-70, 


where the plus (+) sign applies to a first order zero, and the minus (—) to a first order pole. 


Similarly, 


7 = +20log|1+j/2| = +20108 E = +0.97 dB « £1 dB (7.48) 


0-0,/2 
and 


Аав}, = +20108|1 +j2| = +20108 45 = £6.99 dB « +7 dB (7.49) 
0-20, 

As we can seen from Figure 7.27, the straight line approximations, shown by dotted lines, yield 0 dB 
at half the corner frequency and at the corner frequency. At twice the corner frequency, the straight 
line approximations yield +6 dB because о, and 20, are separated by one octave which is equiva- 
lent to +3 dB per decade. Therefore, the corrections to be made are +/ dB at half the corner fre- 
quency @,/2, +3 dB at the corner frequency 6,, and +/ dB at twice the corner frequency 20, . 


The corrected amplitude plots for a first order zero and first order pole are shown by solid lines in 
Figure 7.27. 
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The corrections for straight-line amplitude plots when we have complex poles and zeros require dif- 


ferent type of correction because they depend on the damping coefficient б. Let us refer to the plot 
of Figure 7.28. 








Magnitude in dB 











o in r/s 














Figure 7.27. Corrections for magnitude Bode plots 


We observe that as the damping coefficient б becomes smaller and smaller, larger and larger peaks in 


the amplitude occur in the vicinity of the corner frequency o,. We also observe that when 


62 0.707 , the amplitude at the corner frequency o, lies below the straight line approximation. 


We can obtain a fairly accurate amplitude plot by computing the amplitude at four points near the 


corner frequency œ, as shown in Figure 7.28. 





7-26 Circuit Analysis II with MATLAB Applications 


Orchard Publications 





Corrected Amplitude Plots 





The amplitude plot of Figure 7.28 is for complex poles. In analogy with (7.30), 1.e., 





Magnitude for Poles of 1/((@,°-«°)+j2Gan0) 
и = ol og, Mn = 1 
—10logo,—10log((1-u?)?-4c!u?) 











Magnitude in dB 











0.01 0.10 1.00 10.00 100.00 
Frequency u (r/s) 











Figure 7.28. Magnitude Bode plots with complex poles 
2 2 
G(s) = s *260,s 0, 


which was derived earlier for complex zeros, the transfer function for complex poles is 





G(s) = 4———À4 (7.50) 
5 +2605 +0, 
where C is a constant. 
Dividing each term of the denominator of (7.50) by о, we get 
C 1 
ОВЕ === 
@,( 5/0, ) +26(5/0,) +1 
and letting C/o. = K and s = jo , we get 
G(jo) = — K (7.51) 
1-(0/0,) *j260/0, 
As before, we let о/о, = и . Then (7.51) becomes 
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Сўи) = —A— (7.52) 
1-и +ј2би 
and in polar form, 
BU) reel (7.53) 


l1 -u +у2Си| zo 


The magnitude of (7.53) in dB is 





Aag = 20log|G(ju)| = 20logK — 20log (1 — w^ +j2Cu)| 
(7.54) 
" 3.2 2.2 4 NM 
= 20logK – 20log 4(1 -u ) +46 и = 20logK - l0log[u + 2и (2G —1)* 1] 
and the phase is 
-1 
Ө(и) = -tan 26и. (7.55) 


l-u 


In (7.54) the term 20logK is constant and thus the amplitude Agg, as a function of frequency, is 
dependent only the second term on the right side. Also, from this expression, we observe that as 
u—>0, 


-I0log[u^ + 2u (2 - 1)4 1] 5 0 (7.56) 

and as и o, 
-I0log[u* + 2u (26 — 1) + 1] > -40logu (7.57) 
We are now ready to compute the values of Agg at points 1, 2, 3, and 4 of the plot of Figure 7.29. 


At point 1, the corner frequency 6, corresponds to и = 1. Then, from (7.54) 


Ajp(®,/2) = Aal”) = -I0log[u* + 2u (22 - 1) + 1]| 


2 и= 1/2 


1 


2 -I0log | = roe 1026 Еу 1] = —10log [5 ijr : + | (7.58) 


= -I0log(C + 0.5625) 


and for G = 0.4 
Aqu 9, /2)| = —10108(0.4° + 0.5625) = 1.41 dB 
point 1 
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Figure 7.29. Corrections for magnitude Bode plots with complex poles when © = 0.4 


To find the amplitude at point 2, in (7.54) we let К = J and we form the magnitude in dB. Then, 


Aag] = 20log 


DE. НИНЕ НИ (7.59) 
poin |1 -(0/0,) * j26o/0, 





We now recall that the logarithmic function is a monotonically increasing function and therefore 
(7.59 has a maximum when the absolute magnitude of this expression is maximum. Also, the square 
of the absolute magnitude is maximum when the absolute magnitude is maximum. 


The square of the absolute magnitude is 


е == (7.60) 
[1 - (6/6, YT +4(Co/o,) 
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Of 
————— УЕ 

2 
{= 202/0? + w/o. + 4Co Го? 


(7.61) 


To find the maximum, we take the derivative with respect to о and we set it equal to zero, that is, 


40/0 -40/0 — 85 о/о? 
2 


{u -(o/o,Y] + сны) 


= 0 (7.62) 


The expression of (7.62) will be zero when the numerator is set to zero, that is, 
(0/02)(4- 407/02 -8Q) = 0 (7.63) 
Of course, we require that the value of œ must be a nonzero value. Then, 
4-40°/o, - 86" = 0 
Of 


(4o^)/e? = 4-86? 


from which 
Omar = © = 0,41-2Z (7.64) 


provided that 1 26^» 0 or G« 1/42 ог «0.707 . 


The dB value of the amplitude at point 2 1s found by substitution of (7.64) into (7.54), that is, 





AaBlOmax) = -I0log[u* + 2u (2C - 1) 1] us 
= -I0log[(1 202) « 201 - 20) 20 - 1) 1] (7.65) 
= -I0log[ 4 (1 - ©°)] 
and for б = 0.4 
Aqg(O,,) = -I0log(4 x 0.4 (1 -0.4°)) = 2.69 dB 


The dB value of the amplitude at point 3 is found by substitution of о = 6, = и = 1 into (7.54). 
Then, 
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-I0log[u^ + 2u (26? - 1) + П] 





Aag(0,) и = 1 


—101ое[1 + 2026-1) + 1] (7.66) 
~10log[467] = -20log(2C) 


and for G = 0.4 
Agg(0,) = —20log(2 x 0.4) = 1.94 dB 


Finally, at point 4, the dB value of the amplitude crosses the 0 dB axis. Therefore, at this point we 
are interested not in Aj5(0, ap) but in the location of o, ув in relation to the corner frequency o, . 


at this point we must have from (7.57) 
4 3:753 
0 dB = -I0log[u* + 2w (2€) — 1) + 1] 
and since [021 = 0, it follows that 
u + 2и (20 -1)*121 
и“ «2i (20-1) = 0 


u(u 420205 -1) = 0 
Of 


и? +2(26°-1) = 0 


Solving for и and making use of u = о/о, we get 


G5 ap = ©,N2(1 - 26°) 
From (7.67), 
Omax = On sat 


therefore, if we already know the frequency at which the dB amplitude is maximum, we can compute 


the frequency at point 4 from 





©o dB = „2% max (7.67) 
Example 7.5 
For the circuit of Figure 7.30 
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R L 
0.2 Q 10 mH 
+ 
(3) C ©ТУ ош?) 
T 40 mF 
V;,Ud(t) т 











Figure 7.30. Circuit for Example 7.5. 


a. Compute the transfer function G(s) 
b. Find the corner frequency o, from G(s). 


c. Compute the damping coefficient б. 
d. Construct a straight line approximation for the magnitude of the Bode plot. 


e. Compute the amplitude in dB at one-half the corner frequency @,/2, at the frequency o,,,, at 
which the amplitude reaches its maximum value, at the corner frequency o, , and at the frequency 


O ав Where the dB amplitude is zero. Then, draw a smooth curve to connect these four points. 
Solution: 


a. We transform the given circuit to its equivalent in the s – domain shown in Figure 7.31 where 
R = 1, Ls = 0.055, and 1/Cs = 125/5. 


R L 
0.2 0.01s 
|+ 
© ge 
VG) Pa 











Figure 7.31. Circuit for Example 7.5 in s - domain 


and by the voltage division expression, 


25/s 
VoulS) = 3310015 4 25/5. Vr 


Therefore, the transfer function is 
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VourlS) _ 25 = 2500 





G(s) = = ———M—M——— (7.68) 
Vials) 0015 +0.25+25 5° +205 +2500 
b. From (7.50) 
5 +260,5 +0, 
and from (7.68) and (7.69) o? = 2500 or 
©, = 50 rad/s (7.70) 
c. From (7.68) and (7.69) 260, = 20 . Then, the damping coefficient б is 
20 20 
= —— = —— = 0.2 7.71 
LEE RU SD 


d. For о < o, , the straight line approximation lies along the 0 dB axis, whereas for o» o, , the 
straight line approximation has a slope of —40 dB. The corner frequency o, was found in part (b) 


to be 50 rad/s 'The dB amplitude plot is shown in Figure 7.31. 


e. From (7.61), 
Алв(®„/2)= –10108(6 + 0.5625) 
where from (7.74) б = 0.2 and thus б? = 0.04. Then, 
Aqg(0,/2)2 —10log (0.04 + 0.5625) = –10108(0.6025) = 2.2 dB 


and this value is indicated as Point 1 on the plot of Figure 7.32. 
Next, from (7.64) 


/ 2 
Omax = On 1-26 


Onar = 50/1—2х 0.04 = 50./0.92 = 47.96 rad/s 
Therefore, from (7.65) 


Then, 


A p(@max) = -10log[46 (1 - 67)] = -10log[(0.16) x (0.96)] = 8.14 dB 
and this value is indicated as Point 2 on the plot of Figure 7.32. 


The dB amplitude at the corner frequency is found from (7.66), that is, 
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Ajgg(0,) = –20108(26) 
'Then, 
Agp(0,) = —20log(2 x 0.2) = 7.96 dB 


and this value is indicated as Point 3 on the plot of Figure 7.32. 


Finally, the frequency at which the amplitude plot crosses the 0 dB axis is found from (7.67), that 
is 


5 


Оо ав = 420, 
Of 


Op gg = V2 х 47.96 = 67.83 rad/s 


This frequency is indicated as Point 4 on the plot of Figure 7.32. 
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Figure 7.32. Amplitude plot for Example 7.5 


The amplitude plot of Figure 7.32 reveals that the given circuit behaves as a low pass filter. 
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Using the transfer function of (7.68) with MATLAB, we get the Bode magnitude plot shown in Fig- 
ure 7.33. 


num=[0 0 2500]; den=[1 20 2500]; sys=tf(num,den); w=logspace(0,5,100); bodemag(sys,w) 


Bode Magnitude Diagram 


20 TT Torr T—T—-TTTTIT тт ттт T——-TTTT3 
EI ЖЕТЕКТ SEL cte: Ж Н 





Magnitude (dB) 














10? 10! 108 10° 10° 
Frequency (rad/sec) 


Figure 7.33. Bode plot for Example 7.5 using MATLAB 
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7.8 Summary 


The decibel, denoted as dB, is a unit used to express the ratio between two amounts of power, gen- 


erally P,.,,/Pin- By definition, the number of dB is obtained from dB,, = 10log (P, Pin). It 


out out 


can also be used to express voltage and current ratios provided that the voltages and currents have 


identical impedances. Then, for voltages we use the expression dB, = 20log (Vout Vin) » and for 


out 
currents we use the expression dB; = 20log jy ou;/Tin) 


The bandwidth, denoted as BW, is a term generally used with electronic amplifiers and filters. For 
low-pass filters the bandwidth is the band of frequencies from zero frequency to the cutoff fre- 
quency where the amplitude fall to 0.707 of its maximum value. For high-pass filters the band- 
width is the band of frequencies from 0.707 of maximum amplitude to infinite frequency. For 
amplifiers, band-pass, and band-elimination filters the bandwidth is the range of frequencies where 
the maximum amplitude falls to 0.707 of its maximum value on either side of the frequency 
response curve. 

If two frequencies œ; and œ, are such that o, = 20, , we say that these frequencies are separated 


by one octave and if œ, = /00, , they are separated by one decade. 
y 2 1» 26у р ) 
Frequency response is a term used to express the response of an amplifier or filter to input sinuso- 


ids of different frequencies. The response of an amplifier or filter to a sinusoid of frequency @ is 
completely described by the magnitude |G(jo)| and phase ZG(jo) of the transfer function. 


Bode plots are frequency response diagrams of magnitude and phase versus frequency o. 
In Bode plots the 3-dB frequencies, denoted as o, , are referred to as the corner frequencies. 
In Bode plots, the transfer function is expressed in linear factors of the form jo + 2; for the zero 


(numerator) linear factors and јо + p; for the pole linear factors. When quadratic factors with 


complex roots occur in addition to the linear factors, these quadratic factors are expressed in the 


form (jo) + j260,0 + o. 


In magnitude Bode plots with quadratic factors the difference between the asymptotic plot and the 
actual curves depends on the value of the damping factor б. But regardless of the value of C, the 
actual cutve approaches the asymptotes at both low and high frequencies. 


In Bode plots the corner frequencies o, are easily identified by expressing the linear terms as 


z;(jo/z;* 1) and p;(jo/p;- 1) for the zeros and poles respectively. For quadratic factor the cor- 


ner frequency o, appears in the expression (jo) *j260,0 + a? or (jo/0,)* *j260/0,41 
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e In both the magnitude and phase Bode plots the frequency (abscissa) scale is logarithmic. The 
otdinate in the magnitude plot is expressed in dB and in the phase plot is expressed in degrees. 


e In magnitude Bode plots, the asymptotes corresponding to the linear terms of the form 
(jo/z; * 1) and (jo/p;-* 1) have a slope +20 dB/decade where the positive slope applies to 


zeto (numerator) linear factors, and the negative slope applies to pole (denominator) linear factors. 


e In magnitude Bode plots, the asymptotes corresponding to the quadratic terms of the form 


(jo/ 0, *j260/0, + 1 have a slope +40 dB/decade where the positive slope applies to zero 


(numerator) quadratic factors, and the negative slope applies to pole (denominator) quadratic fac- 
tors. 


e In phase Bode plots with linear factors, for frequencies less than one tenth the corner frequency 
we assume that the phase angle is zero. At the corner frequency the phase angle is +45°. For fre- 
quencies ten times or greater than the corner frequency, the phase angle is approximately +90° 
where the positive angle applies to zero (numerator) linear factors, and the negative angle applies 
to pole (denominator) linear factors. 


e In phase Bode plots with quadratic factors, the phase angle is zero for frequencies less than one 
tenth the corner frequency. At the corner frequency the phase angle is +90°. For frequencies ten 
times or greater than the corner frequency, the phase angle is approximately +/80° where the pos- 
itive angle applies to zero (numerator) quadratic factors, and the negative angle applies to pole 
(denominator) quadratic factors. 


• Bode plots can be easily constructed and verified with the MATLAB function bode(sys) func- 
tion. With this function, the frequency range and number of points are chosen automatically. The 
function bode(sys),{wmin,wmax}) draws the Bode plot for frequencies between wmin and 
wmax (in radian/second) and the function bode(sys,w) uses the user-supplied vector W of fre- 
quencies, in radian/second, at which the Bode response is to be evaluated. То generate logarithmi- 
cally spaced frequency vectors, we use the command logspace(first exponent,last exponent, 
number of values). 
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7.9 Exercises 


1. For the transfer function 


E 10 (s + 5) 
OCS) = (тт 100) + 5000) 


a. Draw the magnitude Bode plot and find the approximate maximum value of |G(jo)| in dB. 
b. Find the value of о where |G(jo)| = 1 for 9» 5 r/s 
c. Check your plot with the plot generated with MATLAB. 

2. For the transfer function of Exercise 1 


a. Draw a Bode plot for the phase angle and find the approximate phase angle at œ = 30 r/s, 
œ = 50 r/s, o = 100 r/s,and o = 5000 r/s 


b. Compute the actual values of the phase angle at the frequencies specified in (а). 


c. Check your magnitude plot of Exercise 1 and the phase plot of this exercise with the plots gen- 
erated with MATLAB. 


Oo 


. For the circuit of Figure 7.34 


a. Compute the transfer function. 
b. Draw the Bode amplitude plot for 20log|G(jo)| 


c. From the plot of part (b) determine the type of filter represented by this circuit and estimate the 
cutoff frequency. 


d. Compute the actual cutoff frequency of this filter. 
e. Draw a straight line phase angle plot of G(jo) . 
Е Determine the value of 0(@) at the cutoff frequency from the plot of part (c). 


g. Compute the actual value of Ө(о) at the cutoff frequency. 











L 
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Figure 7.34. Circuit for Exercise 3 
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7.10 Answers to Exercises 


1. а. 
Go) = 10 (je + 5) E 10 x 5x (14 jo/ 5) 
(jo + 100)(jo + 5000) 100х (1 + jo/ 100) x 5000 x (1 + j/ 5000) 
_ (1 +]®/5) 


~ (1+j@/100) - (1 jo/5000) 
20log|G(jo)| = 20log|1 + jo/5| — 20log|1 + j@/100| — 20log|1 + ja/5000| 


The corner frequencies are at œ = 5 r/s, œ = 100 r/s, and о = 5000 r/s. The asymptotes 
are shown as solid lines. 
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From this plot we observe that 20log|G(jo)|,,,. & 26 dB for the interval 10 «ox 5 х 10? 


max 
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b. By inspection, 20log|G(jo)| = 0 dB at o = 9.85 х 10° r/s 


2. From the solution of Exercise 1 
G(jo) = (4 +j@/5) 
(4 +j@/100) - (1 + јо / 5000) 
and in magnitude-phase form 


(1 +j@/5)| 


GOO) = I + j@/100)| - \(1 + j@/5000)| 


Z(a-B-y) 


that is, 0(@) = a-B-y where a = tan 9/5, -B = —tan'@/100, and -y = —їап '®/5000 


The corner frequencies ate at o = 5 r/s, o = 100 r/s, and œ = 5000 r/s where at those fre- 
quencies a = 45°, -B = —45?,and -y = -45° respectively. The asymptotes are shown as solid 
lines. 


From the phase plot we observe that 0(30 r/s) = 60°, 0(50 r/s) = 53°, 0(100 r/s) = 38°, and 
0(5000 r/s) « -39° 
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b. We use MATLAB for the computations. 


theta g30- (1--30j/5)/((1- 30j/100)*(1--30j/5000));... 

theta g50- (1--50j/5)/((1--50j/100)*(1--50j/5000));... 
theta_g100=(1+100j/5)/((1 +100j/100)*(1+100j/5000));... 
theta g5000- (1--5000j/5)/((1 +5000j/100)*(1+5000j/5000)):... 
printf(' \п');... 

fprintf(theta30r = 965.2f deg. \t', angle(theta 930)*180/pi);... 
fprintf(‘theta50r = 965.2f deg. ', angle(theta 950)*180/pi);... 
fprintf( \n');... 

fprintf(theta100r = 965.2f deg. \t', angle(theta_g100)*180/pi);... 
fprintf(theta5000r = %5.2f deg. ', angle(theta g5000)*180/pi);... 
fprintf( \n') 


theta30r = 63.49 deg. thetabOr = 57.15 deg. 
thetal00r = 40.99 deg. thetab5000r = -43.91 deg. 


Thus, the actual values аге 


TEE (1 j30/5) _ К 
603902 С + 30/100) - (1 +j30/5000) ~ О? 


T (1 +]50/ 5) _ 5 
POUR AG + 750/100) - (1 +j50/5000) ~ Sun 
ZG(j100) = Z ee = 40.99° 


(1 + j 100/100) - (1 + j100/ 5000) 


' _ (1 + ]5000/ 5) NE А 
еН СО + j5000/ 100) - (1 + 5000/5000) ~ н 
c. The Bode plot generated with MATLAB is shown below. 

syms s; expand((s+100)*(s+5000)) 


ans = 

5^2+5100*5+500000 

num=[0 10^5 5*10^ 5]; den=[1 5.1*10^3 5*10^ 5];  wzlogspace(0,5,10 ^ 4);... 
bode(num,den,w) 
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Bode Diagram 
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3. a. The equivalent s – domain circuit is 


10° 10° 10* 10° 


Frequency (rad/sec) 


shown below. 





Vin(s) 











By the voltage division expression 


| 
0.255 bd 
4 
(5) Vou 5) 
1х | 
25/s zt 
1+ 25/5 


VoulS) = 53556142575 Vint) 


апа 


Уошб5) _ 


РД 


b. From (1) with s = jo 


5+ 25 = _4(5 + 25) (1) 
0.2552 +5425 s + 45+ 100 


G(jo) = —40o+25) _ (2) 


From (7.53) 


-0° + 4јо + 100 
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бё ужы ы eu d 


2 2 
s +260,5 + 0, 


and from (1) and (3) ө? = 100, o, = 10, апа 2G, = 4,6 = 02 


Following the procedure of page 7-26 we let и = 9/0, = 0/10. The numerator of (2) is a lin- 


eat factor and thus we express it as /00(1 + јо /25). Then (2) is written as 


Go) = 100(1 + ]®/ 25) E (1 +j@/25) 
100(-œ°/ 100 + 40/100 + 100/100) — 1 (0/10) +j0.4/10 
Of 

[1 + jo/25| Z0 


[1 — (o7 10). + j0.40/ 10| Zó 


(4) 


The amplitude of G(jo) in dB is 


20log|G(jo)| = 2010811 * jo/25| - 20log[|1 (0/10) + j0.4/ 10]. (5) 


The asymptote of the first term on the right side of (5) has a corner frequency of 25 r/s and 
rises with slope of 20 dB/decade. The second term has a corner frequency of 10 r/s and rises 
with slope of —40 dB/decade. The amplitude plot is shown below. 





-3 dB at о. = 13 r/s 


-—^ 
=< 





22 
-— 
TN 
== 
> 








201ов |1 tjo/25 


























с. The plot above indicates that the circuit is a low-pass filter and the 3 dB cutoff frequency o, 


occurs at approximately /3 r/s. 
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d. The actual cutoff frequency occuts where 
IGGo.)| = IGG) maz” 42 = 1/0502) = 0.70 
At this frequency (2) is written as 


| 100 + 4jo, 
Сібе) = — e 
(100-0) + 4јо 


and considering its magnitude we get 


4100 + (4®) 1 


(100-2) «(49,9 АР 


2 
2L100? + (49,)?] = (100-02) + (40) 
2 2 4 2 
20000 + 32? = 10000- 2000 +o, + 160 


o^ 21602 — 10000 = 0 


We will use MATLAB to find the four roots of this equation. 
syms w; solve(w ^ 4—216*w ^ 2—10000) 
ans - 


[ 2*(27-«1354^(1/2))^(1/2)] L -2*(27+1354^(1/2))^(1/2)] 
[ 2*(27-1354^(1/2))^(1/2)] [ -2*(27-1354^(1/2))^(1/2)] 


w1-2*(274-1354 ^ (1/2)) ^ (1/2) 


wl = 
15.9746 


w2—-2*(27 41354 ^ (1/2)) ^ (1/2) 


w2 = 
-15.9746 


w3=2* (27-1354 ^ (1/2)) ^ (1/2) 


w3 = 
0.0000 + 6.25991 


w4=-2* (27-1354 ^ (1/2)) ^ (1/2) 


w4 = 
-0.0000 - 6.25991 
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From these four roots we accept only the first, that is, 0, = 16 r/s 


e. From (4) 
Ө = tan (0/25) 
and 
_ 040/10 
1-(@/10Y 


For a first order zero or pole not at the origin, the straight line phase angle plot approximations 
ate as follows: 


I. For frequencies less than one tenth the corner frequency we assume that the phase angle is 
zero. For this exercise the corner frequency of 0(@) 15 о, = 25 r/s and thus for 


1<@<2.5 r/s the phase angle is zero as shown on the Bode plot below. 








d 
2 € 
ШУ / 0(0,) = 25|r/s 





e e 


\ 
p(o,) = 10 r/s ZG(jo) 


Phase angle (degrees) 














о (r/s) 








П For frequencies ten times or greater than the corner frequency, the phase angle is approxi- 
mately £90? . The numerator phase angle 0(c) is zero at one tenth the corner frequency, 
itis 45° at the corner frequency, and 90? for frequencies ten times or greater the corner 
frequency. For this exercise, in the interval 2.5 € о € 250 r/s the phase angle is zero at 
2.5 r/s and tises to 90? at 250 r/s. 
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ПІ As shown in Figure 7.20, for complex poles the phase angle is zero at zero frequency, 
—90? at the corner frequency and approaches —/80? as the frequency becomes large. The 
phase angle asymptotes are shown on the plot of the previous page. 


f. From the plot of the previous page we observe that the phase angle at the cutoff frequency is 
approximately —63? 


g. The exact phase angle at the cutoff frequency o, = 16 r/s is found from (1) with s = Ј/6. 


(16) = 416 + 25) 
(716) *- 4(j16) + 100 

We need not simplify this expression since we can use MATLAB. 
916= (64j--100)/((16j) ^ 2+64j+ 100); angle(g16)*180/pi 


ans - 
-125.0746 


This value is about twice as that we observed from the asymptotic plot of the previous page. 
Errors such as this occur because of the high non-linearity between frequency intervals. There- 
fore, we should use the straight line asymptotes only to observe the shape of the phase angle. It 
is best to use MATLAB as shown below. 


num=[0 4 100]; den=[1 4 100]; w=logspace(0,2,1000);bode(num,den,w) 


Bode Diagram 
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Chapter 8 


Self and Mutual Inductances - Transformers 





his chapter begins with the interactions between electric circuits and changing magnetic fields. 
It defines self and mutual inductances, flux linkages, induced voltages, the dot convention, 
Lenz's law, and magnetic coupling. It concludes with a detailed discussion on transformers. 


8.1 Self-Inductance 


About 1830, Joseph Henry, while working at the university which is now known as Princeton, found 
that electric current flowing in a circuit has a property analogous to mechanical momentum which is 
a measure of the motion of a body and it is equal to the product of its mass and velocity, i.e., Mv. In 
electric circuits this property is sometimes referred to as the electrokinetic momentum and it is equal to 
the product of Li where i is the current analogous to velocity and the self-inductance L is analogous 
to the mass M. About the same time, Michael Faraday visualized this property in a magnetic field in 
space around a current carrying conductor. This electrokinetic momentum is denoted by the symbol 
№, that is, 





à = Li (8.1) 











Newton’s second law states that the force necessary to change the velocity of a body with mass M is 
equal to the rate of change of the momentum, i.e., 


Е = (Му) = М = Ma (8.2) 
where a is the acceleration. The analogous electrical relation says that the voltage v necessary to рго- 


duce a change of current in an inductive circuit is equal to the rate of change of electrokinetic 
momentum, i.e, 





_ diy [di 
v= SLi) = 19 (8.3) 











8.2 The Nature of Inductance 


Inductance is associated with the magnetic field which is always present when there is an electric cur- 
rent. Thus when current flows in an electric circuit, the conductors (wires) connecting the devices in 
the circuit are surrounded by a magnetic field. Figure 8.1 shows a simple loop of wire and its magnetic 
field which is represented by the small loops. The direction of the magnetic field (not shown) can be 
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determined by the left-hand rule if conventional current flow is assumed, or by the right-hand rule if 
electron current flow is assumed. The magnetic field loops are circular in form and are called lines of 
magnetic flux. The unit of magnetic flux is the weber (Wb). 


Figure 8.1. Magnetic field around a current carrying wire 


In a loosely wound coil of wire such as the one shown in Figure 8.2, the current through the wound 
coil produces a denser magnetic field and many of the magnetic lines link the coil several times. 


















































Figure 6.2. Magnetic field around a current carrying wound coil 


The magnetic flux is denoted as @ and, if there are N turns and we assume that the flux passes 
through each turn, the total flux denoted as A is called flux linkage. Then, 


A = No (8.4) 


By definition, a linear inductor one in which the flux linkage 1s proportional to the current through it, 
that is, 


à = Li (8.5) 
where the constant of proportionality L is called inductance in webers per ampere. 


We now recall Faraday’s law of electromagnetic induction which states that 





dà 
у = — 8.6 
єр (8.6) 
and from (8.3) and (8.5), 
di 
= L— 8.7 
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8.3 Lenz’s Law 


Heinrich Е E. Lenz was a German scientist who, without knowledge of the work of Faraday and 
Henry, duplicated many of their discoveries nearly simultaneously. The law which goes by his name, is 
a useful rule for predicting the direction of an induced current. Lenz's law states that: 


Whenever there is a change in the amount of magnetic flux linking an electric circuit, an induced voltage 
of value directly proportional to the time rate of change of flux linkages is set up tending to produce a cur- 
rent in such a direction as to oppose the change in flux. 


To understand Lenz's law, let us consider the transformer shown in Figure 8.3. 



































Figure 6.3. Basic transformer construction 


Here, we assume that the current in the primary winding has the direction shown and it produces the 
flux @ in the direction shown in Figure 8.3 by the arrow below the dotted line. Suppose that this flux 
is decreasing, Then in the secondary winding there will be a voltage induced whose current will be in 
а direction to increase the flux. In other words, the current produced by the induced voltage will tend 
to prevent any decrease in flux. Conversely, if the flux produced by the primary winding in increasing, 
the induced voltage in the secondary will produce a current in a direction which will oppose an 
increase in flux. 


8.4 Mutually Coupled Coils 


Consider the inductor (coil) shown in Figure 8.4. There are many magnetic lines of flux linking the 
coil L, with N, turns but for simplicity, only two are shown in Figure 8.4. The current i, produces a 


magnetic flux фу. Then by (8.4) and (8.5) 
A, = Ny, = 1, (8.8) 
and by Faraday’s law of (8.6), in terms of the self-inductance L}, 


dh, do;,; di, 
а OP SS (8.9) 





Circuit Analysis II with MATLAB Applications 8-3 
Orchard Publications 


Chapter 8 Self and Mutual Inductances - Transformers 











Figure 6.4. Magnetic lines linking a coil 
Next, suppose another coil L, with N, turns is brought near the vicinity of coil L} and some lines 


of flux are also linking coil L, as shown in Figure 8.5. 














LTS 








| 
1—57 


| 07 
VY 








LL 
У X У 


< 


Figure 8.5. Lines of flux linking two coils 


It is convenient to express the flux фуу as the sum of two fluxes фуу and Q»;, that is, 





Фуу = Фуу t+ Фә] (8.10) 











where the linkage flux Фү у is the flux which links coil L} only and not coil L5, and the mutual flux 
Q5; is the flux which links both coils L} and L5. We have assumed that the linkage and mutual 


fluxes фуу and @,, link all turns of coil L} and the mutual flux @,, links all turns of coil L,. 


The arrangement above forms an elementary transformer where coil L, is called the primary winding 


and coil L, the secondary winding. 
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In a linear transformer the mutual flux 95, is proportional to the primary winding current i, and 


since there 15 no current in the secondary winding, the flux linkage in the secondary winding is by 


(8.8), 


Ay = N595, = М), (8.11) 


where M», is the mutual inductance (in Henries) and thus the open-circuit secondary winding voltage 


V2 1S 


A тыы, ANY ME (8.12) 


In summary, when there is no current in the secondary winding the voltages are 





у=, S В 07 (8.13) 


if i; #0 and i, = 0 











Next, we will consider the case where there is a voltage in the secondary winding producing current 
i, which in turn produces flux ф,, as shown in Figure 8.6. 








Figure 6.6. Flux in secondary winding 
Then in analogy with (8.8) and (8.9) 


As = М›ф›› SEI (8.14) 


and by Faraday’s law in terms of the self-inductance L» 


v, = — = No = L,— (8.15) 
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If another coil L, with N} turns is brought near the vicinity of coil L5, some lines of flux are also 


linking coil L | as shown in Figure 8.7. 

























A 
P IR 
CD qLo 
N 1 cp HD N 2 V2 
Cp qf 
\) T 


Figure 8.7. Lines of flux linking open primary coil 
Following the same procedure as above we express the flux @,, as the sum of two fluxes фу, and 


Фу, that is, 





95) = 0r5 t 9j» (8.16) 











where the linkage flux Фү > is the flux which links coil L, only and not coil L}, and the mutual flux 
Фуз is the flux which links both coils L} and L}. As before, we have assumed that the linkage and 


mutual fluxes link all turns of coil L, and the mutual flux links all turns of coil Гу. 
Since there is no current in the primary winding, the flux linkage in the primary winding is 

м = NỌ = M pi; (8.17) 
where Му, is the mutual inductance (in Henries) and thus the open-circuit primary winding voltage 


VI 1S 


а RET MU: (8.18) 





12 dt (8.19) 
if ij =0 and i,20 
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We will see latet that 

















































M = Mz, =M (8.20) 
The last possible arrangement is shown in Figure 8.8 where i, #0 and also i, 4 0. 
P21 
{ M 
[e Y 
A d 
=! CE 
[| |p q 
м EAT CI 
Р JD 
к=) к< 
(E I 
E$ loul SO 
9 f 
LNS 
Figure 8.8. Flux linkages when both primary and secondary currents are present 
The total flux фу linking coil L; is 
Oy = Фуу + Фу +Ф = Pit Pp (8.21) 
and the total flux @, linking coil L, is 
92-7 PLEO Von ro apt P22 (8.22) 
and since X = N@, we express (8.21) and (8.22) as 
Му = NiP * М/Ф) (8.23) 
апа 
№ = N495; + N59,» (8.24) 
Differentiating (8.23) and (8.24) and using (8.13), (8.14), (8.19) and (8.20) we get: 
di di 
1 2 
VI = Li + ‚>л 
i (8.25) 
di, di, 
Vo = M t 2g 
8-7 
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In (8.25) the voltage terms 
di di 
1 Г i 
dt dt 


й, ng м® 
dt dt 
are teferred to as mutual voltages. 


In our previous studies we used the passive sign convention as a basis to denote the polarity (+) and 
(-) of voltages and powers. While this convention can be used with the self-induced voltages, it can- 
not be used with mutual voltages because there are four terminals involved. Instead, the polarity of 
the mutual voltages is denoted by the dot convention. To understand this convention, we first consider 
the transformer circuit designations shown in Figures 8.9(a) and 8.9(b) where the dots are placed on 
the upper terminals and the lower terminals respectively. 

















HE P E ij E 
* У - E di, 
e . v = М 
VI Lı Er KZ VI Lı L v2 for both 
А . circuits 
= (a) 3 - (b) - 





Figure 6.9. Arrangements where the mutual voltage has a positive sign 


These designations indicate the condition that a current i entering the dotted (undotted) terminal of 
one coil induce a voltage across the other coil with positive polatity at the dotted (undotted) terminal 
of the other coil. Thus, the mutual voltage term has a positive sign. Following the same rule we see 
that in the circuits of Figure 8.10 (a) and 8.10(b) the mutual voltage has a negative sign. 


Example 8.1 


For the circuit of Figure 8.11 find v, and v, if 
a. ij = 50 mA and i, = 25 mA 


b. i, = 0 and i, = 20sin377t mA 


o 

-. 
~ 

1 


= 15cos377t mA and i, = 40sin(377t + 60°) mA 
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i M : M 
1 i i 
LT ED PR Poe 22 
+ + + + 
. : di, 
72 = =MR 
уу 21 L2 95 v; L4 L2 v2 
for both 
i circuits 
= (a) = = (b) - 


Figure 6.10. Arrangements where the mutual voltage has a negative sign 


M-20mH , 











50 mH 50 mH 





Figure 8.11. Circuit for Example 8.1 


Solution: 


a. Since both currents i, and i, are constants, their derivatives are zero, 1.е., 


di, Е di, _ 

d dt 
and thus 

ур= у = 0 


b. The dot convention in the circuit of Figure 8.11 shows that the mutual voltage terms are positive 
and thus 


di 
ур = Li +m = 0.05 x 0+ 20 х 107 x 20 х 377 x 6083771 


150.8cos 377t mV 


di, iz T 
Vy =M— + Lo = 20x 10 ` x 0+0.05 x 20 x 377 x cos 377t 
dt dt 


— 377cos377t mV 
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di di 
уу = Dp t u = 0.05(—15 x 377sin377t) + 0.02 x 40 x 377 cos(377t + 60?) 


= — 282.75 sin 377t + 301.6cos(377t + 60°) mV 

di di 

1 2 

v, = M *L, E? 
= —113.1 sin377t + 754cos(377t + 60°) mV 


= 0.02(—15 x 377sin377t) + 0.05 x 40 x 377 cos(377t + 60?) 


Example 8.2 


For the circuit of Figure 8.12 find the open-circuit voltage v, for t» 0 given that i 10) = 0. 





М = 20 mH 
T ; 
EE == 
t=0 5Q t a 
eS vı Li L, Y2 
24 V 50 mH ИЕТ, 








Figure 6.12. Circuit for Example 8.2 


Solution: 
For t>0 
di, 
Lm *Ri, = 24 
di, | 
0.0577. +51, = 24 
di, 
— + 100i, = 480 
dt 
Now, 


whete ip is the forced response component of i, and it is obtained from 


73 
i= = 48А 
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and i, is the natural response component of i; and it is obtained from 


-Rt/L —100t 
€ = е 


і = А 


n 


A 


Then, 
—100t 


i, = ipt ly = 4.8+Ae 
and with the initial condition 
i (0°) = i0 ) = 0 = 48+Аёе° 
we get A = -4.8 


Therefore, 
ij = ipti, = 48-486 10 
and in accordance with the dot convention, 
di, —100t —100t 
у) = -M—- = -0.02(480e ) = -9.6e 


dt 


8.5 Establishing Polarity Markings 


In our previous discussion and in Examples 8.1 and 8.2, the polarity markings (dots) were given. 
There are cases, however, when these are not known. The following method is generally used to 
establish the polarity marking in accordance with the dot convention. 


Consider the transformer and its circuit symbol shown in Figure 8.13. 








=~) / 






































Figure 6.13. Establishing polarity markings 


We recall that the direction of the flux @ can be found by the right-hand rule which states that if the 
fingers of the right hand encircle a winding in the direction of the current, the thumb indicates the 
direction of the flux. Let us place a dot at the upper end of L} and assume that the current i, enters 


the top end thereby producing a flux in the clockwise direction shown. Next, we want the current in 
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L, to enter the end which will produce a flux in the same direction, in this case, clockwise. This will 
be accomplished if the current i, in L, enters the lower end as shown and thus we place a dot at that 


end. 
Example 8.3 


For the transformer shown in Figure 8.14, find уу and у,. 











M-22H 
i; = 2sin377t A+ -—ij- —5cos377t A 
2i Ub 
[> 
vy У, 
= еи 4HQ | 
с: = 




















Figure 6.14. Circuit for Example 8.3 


Solution: 


Let us first establish the dot positions as discussed above. The dotted circuit now is as shown in Fig- 
ure 8.15. 








M=2H 
PEE E Т | een WEE - | = i2 = —5с053771 A 
Í 
° ) 1 
И Qr L, L, гр + 
| 


у у 
214—3 du. 




















Figure 8.15. Figure for Example 8.3 with dotted markings 


Since i, enters the dot on the left side and i, leaves the dot on the right side, the fluxes oppose each 
other. Therefore, 


di, di 


2 : 
= L,—-M— = = 
Yr Га: 2 2262cos377t — 3770sin377t V 
di, di, 
v, = SMS db = — 1508 cos377t + 7540 sin377t V 
dt dt 





8-12 Circuit Analysis П with MATLAB Applications 
Orchard Publications 


Establishing Polarity Markings 








Example 8.4 
For the circuit below, find the voltage ratio |V2/ y 1 н 







+ 
© 
120 Z0? 
377 r/s 


S 
T 
| 








Figure 8.16. Circuit for Example 8.4 


Solution: 
The dots are given to us as shown. Now, we arbitrarily assign currents Г, and Г, as shown in Figure 


8.17 and we write mesh equations for each mesh. 
M = 50 mH 


+ 
© 
V. = 120Z0? 
377 r/s 


Figure 8.17. Mesh currents for the circuit of Example 8.4 


1, 








© 
1 


With this current assignments Г 2 leaves the dotted terminal of the right mesh and therefore the 


mutual voltage has a negative sign. Then, 


Mesh 1: 
Rl, +joLl 1, -joMI, = Vj, 


Of 
(0.5 + j18.85) 4 —j18.851, = 12070? 





* Henceforth we will be using bolded capital letters to denote phasor quantities 


(8.26) 


8-13 
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Mesh 2: 
-joMI, +ј01,1, + Rjo4pl5 = 0 
Of 
—j18.85I, + (1000 + ]37.7)1, = 0 (8.27) 
We will find the ratio [УУ using the MATLAB code below where V, = joL I, = ]18.851ү and 
Z-[0.5--18.85j -18.85j; 18.85j 500-37 7j]; V- [120 0]; I2ZW.... 


fprintf( Vn); fprintf(V1 = 967.3f V \t, abs(18.85j*1(1))); fprintt(V2 = 967.3f V V, abs(b00*1(2)));... 
fprinttRatio V2/V1 = 967.3f \t,abs((500*1(2))/(18.85)*I(1)))) 


V1 = 120.093 V V2 = 119.753 V Ratio V2/V1 = 0.997 
That is, 
Уз| _ 11975 _ 0.997 (8.28) 
Ү, 120.09 








and thus the magnitude of У, одр = V3 is practically the same as the magnitude of V,,,. However, we 
suspect that У, одр will be out of phase with V;,. We can find the phase of У, одр by adding the fol- 
lowing statement to the MATLAB code above. 


fprintf(Phase V2= 966.2f deg', angle(500*1(2))*180/pi) 
Phase V2= -0.64 deg 
This is a very small phase difference from the phase of У,, and thus we see that both the magnitude 


and phase of У, одр are essentially the same as that of V; . 


If we increase the load resistance К, одр to 1 КО we will find that again the magnitude and phase of 
Vioap ate essentially the same as that of V;, . Therefore, the transformer of this example is an isola- 
tion transformer, that is, it isolates the load from the source and the value of V;, appears across the 


load even though the load changes. An isolation transformer is also referred to as a 1:1 transformer. 


If in a transformer the secondary winding voltage is considerably higher than the input voltage, the 
transformer is referred to as a step-up transformer. Conversely, if the secondary winding voltage is 
considerably lower than the input voltage, the transformer is referred to as a step-down transformer. 


8.6 Energy Stored in a Pair of Mutually Coupled Inductors 


We know that the energy stored in an inductor is 


W(t) = ио) (8.29) 
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In the transformer circuits shown in Figure 8.18, the stored energy is the sum of the energies sup- 
plied to the primary and secondary terminals. From (8.25), 





























j M ; M 
1 i i j 
Sco WP N у? Rid. ONT „д 
+ 
Ў + E di, 
° s v = M 
v] Е En v2 vj n3 a v2 for both 
А e circuits 
= (а) = - (b) 3 
Figure 8.18. Transformer circuits for computation of the energy 
di di 
1 2 
у; = Ея + Ме 
І 7 (8.30) 
di, di, 
Vo = n + 22 


and after replacing M with M,, and M», in the appropriate terms, the instantaneous power delivered 


to these terminals ate: 


| di; di) 
P= e ш *Mp-i, 
(8.31) 
, di, di; : 
рат vt (и, Е Ly) 12 
Now, let us suppose that at some reference time fy, both currents i, and i, are zero, that is, 
ij(tg) = 00) = 0 (8.32) 
In this case, there is no energy stored, and thus 
W(t) = 0 (8.33) 


Next, let us assume that at time Ту, the current i, is increased to some finite value, while i, is still 


zero. In other words, we let 





i(t) = 1, (8.34) 
and 

itj) = 0 (8.35) 
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Then, the energy accumulated at this time is 
ti 
W, = | G* pdt (8.36) 
10 


and since i,(t;) = 0, then p,(t,) = 0 and also di,/dt = 0. Therefore, from (8.31) and (8.36) we 
get 


QE di; QUE 
Wi = | rg d = nj i ;di, = 5411 (8.37) 


Finally, let us at some later time t5, maintain i, at its previous value, and increase i, to a finite value, 


that is, we let 
i(t) = Ij (8.38) 
and 


i,(t,) = 1, (8.39) 


During this time interval, di,/dt = 0 and using (8.31) the energy accumulated is 


h || di, | 
W,- |. (p, * p;)dt | Мот + Ly )dt 


(8.40) 
la To 25 
= | (M ppl) + Lipi, = М1 1+ 5L T; 
ti 
Therefore, the energy stored in the transformer from t, to t, is from (8.37) and (8.40), 
в. 1,9 Le, 22 
Whe = 5L + M pal ply 5L T (8.41) 


Now, let us reverse the order in which we increase i, and i,. That is, in the time interval tj t fj, 
we increase i, so that i,(t,) = I, while keeping і, = 0. Then, at t = t,, we keep i, = Г, while we 


increase i, so that i,(t,) = I}. Using the same steps in equations (8.33) through (8.40), we get 


12 1 2 1 2 
= zL; * Ml, 21,12 (8.42) 


їй 2 2 


Since relations (8.41) and (8.42) represent the same energy, we must have 


Mj, = Mz, =M (8.43) 
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and thus we can express (8.41) and (8.42) as 


5] 


2 1 2 
W|^ = 541+ MI I; + 5L. T; (8.44) 


Relation (8.44) was derived with the dot markings of Figure 8.18 which is repeated below as Figure 
8.19 for convenience. 














1] = і i ы 
E dag шла Joy wx 2 
= | Ы + t di, 
e et V5 = M 
v; Li Lj) v2 v; Li Lj v for both 
А . circuits 
- (a) = = (b) = 


Figure 8.19. Transformer circuits of Figure 8.18 


However, if we repeat the above procedure for dot markings of the circuit of Figure 8.20 we will find 
that 





























i M . . M 
1 i i j 
SS Ne fuc ee 
+ 
н * " di, 
Ы Р у) = ME 
vj Е tn v2 vj Е En v2 for both 
* А circuits 
=== Р = (p —— 
Figure 6.20. Transformer circuits with different dot arrangement from Figure 8.19 
t I, 2 1. 2 
Wis, = xb MET, + 5, (8.45) 


and relations (8.44) апа (8.45) can be combined to a single relation as 


6 1, 2 I, 2 
ty = PL tM, + 2^5 (8.46) 


Hn 
where the sign of M is positive if both currents enter the dotted (or undotted) terminals, and it is 
negative if one current enters the dotted (or undotted) terminal while the other enters the undotted 
(or dotted) terminal. 





Circuit Analysis П with MATLAB Applications 8-17 
Orchard Publications 


Chapter 8 Self and Mutual Inductances - Transformers 





The currents Гу and J, are assume constants and represent the final values of the instantaneous val- 
ues of the currents i, and i, respectively. We may express (8.46) in terms of the instantaneous cur- 


rents as 


ty fe. 2 xod T- 32 
Wi - 5L il it Mii? + 4L i» (8.47) 


Obviously, the energy on the left side of (8.47) cannot be negative for any values of ij, i5, Lj, L5, Of 
М. Let us assume first that i, and i, are either both positive or both negative in which case their 


product is positive. Then, from (8.47) we see that the energy would be negative 1f 


tz 1 2 1 2 er 
Wie = 210 + 5L l5 - Miji, (8.48) 


and the magnitude of the Mi,i, is greater than the sum of the other two terms on the right side of 


that expression. To derive an expression relating the mutual inductance M to the self-inductances L, 


and L,, we add and subtract the term | JL; Lii, on the right side of (8.47), and we complete the 


square. This expression then becomes 
t 1 | ТУ, у. -- 
Wi ct [Lii;- Мої) + JL,Ljiji; - Miji; (8.49) 


We now observe that the first term on the right side of (8.49) could be very small and could approach 
zero, but it can never be negative. Therefore, for the energy to be positive, the second and third terms 


on the right side of (8.48) must be such that |, JL ,;L, 2 M or 


м< JLL; (8.50) 


Expression (8.50) indicates that the mutual inductance can never Бе larger than the geometric mean 
of the inductances of the two coils between which the mutual inductance exists. 


Note: The inequality in (8.49) was derived with the assumption that i, and i, have the same alge- 


braic sign. If their signs are opposite, we select the positive sign of (8.47) and we find that (8.50) holds 
also for this case. 


The ratio M/ /L,L, is known as the coefficient of coupling and it is denoted with the letter К, that is, 
1-72 


к= M (8.51) 
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Obviously k must have a value between zero and unity, that is, 0< К< 1. Physically, k provides a 
measute of the proximity of the primary and secondary coils. If the coils are far apart, we say that 
they are loose-coupled and К has a small value, typically between 0.01 and 0.1 . For close-coupled cir- 
cuits, k has a value of about 0.5. Power transformers have a k between 0.90 and 0.95. The value of 


k is exactly unity only when the two coils are coalesced into a single coil. 


Example 8.5 
For the transformer of Figure 8.21 compute the energy stored at t = 0 if: 


a. ij = 50 тА and i, = 25 mA 
b. i, = 0 and i, = 20sin377t mA 


с. i, = 15cos377t mA and i, = 40sin(377t + 60°) mA 





i М = 20 тН , 
1 
+ + 
v; L4 Lj v) 
50 mH 50 mH 





Figure 8.21. Transformer for Example 6.5 


Solution: 


Since the currents enter the dotted terminals, we use (8.45) with the plus (+) sign for the mutual 
inductance term, that is, 


l1, 2 iube 2 

W(t) = zeit + Mijin + 3L i5 (8.52) 
Then, 
a. 

-3 -3.2 -3 -3 -3 
W| -o = 05x50x10 x(530x10 `) -20x10 x50x10 x 25x 10 
-3 -3.2 -6 

+05 х 50х 10 ` x(25x10 `) = 103х10 J= 103 uJ 

Ь. 


Since i, = 0 andi, = 20sin377t|. _ = 0, it follows that 
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рр 0 


zi 3.2 Е = = o 
W| _ g = 05x50x 107 x (15 x 107) 20x 107^ x 15 x 107 x 40x 10” x sin(60 ) 


t 


РЕ EN o 2 = 
+ 0.5 x 50x 10^ x (40x 107 x sin(60 )) = 46x 10° = 46 pJ 


8.7 Circuits with Linear Transformers 


A linear transformer is а four-terminal device in which the voltages and currents in the primary coils 
аге linearly related. 


The transformer shown in figure 8.22 a linear transformer. This transformer contains a voltage 
source in the primary, a load resistor in the secondary, and the resistors R} and R, represent the 


resistances of the primary and secondary coils respectively. Moreover, the primary is referenced to 
directly to ground, but the secondary is referenced to a DC voltage source V, and thus it is said that 


the secondary of the transformer has a DC isolation. 




















VV 
Vin е е + 
T . 
@ Lj Ly iz Vout 
ij vj v2 Rioap 
= ©Vọo (DC) 





Figure 8.22. Transformer with DC isolation 


Application of KVL around the primary and secondary circuits yields the loop equations 


| di, di, 
Vin = Rjij ШЕТ, "de 
di, di, (8.53) 
0 = MSS + Loi + (К, + Rroap) 


and we see that the instantaneous values of the voltages and the currents are not affected by the pres- 
ence of the DC voltage source V, since we would have obtained the same equations had we let 


Vo = 0. 
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Example 8.6 
For the transformer shown in Figure 8.23, find the total response of i, for 1» 0 given that 


M = 100 mH and.i,(0 ) - i,(0 ) = 0. Use MATLAB to sketch i, for 0€ 1€ 5 s. 


К; М = 2 Н 


R 
mew = V 
=0 100 Q 200 Q 
Vin е е + 
+ Lj Ly 
_ 1KQ out 
IH 5H Коль 
24VDC| | S 
1 Г, 


Figure 8.23. Transformer for Example 8.6 














Solution: 


The total response consists of the summation of the forced and natural responses, that is, 
от = lot inn (8.54) 


and since the applied voltage is constant (DC), no steady-state (forced) voltage is produced in the sec- 
ondary and thus i5, = 0. 


For t>0 the s-domain circuit is shown in Figure 8.24. 


100 Е" 200 
F——NNNN— — 2s 
Vas) ° e + 
С) 35 3 : 55 Yu 
24/s 1165) 1,(5) _ 
1000 














Figure 8.24. The s -domain circuit for the transformer of Example 8.6 


The loop equations for this transformer are 


(35 + 100)1,(s) - 251,(5) = 24/s 





(8.55) 

-2sI (s) + (5s + 1200), (s) = 0 

Since we are interested only in /,(s), we will use Cramer's rule. 
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lé + 100 2 


z -2s 0 = 48 _ 4.36 
35+100 -25 11s“ +41005 + 120000 5 + 372.735 + 10909.01 
-2s 55+ 1200 
Of 
4.36 
1,(5) = 


(s + 340.71)(s + 32.02) 


and by partial fraction expansion, 


4.36 d 72 
(Ole с e s (8.56) 
(s + 340.71)(5 + 32.02) 5+340.71 s+ 32.02 


from which 





4.36 
= LL = -0.01 8.57 
Le rc id 

4.36 
= ——2——— = 0.01 8.58 
'2 PEMOT _ es 

By substitution into (8.56), we get 
L(s) = 001 , -00].- (8.59) 
5+ 32.02 s+ 340.71 


and taking ће Inverse Laplace of (8.59) we get 


; —32.02t —340.71t 
iy, = 0.01(е —e 


) (8.60) 
Using the following MATLAB code we get the plot shown on Figure 8.25. 

t=0: 0.001: 0.2; i2n—0.01.*(exp(-32.02*t)-exp(-340.71.*t)); plot(t,i2n); grid 

Example 8.7 


For the transformer of Figure 8.26, find the steady-state (forced) response of у. 


Solution: 
The s -domain equivalent circuit is shown in Figure 8.27. 


We could use the same procedure as in the previous example, but it is easier to work with the transfer 
function G(s). 
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| | |, 
0 0.00 0.00 006 008 01 0.12 014 O16 018 02 


Figure 8.25. Plot for the secondary current of the transformer of Example 8.6 

















Y N 
pV VV 2H 
10 Q 
e б + 
Vin 
+ TH UH" SO Nou 
ТЕЕ - 
1<0.1 Е 
Figure 8.26. Circuit for Example 8.7 
Y N 
NAAA 2s 
10 
e e + 
V. (s) 
in | 3s 5s 100 E 
© : 
Tt^ 170Z0° V 
I,(s 
a == 0) 
1/0.1s 











Figure 8.27. The s-domain equivalent circuit of Example 8.7 


The loop equations for the transformer of Figure 8.27 are: 
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(3s + 10+ 1/0.1s H4(s) - (25 + 1/0.15 )I,(s) = Ү, (5) 





8.61 
— (25 + 1/0.15 )1 (s) + (55 + 100 + 1/0.18 )1,(в) = 0 90 
and by Сгатег rule, 
[^ +10+1/0.18) У, (х) 
(25+ 1/0.15) 0 
Ls) = 
(35210 1/01s)  —(2s+1/0.1s) 
-(2s41/0.1s) (5s4 1004 1/0.15) 
Of 
es (2s + 10/5)У, (5) (25^ + 10)V,, (s) 
2 5) m eS S 
115° + 3505 + 1040 + 1100/5 115? + 350s” + 10405 + 1100 
(0.18s^ + 0.91 )V,, (s) 
s^ 31.825 + 94.555 + 100 
From Figure 8.27 we see that 
2 2 
(0.18з° + 0.91 )V, (s) 185° +91)V, (s 
Vou) = 100-1,(8) = 100-———————"—— = ы а - (8.62) 
sS +31.825 + 94.555 +100 s +31.82s + 94.555 + 100 
апа 
ү (5 2 
G(s) = ош ) = Е 18s + 91 (8.63) 
Vi) 5? 31.825 + 94.555 + 100 
The input is a sinusoid, that is, 
Vin = 170cos377t V 
and since we are interested in the steady-state response, we let 
5 = јо = j377 
and thus 
ү, (5) = V,,(i@) = 17020° 
From (8.63) we get: 
—2.56 x 10 + 91 4.35 10° 20° 
Л, DENT уу кл ap жон. Оон ол 
—j5.36 x 10 — 4.52 x 10 + j3.56 x 10 +100 —4.52 x 10 —j5.36 x 10 
Of 
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8 o o 
Vue) = -433x10 CIBO = 854180" _ 8097274829 = 8.092-85.18° (8.64) 
5.38 x 107 2-94.82° 3354-9482 
and in the f -domain, 
v (D) = 8.09соз(3771—85.18°) (8.65) 


The expression of (8.65) indicates that the transformer of this example is a step-down transformer. 


8.8 Reflected Impedance in Transformers 


In this section, we will see how the load impedance of the secondary can be reflected into the pri- 
maty. 


Let us consider the transformer phasor circuit of Figure 8.28. We assume that the resistance of the 
primary and secondary coils is negligible. 


























M 
Y wx 
Vs e e + 
+ Lı L 
(С) z ZLOAD 
V, У, = 
I 1 LE Vioap 

















Figure 6.26. Circuit for the derivation of reflected impedance 


By KVL the loops equations in phasor notation are: 





joL, , - joMI, = V; (8.66) 
Of 
joL,I,-V 
EG (8.67) 
joM 
and 
—-joMI , + GoL, + Zig4p) I; = 0 (8.68) 
Of 
jo MI 
pe ee (8.69) 
GoL, + Ziop) 
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Equating the right sides of (8.67) and (8.69) we get: 


joL I, -V jo MI 
„в ЄК с MER (8.70) 
joM GOL» + 2;одр) 
Solving for V. we get: 
iM)? 
Vs [ 2 i me: (8.71) 
А k GOL» + 2;одр) i 
and dividing V. by Z} we obtain the input impedance Z,„ as 
V 2м? 
gis gp cO ——. (8.72) 
I; JOL» + Zioap 


The first term on the right side of (8.72) represents the reactance of the primary. The second term 15 


a result of the mutual coupling and it is referred to as the reflected impedance. It is denoted as Zp, i.e., 


02M? 


= ———— (8.73) 
JOL» + Zioap 


2р 


From (8.73), we make two important observations: 


1. 


The reflected impedance Zp does not depend on the dot locations on the transformer. For 
instance, if either dot in the transformer of the previous page is placed on the opposite terminal, 
the sign of the mutual term changes from M to -М. But since Zp varies as M 2 its sign remains 


unchanged. 


. Let Z;igap = Rpoap * JXzoap- Then, we can rewrite (8.73) as 


2 2 


2 2 
D ЕНН e (8.74) 


LS om : 
5 JoL + Rroap+jXroan Колар t J(Xyoap + QL5) 


To express (8.74) as the sum of a real and an imaginary component, we multiply both numerator 
and denominator by the complex conjugate of the denominator. Then, 


2 2м? 
2 о2М Rioap E ФМ (Х,олр+®1,) (8.75) 


2 2 2 2 
Rioap + (Xioap + OL) Rroap + (Xioap + ®L2) 


The imaginary part of (8.75) represents the reflected reactance and we see that it is negative. That 
is, the reflected reactance is opposite to that of the net reactance Xzoap + ©L, of the secondary. 
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Therefore, if X, одр is a capacitive reactance whose magnitude is less than @L,, or if itis an induc- 
tive reactance, then the reflected reactance is capacitive. However, if X, одр is a capacitive reac- 
tance whose magnitude is greater than œL, , the reflected reactance is inductive. In the case where 
the magnitude of Х, одр is capacitive and equal to oL», the reflected reactance is zero and the 


transformer operates at resonant frequency. In this case, the reflected impedance is purely real 
since (8.75) reduces to 


2342 
ыш (8.76) 


Rioap 





Example 8.8 


In the transformer circuit of Figure 8.29, 2, represents the internal impedance of the voltage source 


















































Find: 
a. Zi, 
b. І, 
с. І, 
d. V, 
e. У, 
20 100 mH 
2% 
Vs . e + 
+ L; L, 
ы V, V, ZLoAD 
I 300 mH y 
А 200 mH| L, PORR 
о = 377 r/s 7540 
У = 12020° Zoho тш. 
Figure 8.29. Transformer for Example 8.8 
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Solution: 


a. From (8.72) 
V 242 

Z e MN dp qnc D ME Lu 
I, JOL» + Zioap 


and we must add 4, = 2 О to it. Therefore, for the transformer of this example, 


2442 
ОМ 2253254 142129 x 0.01 +2 


Jol V Z; oup j113.1 + 10 —j20 
3.62 + 60.31 = 60.42 286.56? © 


Zi 


in 


JoL,+ 


b. 
Vs 120 Z0° 
I, = 2L = 1.98/-86.56° А 
Z;, 00.42 286.56° О 
c By KVL 
-joMI, + (JoL, + Zroap) l, = 0 
or 
joM 137.7 74.88 /3.04° 
І, = ———_ 1, = —————————1.98/-86.56° = SES = 0.8 Z-80.83° A 
? jøL,+Zroap | j113.1+ 10—j20 93.64 783.87? 
d. 
V, = joL,I; -joMI, = 75.4 290° x 1.982—86.56? — 37.7 Z90? x 0.8 Z-80.83? 
= 149.29 23.04° — 30.15 79.17? = 149.08 + j7.92 – 30.15 —j4.8 = 118.971.5? V 
е. 


V5 = 2 оль: 15 = (10 —j20)0.8 Z-80.83° = 22.36 /—63.43° x 0.8 /—-80.83° = 17.89 Z-144.26°V 


8.9 The Ideal Transformer 


An ideal transformer is one in which the coefficient of coupling is almost unity, and both the primary 
and secondary inductive reactances are very large in comparison with the load impedances. The pri- 
mary and secondary coils have many turns wound around a laminated iron-core and are arranged so 
that the entire flux links all the turns of both coils. 


An important parameter of an ideal transformer is the turns ratio а which is defined as the ratio of 


the number of turns on the secondary, №, , to the number of turns of the primary N} , that is, 





8-28 Circuit Analysis П with MATLAB Applications 
Orchard Publications 





'The Ideal Transformer 





nr 
М, 


а (8.77) 
The flux produced in a winding of a transformer due to a current in that winding 15 proportional to 
the product of the current and the number of turns on the winding, Therefore, letting a be a con- 


stant of proportionality which depends on the physical properties of the transformer, for the primary 


and secondary windings we have: 
фуу = аму 
1 D (8.78) 
$2; = 91, 


The constant a is the same for the primary and secondary windings because we have assumed that 
the same flux links both coils and thus both flux paths аге identical. We recall from (8.8) and (8.14) 
that 


à; = № = [іу 





| (8.79) 
A, = N595) = Lji; 
Then, from (8.78) and (8.79) we get: 
N,o, = Lyi; = амі 
Pe Seto: = 11 
"M х (8.80) 
N595, = Lji = «№, 
Of 
L, = aN 
A (8.81) 
L, = aN, 
Therefore, 
L5. XN OY 
2 2 2 
cuve ра Е 8.82 
L, ЁЗ Á URS 
From (8.69), 
jo МІ 
homes Б. (8.83) 
GoL, + 2,0лр) 
Of 
I joM 
2 Шем __ (8.84) 
I; QoL, + Zoan) 
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and since jo L» » 4; одр (8.84) reduces to 





2 jeM _M (8.85) 
I jol, L, 
For the case of unity coupling, 
put ыз (8.86) 
1112 
Of 
M = JDL; (8.87) 


and by substitution of (8.87) into (8.85) we get: 








= += = |= (8.88) 
1 Lj Lj 
From (8.82) and (8.88), we obtain the important relation 
(8.89) 
Also, from (8.77) and (8.89), 
Ng, = Nol, (8.90) 











and this relation indicates that if N, < N} , the current I, is larger than T}. 


The primary and secondary voltages are also related to the turns ratio a. To find this relation, we 


define the secondary or load voltage V, as 
V, = Zioapl? (8.91) 


and the primary voltage V; across L} as 





Vi = Zug (8.92) 
From (8.72), 
V 2м 
о ы E. (8.93) 
I; ЈО, + Zioap 
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and for k = 1 
M^ = 11, 
Then, (8.93) becomes 
| o LL; 
Z;, = JoL +t — (8.94) 
JoL, + Zroap 
Next, from (8.82) 
2 
L, =a L; (8.95) 
Substitution of (8.95) into (8.94) yields 
oa L, 
Z,JjeL t — (8.96) 


joa Li+ Zrioap 


and if we let jo L, — ©, both terms on the right side of (8.96) become infinite and we get an indeter- 


minate result. To work around this problem, we combine these terms and we get: 


25222. 2: 222 Я 
ee -o aL, +јоГ,4;олр+® a Lj _ JOLiZioap 
HO Y UT AU umm LU MULT rem ee 
joa L; + Zroap joa L, + 2104р 
and as joL, > oo, 
ZLOAD 
NS =. (8.97) 
а 


Finally, substitution of (8.97) into (8.92) yields 


y, = 2000], (8.98) 
a 


and by division of (8.91) by (8.98) we get: 

















V Z I 
2 qa (8.99) 
1 (Zroap/4 yn 
Of 
Үз 
— = а (8.100) 
V 
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also, from the current and voltage relations of (8.88) and (8.99), 








VAL, = V, 








that 1s, the volt-amperes of the secondary and the primary are equal. 


An ideal transformer is represented by the network of Figure 8.30. 











1] А і 

: l:a 2 
" + 
v Га Lj v2 





Figure 8.30. Ideal transformer representation 


8.10 Impedance Matching 


(8.101) 


An ideal (iron-core) transformer can be used as an impedance level changing device. We recall from 
basic circuit theory that to achieve maximum power transfer, we must adjust the resistance of the 
load to make it equal to the resistance of the voltage source. But this is not always possible. A power 
amplifier for example, has an internal resistance of several thousand ohms. On the other hand, a 
speaker which is to be connected to the output of a power amplifier has a fixed resistance of just a 
few ohms. In this case, we can achieve maximum power transfer by inserting an iron-core trans- 
former between the output of the power amplifier and the input of the speaker as shown in Figure 


8.31 where N, < №, 








Power 











Amplifier 

















= 


Speaker 


Figure 6.31. Transformer used as impedance matching device 
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Let us suppose that in Figure 8.31 the amplifier internal impedance is 80000 Q and the impedance of 
the speaker is only 8 О. We can find the appropriate turns ratio N,/N, = a using (8.97), that is, 





Z 
Zin = x3 (8.102) 
Of 
а = 2 = Zioap = Ls = m = _1_ 
N 1 Z in 80000 10000 100 
Of 
М, 
= 100) (8.103) 
№ 


that is, the number of turns in the primary must Бе 100 times ће number of the turns in the second- 
агу. 


8.11 A Simplified Transformer Equivalent Circuit 


In analyzing networks containing ideal transformers, it is very convenient to replace the transformer 
by an equivalent circuit before the analysis. Consider the transformer circuit of Figure 8.32. 












































l:a 
25 
V 
S е . 4 
+ Lı L, 
ow ZLoAD 
V У, = 
I, I, Vioap 











From (8.97) 


The input impedance seen by the voltage source Vg in the circuit of Figure 8.32 is 


Pos 25+ з (8.104) 


In 


and thus the circuit of Figure 8.32 can be replaced with the simplified circuit shown in Figure 8.33. 
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Zs 











Vs 





V; = V,/a 




















Figure 6.33. Simplified circuit for the transformer of Figure 8.32 


The voltages and currents can now be found from the simple series circuit if Figure 8.33. 


8.12 Thevenin Equivalent Circuit 


Let us consider again the circuit of Figure 8.32. This time we want to find the Thevenin equivalent to 
the left of the secondary terminals and replace the primary by its Thevenin equivalent at points x and 


y as shown in Figure 8.34. 





l:a x 


s dl 
V 
S ° ° 3E 
+ Li L, 
5 ZLOAD 
V V = 
I, : " I, Vioap 
Lx 
y 


Figure 8.34. Circuit for the derivation of Thevenin's equivalent 












































If we open the circuit at points x and y as shown in Figure 8.34, we find the Thevenin voltage as 


Vig = Voc = Уу: Since the secondary is now an open circuit, we have I, = 0, апа also Гу = 0 


because I, = al. Since no voltage appears across Zo, V; = Vc and У„ = aV, = aV,. Then, 





Vin = Vae Y sav. (8.105) 











We will find the Thevenin impedance Z7; from the relation 
Zry = -= (8.106) 


The short circuit current Г; с is found from 
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I V/Z Vo «x 
Is =I, =-= = = = (8.107) 


& 


and by substitution into (8.106), 
aV 
Zh o us 
Ү/а2$ 





The Thevenin equivalent circuit with the load connected to it is shown in Figure 8.35. 




















x 
———À4 s pool 
aV T 
S У, = aV, 
+ 
СЭ ZLOAD 























x 


Figure 8.35. The Thevenin equivalent of the transformer circuit in Figure 8.34 


The circuit of Figure 8.35 was derived with the assumption that the dots are placed as shown in Fig- 
ure 8.34. If either dot is reversed, we simply replace a by -а. 


Example 8.9 
For the circuit of Figure 8.36, find V,. 


Solution: 


We will replace the given circuit with its Thevenin equivalent. First, we observe that the dot in the 
secondary has been reversed, and therefore we will replace а by -a. The Thevenin equivalent is 


—l ig. —1, 












































МУМУ 
10 Q 
v | 
5 + 
+ 
@ (D Lı 1, У, |60+ј80 0 
= 0.01 V, = 
670? V . 
Figure 6.36. Circuit for Example 8.9 
* Since V, = 0 and V,/V, = a or aV, = V, it follows that V, = 0 also. 
Circuit Analysis П with MATLAB Applications 8-35 


Orchard Publications 


Chapter 8 Self and Mutual Inductances - Transformers 





obtained by multiplying У; and the dependent source by -/0 and the /0 О resistor by 


(-ay? = 100. With these modifications we obtain the circuit of Figure 8.37. 

















=e 
E—NNNN 
1 КО 
+ 
+ 
L (у 60 + j80 О! V, 
-0.001 V, = 
-80Z09 V 














Figure 8.37. The Thevenin equivalent of the circuit of Example 8.9 
Now, by application of KCL 





V, - (-80 20°) 


3 У, 
E —(-10 V)« 


=) 
60 + j80 
NG cts. ЧОО ЧОРУ... 50 
105 10° 10000 107 
2V,+(6-j8)V, = -80 
8(1—/1)У„ = 80180° 


(/22-459)V, = 102180° 
or 


V, = 10 zoss IAS 


J2 
Other equivalent circuits can be developed from the equations of the primary and secondary voltages 
and currents. 
Consider, for example the linear transformer circuit of Figure 8.38. 


From (8.30), the primary and secondary voltages and currents are: 





А di, gee 
Epochen DU IE 
. (8.108) 
di, di, 
v, = M—+L,— 
: dt ?dt 
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ij 12 
" + 











Figure 8.38. Linear transformer 


and these equations are satisfied by the equivalent circuit shown in Figure 8.39. 














Figure 8.39. Network satisfying the expressions of (8.108) 
If we rearrange the equations of (8.108) as 











di, di, di, 
v; = (Lj - M)— +м(—! + 2 
dt dt dt 
; (8.109) 
ou( 23) КӨНЕ" di, 
V5 = di + E + ( 25 ) dt 
these equations are satisfied by the circuit of Figure 8.40. 
— i — ly 
co f YS Y xs 
+ L,-M L,—-M + 
VI M V5 
Figure 6.40. Network satisfying the expressions of (8.109) 
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8.13 Summary 


Inductance is associated with the magnetic field which is always present when there is an electric 
current. 


The magnetic field loops are circular in form and are called lines of magnetic flux. 
The magnetic flux is denoted as ф and the unit of magnetic flux is the weber (Wb). 


If there are N turns and we assume that the flux @ passes through each turn, the total flux 
denoted as A is called flux linkage. Then, 
= No 


А linear inductor one in which the flux linkage is proportional to the current through it, that is, 
à = Li 
where the constant of proportionality L is called inductance in webers per ampere. 
Faraday’s law of electromagnetic induction states that 
dX 
v= — 
dt 


Lenz's law states that whenever there is a change in the amount of magnetic flux linking an electric 
circuit, an induced voltage of value directly proportional to the time rate of change of flux linkages 
is set up tending to produce a current in such a direction as to oppose the change in flux. 


A linear transformer is a four-terminal device in which the voltages and currents in the primary 
coils are linearly related. 


In a linear transformer, when there is no current in the secondary winding the voltages are 


di, di, 


if ij £0 and i, = 0 
In a linear transformer, when there is no current in the primary winding, the voltages are 
di di 
2 2 
— and у; = М, 
dt Е 
if ij 20 and i,20 


In a linear transformer, when there is a current in both the primary and secondary windings, the 
voltages are 
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di, di, 
VI = ет ы 
V2 = Hr + 2j: 
e The voltage terms 
di, di, 
br and T 
are referred to as self-induced voltages. 
e The voltage terms 
1] ly 
M and Nn 


are referred to as mutual voltages. 


e The polarity of the mutual voltages is denoted by the dot convention. If a current i entering the 
dotted (undotted) terminal of one coil induces a voltage across the other coil with positive polarity 
at the dotted (undotted) terminal of the other coil, the mutual voltage term has a positive sign. If a 
current і entering the undotted (dotted) terminal of one coil induces a voltage across the other coil 
with positive polarity at the dotted (undotted) terminal of the other coil, the mutual voltage term 
has a negative sign. 


e If the polarity (dot) markings are not given, they can be established by using the right-hand rule 
which states that if the fingers of the right hand encircle a winding in the direction of the current, 
the thumb indicates the direction of the flux. Thus, in an ideal transformer with primary and sec- 
ondary windings L, апа L, and currents i, and i, respectively, we place a dot at the upper end of 


L, and assume that the current i, enters the top end thereby producing a flux in the clockwise 
direction. Next, we want the current in L, to enter the end which will produce a flux in the same 


direction, in this case, clockwise. 


e The energy stored in a pair of mutually coupled inductors is given by 


T2 Loy 
W| Sg EMI Lots 


to 2 2 


where the sign of M is positive if both currents enter the dotted (or undotted) terminals, and it is 
negative if one current enters the dotted (or undotted) terminal while the other enters the undotted 
(or dotted) terminal. 


e ‘The ratio 
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is known as the coefficient of coupling and k provides a measure of the proximity of the primary 
and secondary coils. If the coils are far apart, we say that they are loose-coupled, and k has a small 
value, typically between 0.01 and 0.1. For close-coupled circuits, k has a value of about 0.5. 
Power transformers have a k between 0.90 and 0.95. The value of К is exactly unity only when 
the two coils are coalesced into a single coil. 


e Ifthe secondary of a linear transformer is referenced to a DC voltage source Vo, it is said that the 


secondary has DC isolation. 


e Ina linear transformer, the load impedance of the secondary can be reflected into the primary can 
be reflected into the primary using the relation 


= 02M f 


2р = = 
JoL, + Zroap 


where Zp is referred to as the reflected impedance. 


e An ideal transformer is one in which the coefficient of coupling is almost unity, and both the pri- 
mary and secondary inductive reactances are very large in comparison with the load impedances. 
The primary and secondary coils have many turns wound around a laminated iron-core and are 
arranged so that the entire flux links all the turns of both coils. 


• In an ideal transformer number of turns on the primary №, and the number of turns on the sec- 


ondary №, are related to the primary and secondary currents Г, and Г, respectively as 
NU, = №, 
e Animportant parameter of an ideal transformer is the turns ratio а which is defined as the ratio of 
the number of turns on the secondary, N, , to the number of turns of the primary N}, that is, 
ыз 
М, 


а 


e In ап ideal transformer the turns ratio a relates the primary and secondary currents as 


e [n an ideal transformer the turns ratio a relates the primary and secondary voltages as 


V2 


к= эж] 
V 
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e [n an ideal transformer the volt-amperes of the primary and the secondary are equal, that is, 
vob Чар 


e An ideal transformer can be used as an impedance matching device by specifying the appropriate 
turns ratio N5/N, = a. Then, 


e In analyzing networks containing ideal transformers, it is very convenient to replace the trans- 
former by an equivalent circuit before the analysis. One method is presented in Section 8.11. 


e An ideal transformer can be replaced by a Thevenin equivalent as discussed in Section 8.12. 
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8.14 Exercises 


1. For the transformer of Figure 8.41, find v, for t» 0. 


М =1Н 














i = 4ug(t) А 











Figure 8.41. Circuit for Exercise 1 


2. For the transformer circuit of Figure 8.42, find the phasor currents J, and I. 


m uli 
E 20 
Pa jio j8 0 
10Z0° V I L, = -j10 Q 


Figure 8.42. Circuit for Exercise 2 

















3. For the network of Figure 8.43, find the transfer function G(s) = Уорт(5)/ Уру(5). 


ag JOH 
ИШИ И EH 108 


© 1H 3 (0з Н 
Vin (5) К 
ү: їн 1.98 Vour(s) 



































Figure 8.43. Circuit for Exercise 3 
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4. For the transformer of Figure 8.44, find the average power delivered to the 4 О resistor. 











AAN/N 
80 
20 
L— —NNNN 1:2 





0 


© 3E ge 


Vs = 4cos3t V 








Figure 8.44. Circuit for Exercise 4 


5. Replace the transformer of Figure 8.45 by a Thevenin equivalent and then compute V,, V^, I, 



































and Г, 
Lp / TE 
: 2330 1% á 
Toe + 
+ | 
дә V, У, 100-j75 © 
12 Z0° Е . – 




















Figure 8.45. Circuit for Exercise 5 


6. For the circuit of Figure 8.46, compute the turns ratio a so that maximum power will be delivered 
to the /0 КО resistor. 





(2) 10 КО 


Figure 8.46. Circuit for Exercise 6 
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8.15 Solutions to Exercises 














1. 
M=1H мен 
Y N Y x 
WW 
А А % 20 + 
: L L + CL 
(D $20 1 С Е ТЕР ~) | L, Ж” 
1H 2H zy ee 1H 2H 
i = 4ug(t) A | p vıy = 8ug(t) V 




















Application of KVL in the primary yields 


, di, 
сот = 8ug(t) 
di, 
ез, Дый. і> 0 (1) 


2 


The total solution of i, is the sum of the forced component іу, and the natural response i}, , i.e. 
t= deti, 
From (1) we find that i if = 8/2 = 4 and ѓу, is found from the characteristic equation s+ 2 = 0 


from which s = —2 and thus іу, = Ae. Then, 
i, 2 4«Ae 7 (2) 


Since we аге not told otherwise, we will assume that i 10) = 0 апа from (2) 0 = 4 +Ае° ог 
А = —4 and by substitution into (2) 


i, = 4(1-4e 7) 


The voltage v, is found from 





di, di, 
У = PEST TE 
and since i, = 0, 
di 
J^ - П E 
у = 1 = 3i 4e )| = 8е V 
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2. 
336 M=j1Q 
М 
ү 20 
pio jio j8Q 
10Z0° V I; I, == -j10 O 
The mesh equations for primary and secondary are: 
(1+j1)1,-jl1, = 1020° 
—jl1,+(2-j2)1, = 0 
By Сгатег? rule, 
LS D,/A I, = D,/A 
where 
ace. (OGD. <i | es 
| jl (2-j2) 
р, = 1020 - | = 201-9) 
0 (2-j2) 
р, = (1+]1) 10Z0° = j10 
| jl 0 
Thus, 
1, = с = 4(1-)) = 4,/2/-45° А 
110 Е о 
= = j2 = 2290 A 
Check with MATLAB: 
Z=[1+j -j; -j 2-2j]; V=[10 0]; I=Z\V; 
fprintf(magl1 = %5.2f A \t', abs(I(1))); fprintf(phaselt1 = %5.2f deg ',angle(I(1))*180/pi);... 
fprintf(' \n’);... 
fprintf(magl2 = %5.2f A \ї, abs(I(2))); fprintfphasel2 = %5.2f deg ',angle(1(2))*180/pi);... 
fprintf( \n') 
magIl = 5.66 A рһаѕеїІ1 = -45.00 deg 
magI2 = 2.00 A рһаѕе12 = 90.00 deg 
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3. 

















Vin Cs) d 

















We will find Vou; (s) from Voyr(s) = (1 O)I;. The three mesh equations in matrix form are: 


(5+1) —0.,55 -0.5s 1 
—0.5s (s 1) -0.5s | = |0| : Viu ($) 
-0.5s —0.5s (5+ 1) 0 


We will use MATLAB to find the determinant A of the 3x 3 mattix. 


syms s 
аеќа= [5+1 —0.5*s -0.5*s; -0.5*s 5+1 -0.5*s; -0.5*s -0.5*s 5+1]; det delta- det(delta) 


det delta = 
9/4*5^2+3*5+1 





а3= [5+1 -0.5*s -0.5*s; -0.5*s 5+1 –0.5*5; 1 0 0]; det d3-det(d3) 
det d3 = 
3/4*8^241/2*s 
13=аеї d3/det delta 
I3 = 
(3/4*8^241/2*8)/(9/4*sg^2*43*841) 
simplify (I3) 
ans = 
5/(3*5+2) 
Therefore, 

Vour(s) = 1-13: Vn (s) = s/(35 + 2). Vin (5) 
and 

G(s) = Vour(s)/Vin(s) = 5/(35 +2) 
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AAA 
80 
20 а = 
Vv 122 A 
p (5 
©) о 
А. 
= V; У, 
470? 
lo 











For this exercise, Pive 49 = lua) 4 and thus we need to find Ij 9. 


At Node A, 
У 0-420° | : 
4 8 2 
3V 
2 1 
= == [уш ea Gl 
8 2 2 (1) 


From the primary circuit, 
21,+V,=4 (2 


Since I,/I, = 1/a, V/V, = a, and a = 2,itfollows that = 21, and V; = V,/2. By substi- 


tution into (2) we get 


V) 
41,+ = = 4 
2 
2 
I,+ = = 1 (9 
Addition of (1) and (3) yields 
3V, V 
ak re eee g 
8 8 
from which V, = 3. Then, 
ысы UN. 
9423 
апі 
I3 VINE 
ave4Q ^ 244 ug W 





Circuit Analysis П with MATLAB Applications 8-47 


Orchard Publications 


Chapter 8 Self and Mutual Inductances - Transformers 































































































5. 

ONES Ple 

Bye 1:5 | 

L Vs +. + 
S) y, у, 100-j75 О 
1270? 7 Ы 

b^ 

Because the dot on the secondary is at the lower end, a = —5. Then, 


aV, = -5x 12Z0° = -6020° = 607180? 
a?Z, = 25(2+]3) = 50+]75 = 90.14256.31° Q 


Zioap = 100-j75 = 1252-36.87° Q 





























aV o o 
s s. 602180 602180? _ 2 jg. 
а?7„+7 оь 20+/75 + 100575 150 5 
апа 
У, = 2голр `1 = 125 Z-36.87° x 22180° = 502143.13° V 
6. 
E— NANNY l:a 
40 
127209 V 
From (8.102) 
£ = 204 
а 
Then, 
a2 = 21040 _ 10000 _ 2500 
Zin 4 
Of 
а = 50 
8-46 
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One- and Two-port Networks 





his chapter begins with the general principles of one and two-port networks. The z, y, h, and 
g parameters are defined. Several examples are presented to illustrate their use. It concludes 
with a discussion on reciprocal and symmetrical networks. 


9.1 Introduction and Definitions 


Generally, a network has two pairs of terminals; one pair is denoted as the input terminals, and the 
other as the output terminals. Such networks are very useful in the design of electronic systems, trans- 
mission and distribution systems, automatic control systems, communications systems, and others 
where electric energy ог a signal enters the input terminals, it is modified by the network, and it exits 
through the output terminals. 


A port is a pair of terminals in a network at which electric energy or a signal may enter or leave the 
netwotk. A network that has only one pair a terminals is called a one-port network. In an one-port 
network, the current that enters one terminal must exit the network through the other terminal. 


Thus, in Figure 9.1, і, = i 


out 














Figure 9.1. One-port network 


Figures 9.2 and 9.3 show two examples of practical one-port networks. 





+ МАУ 
201, ae | 
109 40 tolr 
WER, 
-18o 

















Figure 9.2. An example of an one-port network 
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Figure 9.3. Another example of an one-port network 


A two-port network has two pairs of terminals, that is, four terminals as shown in Figure 9.4 where 


i; = i; andi, = i, 

















Figure 9.4. Two-port network 


9.2 One-port Driving-point and Transfer Admittances 


Let us consider an n — port network and write the mesh equations for this network in terms of the 
impedances Z. We assume that the subscript of each current corresponds to the loop number and 


KVL is applied so that the sign of each Z, is positive. The sign of any Z;; for i#j can be positive or 
negative depending on the reference directions of i; and i;. 


Ziji + 21215 + 21313 + ... +Zinin = у 


Zy 4, + Z55l5 + Zo313 + ... + Zonin = V2 





(9.1) 
Zali t£ + Zp3i3 +з + Lagly = Vn 
In (9.1) each current can be found by Cramer's rule. For instance, the current i, is found by 
D, 

i = — 9.2 

LE (9.2) 
where 
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AD ES Za cA (9.3) 





Di = |V; A Z3; oa Zan (9.4) 








Next, we recall that the value of the determinant of a matrix A is the sum of the products obtained by 


2 А А ж i у 3 

multiplying each element of any row or column by its cofactor . The cofactor, with the proper sign, is 
the matrix that remains when both the row and the column containing the element are eliminated. 
The sign is plus (+) when the sum of the subscripts is even, and it is minus (-) when it is odd. Mathe- 


matically, if the cofactor of the element a,, is denoted as A,,, then 


Aj, = CI 'M,, (9.5) 


where M m is the minor of the element a ae We recall also that the minor is the cofactor without a 


sign. 

Example 9.1 

Compute the determinant of A from the elements of the first row and their cofactors given that 
-3 


i; 2 
A=]|2 -4 
2 


Solution: 





deed ^ue 2 ар ао EE = 0 
2 -6 1-6 |-1 2 





* A detailed discussion on cofactors is included in Appendix C. 
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Using the cofactor concept, and denoting the cofactor of the element aj; 

















as С.., we find that the 





ij? 
cofactors of 2, Z, and Z,, of (9.1) are respectively, 
Z3) £273 +++ Zon 
C, = |32 233 3n (9.6) 
Zu? 213 Zan 
Zar £53 + Zon 
Cp =- Z31 Z33 +++ Z3n (9.7) 
Zi 23 Znan! 
2р 2з. Zin 
C =- 232 Z33 ++» Z3n (9.8) 
Z2 23 Zan! 
Therefore, we can express (9.2) as 
Е D, = Сиу! x Ел; MOREM ed Civ, (9.9) 
^ ^ ^ ^ А 
Also, 
ET D, - Суу | C22V2 uM m Civ, (9.10) 
А А А А А 
and the other currents i;, i4, and so on сап be written in similar forms. 
In network theory the y;; parameters ate defined as 
Ci С» C5; 
= LI же ot 9.11 
Уп a MP A У13 А ( ) 
Likewise, 
С C» C32 
У = “A Уз = А Уз = ws (9.12) 
and so on. By substitution of the y parameters into (9.9) and (9.10) we get: 
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ij = урур +Уру + Y13V3 +... БУУ (9.13) 
i, = узур + Ууу + Y23V3 +... + Y2pVn (9.14) 
If the subscripts of the у -parameters are alike, such as ууу, уз; and so on, they are referred to as driv- 


ing-point admittances. If they are unlike, such as уу), ууу and so on, they are referred to as transfer 


admittances. 


If a network consists of only two loops such as in Figure 9.5, 


R; К; 














Figure 9.5. Two loop network 
the equations of (9.13) and (9.14) will have only two terms each, that is, 


Icy Vt Vig" (9.15) 

і, = узуу + Y22V2 (9.16) 

From Figure 9.5 we observe that there is only one voltage source, v, ; there is no voltage source in 
Loop 2 and thus у, = 0. Then, (9.15) and (9.16) reduce to 

ij = y] (9.17) 

i, = у, (9.18) 


Relation (9.17) reveals that the driving-point admittance ууу is the ratio i;/v,. That is, the driving- 


point admittance, as defined by (9.17), is the admittance seen by a voltage source that is present in the 
respective loop, in this case, Loop 1. Stated in other words, the driving-point admittance is the ratio of 
the current in a given loop to the voltage source in that loop when there are no voltage sources in any other 
loops of the network. 


Transfer admittance is the ratio of the current in some other loop to the driving voltage source, in this 
case уу. As indicated in (9.18), the transfer admittance y», is the ratio of the current in Loop 2 to the 


voltage source in Loop 1. 
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Example 9.2 


For the circuit of Figure 9.6, find the driving-point and transfer admittances and the current through 
each resistor. 


R; R; 
4Q 120 
Vj 
(+) R, 2 6Q 
24V 











Figure 9.6. Circuit for Example 9.2 
Solution: 


We assign currents as shown in Figure 9.7. 














Figure 9.7. Loop equations for the circuit of Example 9.2 


The loop equations are 





10i, —6i, = 24 
| (9.19) 
—6i,+ 181, = 0 
The driving-point admittance is found from (9.11), that is, 
Ci 
ci 9.20 
Jn А ( ) 
and the transfer admittance from (9.12), that is, 
C 
Valss = (9.21) 
For this example, 
9-6 Circuit Analysis П with MATLAB Applications 


Orchard Publications 





One-port Driving-point and Transfer Impedances 





А = E 1 = 180—36 = 144 (9.22) 
-6 18 


The cofactor C;, is obtained by inspection from the matrix of (9.22), that is, eliminating the first row 
and first column we are left with 18 and thus C,, = 18. Similarly, the cofactor С,» is found by elim- 


inating the first row and second column and changing the sign of -6. Then, Cj, = 6. By substitution 
into (9.20) and (9.21), we obtain 


Су 18 1 
= -— = —— Z — 2 
Уп А 144 8 (9:23) 
and 
С 6 1 
= -6 -4 24 
Ул = A A 24 (A 


Then, by substitution into (9.17) and (9.18) we get 


ip =y = 104 = ЗА (9.25) 
ip = Улу = X24 = ТА (9.26) 


Finally, the we observe that the current through the 4 © resistor is 3 A, through the 12 Q is 7 A 
and through the 6 О is i; - i, = 3-1 = 2A 


Of course, there аге other simpler methods of computing these currents. However, the intent here 
was to illustrate how the driving-point and transfer admittances are applied. These allow easy compu- 
tation for complicated network problems. 


9.5 One-port Driving-point and Transfer Impedances 


Now, let us consider an n — port network and write the nodal equations for this network in terms of 
the admittances Y. We assume that the subscript of each current corresponds to the loop number 


and KVL is applied so that the sign of each Y, is positive. The sign of any Y;; for i£ сап be posi- 


tive or negative depending on the reference polarities of v; and v;. 





Үнү, + Yiv + ҮҮ, +... +Y, Yn = i 
Yavi + Yoav + Ү»у,+... + Yo Vn = do (9.27) 
Yi t Yn2V2 + ҮһзУз +... + Y, = d, 
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In (9.27), each voltage can be found by Cramer's rule. For instance, the voltage уу is found by 














D, 
y; = — 9.28 
= = (9.28) 
where 
Y;; Yn Үз Yi, 
Yo; Үә Үз 2n 
Ал: a Жы Y (9.29) 
[Yni Y,» Үз Y, 
V; Yi Үз Yin 
V) Y» Үз Үз 
DES V gu (9.30) 
ү» Y,» Үз Yun 
As in the previous section, we find that the nodal equations of (9.27) can be expressed as 
y, = zglq + Zplotzjlgt.e tz, (9.31) 
Va = Zzjij + 2222 + ©2313 +... + Zo4l, (9.32) 
Уз = зї + 23212 + 23313 +... tia, (9.33) 
and so on, where 
Су С» C5; 
41 = UA £12 = SAT SBS оу (9.34) 
C; Cy C5; 
£2) = EN £22 = TAS £23 = a see (9.35) 
Сз C» Сз» 
23, = — Zp = — 233 — ae 9.36 
31 А 32 А 33 А ( ) 
and so on. The matrices С ij represent the cofactors as in the previous section. 
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The coefficients of (9.31), (9.32), and (9.33) with like subscripts are referred to as driving-point imped- 
ances. Thus, z;;, 25) and so on, are driving-point impedances. The remaining coefficients with unlike 


subscripts, such as z;5, Z2; and so on, are called transfer impedances. 
To understand the meaning of the driving-point and transfer impedances, we examine the network of 
Figure 9.8 where 0 is the reference node and nodes / and 2 are independent nodes. The driving 


point impedance is the ratio of the voltage across the nodes 7 and 0 to the current that flows 
through the branch between these nodes. In other words, 


4p т (9.37) 














Figure 9.8. Circuit to illustrate the definitions of driving-point and transfer impedances. 


The transfer impedance between nodes 2 and / is the ratio of the voltage v, to the current at node 


1 when there are no other current (or voltage) sources in the network. 'That is, 


== (9.38) 


Example 9.3 


For the network of Figure 9.9, compute the driving-point and transfer impedances and the voltages 
across each conductance in terms of the current source. 





ij 


(| 10 Q” 


197 1€ 








Figure 9.9. Network for Example 9.3. 
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Solution: 


We assign nodes 0, J, 2, and 3 as shown in Figure 9.10. 














Vo 0 
Figure 9.10. Node assignment for network of Example 9.3 


The nodal equations ate 





10v, *2(vj-vj) t1(v;-v) = ij 
2(v;-vj) + 1(v;-vj) + 1v = 0 (9.39) 
I(vj-vj) c 1(v;-v) + 1v, = 
Simplifying and rearranging we get: 
—2v,+4v,-1; = 0 (9.40) 
—yj-V5t3v, = 
The driving-point impedance z,, is found from (9.34), that is, 
Ci; 
= 9.41 
ЕГ (9.41) 
and the transfer impedances z,, апа z;, from (9.35) and (9.36), that is, 
Ci 
= este 9.42 
NEC (9.42) 
Ci 
= 2 9.43 
a=- (9.43) 
For this example, 
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13 -2-1 
A224 . = 156-2-2-4-13-12 = 123 (9.44) 
-1-1 3 
The cofactor C}; is 
C, =]4 -I| = 12—-1= 11 9.45 
iE = coLecu o (9.45) 
-] 3 


Similarly, the cofactors Су and С}; are 


C, = E 2 Eheu (9.46) 
NAE 
and 
C, = lr ‘ =2+4=6 (9.47) 


By substitution into (9.41), (9.42), and (9.43), we obtain 


С 11 
== SS 4 
© СОС 7 123 (PAB) 
Ciz 7 
= — = — 4 
а тз (29) 
À Суз _ 6 
ty = 20 = 28. (9.50) 


Then, by substitution into (9.31), (9.32), and (9.33) we get: 


i Д 1l. 

Ур = 2111 + 212 + 9131; = 123 (9.51) 
р : Я ГТ 

V2 = 2211] + 2212 + 22313 = 123 (9.52) 
| | | 6 . 

V3 = 23111 + ©3212 + ©3313 = 123! (9.53) 


Of course, there are other simpler methods of computing these voltages. However, the intent here 
was to illustrate how the driving-point and transfer impedances are applied. These allow easy compu- 
tation for complicated network problems. 
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9.4 Two-Port Networks 


Figure 9.11 shows a two-port network with external voltages and currents specified. 








+ lj Linear network а= 1, 
(Consists of linear m + 
vı А passive devices and D 


із | possibly dependent 
— ——— sources but no 
independent sources 











Figure 9.11. Two-port network 


Here, we assume that i, = i; and i; = i,. We also assume that i, and i, are obtained by the super- 


position of the currents produced by both v, and v;. 


Now, we will define the y, z, h, and g parameters. 
9.4.1 The y Parameters 


The two-port netwotk of Figure 9.11 can be described by the following set of equations. 
іу = Уруг t+ 12V2 (9.54) 
iz = Norv + Y22V2 (9.55) 
In two-port network theory, the y coefficients are referred to as the y parameters. 


Let us assume that v, is shorted, that is, v = 0. Then, (9.54) reduces to 


ij = yY] (9.56) 
ot 
i 
ун = 2 (9.57) 
Vi 


and y,, is referred to as the short circuit input admittance at the left port when the right port of Fig- 


ute 9.11 is short-circuited. 


Let us again consider (9.54), that is, 
ij = Уру t УУ; (9.58) 
This time we assume that уу is shorted, i.e., v; = 0. Then, (9.58) reduces to 


i, = уру, (9.59) 
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or 


ype (9.60) 


V3 


and y; is referred to as the short circuit transfer admittance when the left port of Figure 9.11 is short- 


circuited. It represents the transmission from the right to the left port. For instance, in amplifiers 
where the left port is considered to be the input port and the right to be the output, the parameter 
yj? tepresents the internal feedback inside the network. 


Similar expressions are obtained when we consider the equation for i», that is, 
iz = Уу + Y22V2 (9.61) 


In an amplifier, the parameter y,, is also referred to as the short circuit transfer admittance and rep- 


resents transmission from the left (input) port to the right (output) port. It is a measure of the so- 
called forward gain. 


The parameter y», is called the short circuit output admittance. 


The y parameters and the conditions under which they are computed are shown in Figures 9.12 


through 9.16. 











+ 
ДЕ] у 
‘3 i Y 


V= 











17 = gygy +Y122 
12 = УУ +У22У2 


Figure 9.12. The y parameters for v; #0 and v,#0 











— i; і 
(т | E v2=0 
13 — ly 

















Figure 9.13. Network for the definition of the у; parameter 
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v2 









































== iy 
vı=0 i ў € 
ЕЕЕ 1 
| 3 4 V5 


72 











у= 0 


Figure 9.16. Network for the definition of the y, parameter 


Example 9.4 


For the network of Figure 9.17, find the y parameters. 


Solution: 


a. The short circuit input admittance ууу is found from the network of Figure 9.18 where we have 


assumed that v, = / V and the resistances, for convenience, have been replaced with conduc- 


tances in mhos. 








10 





Figure 9.17. Network for Example 9.4 
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A NNNM 
lj 1 _1 1 
| 0.1.2 | 
| | 
E) ($029 | v2 =0 
= | | 
cd | 0.05.07") | 











L = = = = m 





Figure 9.18. Network for computing y; 


We observe that the 0.05 Q” conductance is shorted out and thus the current i 1 is the sum of 
the currents through the 0.2 Q” and 0.1 О! conductances. Then, 


i, = 0.2v,+0.1v, = 02х1+01х1 = 03А 
and thus the short circuit input admittance is 
ун = б/у = 0.3/1 = 0.3 Q” (9.62) 


b. The short circuit transfer admittance уу when the left port is short-circuited, is found from the 


network of Figure 9.19. 








у= ІУ 

















Figure 9.19. Network for computing y; 
We observe that the 0.2 Q” conductance is shorted out and thus the 0.7 ОГ! conductance is in 
parallel with the 0.05 Q” conductance. The current i 1 › With a minus (—) sign, now flows through 
the 0.1 Q ! conductance. Then, 
i, = -01v 2 -0.1x1 = -01А 


and 


yp = iv, = —01/1 = -01 Q” (9.63) 
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c. The short circuit transfer admittance y,, when the right port is short-circuited, is found from the 











netwotk of Figure 9.20. 
| AAA === 
| 0.1 Q” | É 
1 l 
| 1 
—1 
+ ($020 v,20 

| E 

v =1V | 0.05 О | 











L = 2 = - = 





Figure 9.20. Network for computing y», 


=i | -1 M 
We observe that the 0.05 О ^ conductance is shorted out and thus the 0.7 €) conductance is in 


parallel with the 0.2 ОГ! conductance. The current i 2, With a minus (—) sign, now flows through 


the 0.1 О conductance. Then, 
ij = -0.1у;=-0.1х1 = -01 A 


and 
yg = iv, = 01/1 = -01 Q7 (9.64) 


d. The short circuit output admittance y,, at the right port when the left port is short-circuited, is 
found from the network of 9.21. 














| NN =a 
| 0.1 Q 2 
=f | + 
en (2020 | 
| | = 
| -1 | 
| 0.05 О | mcn 











Figure 9.21. Network for computing y», 


-1 А A : 
We observe that the 0.2 О — conductance is shorted out and thus the current i, is the is the sum 


of the currents through the 0.05 Q 7 and 0.1 Q” conductances. Then, 


i, = 0.05v,+ 0.10) = 0.05х1+01х1 = 0.15 А 
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and 
yj = ij/v = 0.15/1 = 0.15 Q” (9.65) 
Therefore, the two-port network of Figure 9.10 can be described by the following set of equations. 


ij = yg v, t уру = 03v, – 0.1, 


i> = умур + Y29V2 = —O.1v, + 0.3v, (9.66) 
Note: 
In Example 9.4, we found that the short circuit transfer admittances are equal, that is, 
Yo) = ур = —0.1 (9.67) 


This is not just a coincidence; this is true whenever a two-port network is reciprocal (or bilateral). A 
network is reciprocal if the reciprocity theorem is satisfied. This theorem states that: 


If a voltage applied in one branch of a linear, two-port passive network produces a certain current in any 
other branch of this network, the same voltage applied in the second branch will produce the same current 
in the first branch. 


The reverse is also true, that is, if current applied at one node produces a certain voltage at another, 
the same current at the second node will produce the same voltage at the first. An example is given at 
the end of this chapter. 


Obviously, if we know that the two-port network is reciprocal, only three computations are required 
to find the y parameters. 


If in a reciprocal two-port network its ports can be interchanged without affecting the terminal volt- 
ages and currents, the network is said to be also symmetric. In a symmetric two-port network, 


Y — XH 
Уз = Ym 


(9.68) 


The network of Figure 9.17 is not symmetric since уз £ ууу 


We will present examples of reciprocal and symmetric two-port networks at the last section of this 
chapter. 


The following example illustrates the applicability of two-port network analysis in more complicated 
networks. 


Example 9.5 


For the network of Figure 9.22, compute уу, v5, i}, and i,. 
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ij 12 

AANN 

+ + 
100 

109 | | 

(D Vi V2 40 
| 5Q 200 | 
15A i | t 





Figure 9.22. Network for Example 9.5 


Solution: 


We recognize the portion of the network enclosed in the dotted square, shown in Figure 9.23, as that 
of the previous example. 














M 

e 

О 
SF 


15A 

















Figure 9.23. Portion of the network for which the y parameters are known. 


For the network of Figure 9.23, at Node 1, 
i, = 15-v,/10 (9.69) 
and at Node 2, 
i, = -v,/4 (9.70) 
By substitution of (9.69) and (9.70) into (9.66), we get: 


i; = yg v, * урруә = 03v; -O.]Iv, = 15-v,/10 





; (9.71) 
ij, = узу + Ууру = —0.lv; +0.3v, = —v,/4 
Of 
0.4v, — O.1v, = 15 
(9.72) 
-0.1vj + 0.4v, = 0 
We will use MATLAB to solve the equations of (9.72) to become mote familiar with it. 
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syms v1 v2; [v1 v2]-solve(0.4*v1—0.1*v2-15, —0.1*v1+0.4*v2) 


vl = 40 
v2 - 10 
and thus 
ур = 40V 
(9.73) 
Уу = 10Ү 
The currents i, and i, are found from (9.69) and (9.70). 
ij = 15-40/10 = ПА 
(9.74) 


i, = 10/4 = -2.5 A 


9.4.2 The z parameters 


A two-port network such as that of Figure 9.24 can also be described by the following set of equa- 
tions. 











(ум " © 


п | __—_| = 1, 

















Уу = уі +1212 


V2 = Z27111 + 42212 


Figure 9.24. The z parameters for i; #0 and і, + 0 


y; = Zylj t різ (9.75) 
V2 = Z3jlj + 2212 (9.76) 


In two-port netwotk theory, the z;; coefficients are referred to as the z parameters or as open circuit 


impedance parameters. 


Let us assume that у, is open, that is, i; = 0 as shown in Figure 9.25. 





[== ———. 
(D Vi V2 15-0 














Figure 9.25. Network for the definition of the z,, parameter 
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Then, (9.75) reduces to 


























y, = £j (9.77) 
ог 
y 
Eel (9.78) 
! 
and this is the open circuit input impedance when the right port of Figure 9.25 is open. 
Let us again consider (9.75), that is, 
y; = zyljtzpjl) (9.79) 
This time we assume that the terminal at v} is open, i.e., i; = 0 as shown in Figure 9.26. 
+ + 
ij-0 Vj V5 (D. 
TEL IT = iy 
y 
42 = = 
2-0 
Figure 9.26. Network for the definition of the zı, parameter 
Then, (9.75) reduces to 
y, = Zpiz (9.80) 
ог 
y 
(E NE (9.81) 


!2 
and this is the open circuit transfer impedance when the left port is open as shown in Figure 9.26. 
Similar expressions are obtained when we consider the equation for v,, that is, 
V2 = 2211 + 2221) (9.82) 
Let us assume that v, is open, that is, i = 0 as shown in Figure 9.27. 
Then, (9.82) reduces to 
(9.83) 


V2 = ©2]1] 
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\ + + . 
(D vı V2 15-0 


ij = £ 














or 
22] = Коен (9.84) 


The parameter z5, is referred to as open circuit transfer impedance when the right port is open as 


shown in Figure 9.27. 


Finally, let us assume that the terminal at уу is open, i.e., і; = 0 as shown in Figure 9.28. 








+ + 

















Figure 9.28. Network for the definition of the z,, parameter 


Then, (9.82) reduces to 


V2 = 25], (9.85) 
or 
i 5 (9.86) 
12 


The parameter z») is called the open circuit output impedance. 


We observe that the z parameters definitions are similar to those of the y parameters if we substitute 
voltages for currents and currents for voltages. 


Example 9.6 


For the network of Figure 9.29, find the z parameters. 
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20€) 150 





Figure 9.29. Network for Example 9.6 


Solution: 


a. The open circuit input impedance z,, is found from the network of Figure 9.30 where we have 


assumed that i, = ТА. 























Figure 9.30. Network for computing z,, for the network of Figure 9.29 


We observe that the 20 О resistor is in parallel with the series combination of the 5 О and 15 Q 
resistors. Then, by the current division expression, the current through the 20 О. resistor is 0.5 A 
and the voltage across that resistor is 


v, = 20x0.5 = 10 V 
Therefore, the open circuit input impedance z,, is 
£55 M Des 10/1 = 100 (9.87) 
b. The open circuit transfer impedance z;; is found from the network of Figure 9.31. 


We observe that the /5 О resistance is in parallel with the series combination of the 5 О and 


20 © resistances. Then, the current through the 20 Q resistance is 


15 15 
n.o Uc шн ug 
200 7 75454202 40° _ 
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L = =, —— = — = 





Figure 9.31. Network for computing с for the network of Figure 9.29 


and the voltage across this resistor is 
3 60 


=х20 = — = 15/2 V 
8 8 


Therefore, the open circuit transfer impedance z;; is 

















qo us eue GSO (9.88) 
iy 1 
c. The open circuit transfer impedance z,, is found from the network of Figure 9.32. 
In Figure 9.32 the current that flows through the /5 Q resistor is 
| ae ee 
ina Foe sate aor п 
MIN 
+ 50 + 
О) vı 200 15 9 V2 i,=0 
Figure 9.32. Network for computing z>; for the network of Figure 9.29 
and the voltage across this resistor is 
›„= 2515 = 15/2V 
Therefore, the open circuit transfer impedance Zz; is 
pimus de шй (9.89) 
ij 1 
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We observe that 
£5; = 212 (9.90) 


d. The open circuit output impedance z», is found from the network of Figure 9.33. 








| A AA Ae 
£ 5Q m 
1 1 
І І 
у= 0 v 15 200 93 vj (D 
І І 
І І 











L бы а= = ae = 





Figure 9.33. Network for computing z», for the network of Figure 9.29 
We observe that the 15 О resistance is in parallel with the series combination of the 5 О and 
20 О resistances. Then, the current through the 15 О resistance is 


2045 25 
recen mas o c tee pk 
uso 7 30454152 7 407 4 


and the voltage across that resistor is 


2 х 15 = 75/8 V 
Therefore, the open circuit output impedance zz, is 


in = t= S - 75/8 Q (9.91) 


9.4.3 The h Parameters 


A two-pott network can also be described by the set of equations 
y; = hii t hiv (9.92) 
i, = hj, hav, (9.93) 
as shown in Figure 9.34. 


The h parameters represent an impedance, a voltage gain, a current gain, and an admittance. For this 
reason they are called hybrid (different) parameters. 


Let us assume that v, = 0 as shown in Figure 9.35. 
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1] 








Ф 




















Figure 9.34. The h parameters for i, #0 апау, +0 


























y5-0 


Figure 9.35. Network for the definition of the h,, parameter 


Then, (9.92) reduces to 


Let us assume that i; = 0 as shown in Figure 9.36. 


ij-0 


Then, (9.92) reduces to 


























(9.94) 


(9.95) 


Therefore, the parameter h,, represents the input impedance of a two-port network. 


v2 


Figure 9.36. Network for computing h,, for the network of Figure 9.34 


(9.96) 


(9.97) 
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Therefore, in a two-port network the parameter Лу, represents a voltage gain (or loss). 


Let us assume that v, = 0 as shown in Figure 9.37. 


+ eX 
; 4, VI ? |уу=0 


























Figure 9.37. Network for computing h^, for the network of Figure 9.34 


Then, (9.93) reduces to 


ij = hyi, 
Of 
i 
2 
ha = £ 
li 


Therefore, in a two-port network the parameter h,, represents a current gain (or loss). 


Finally, let us assume that the terminal at уу is open, i.e., і; = 0 as shown in Figure 9.38. 

















; SUD 
1=0 Vi Е (+) v? 











Figure 9.38. Network for computing h,, for the network of Figure 9.34 


Then, (9.93) reduces to 


in = ћу, 
ot 
i 
_ 12 
hy = = 
V2 


Therefore, in a two-port network the parameter h,, represents an output admittance. 


Example 9.7 


For the network of Figure 9.39, find the h parameters. 
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Figure 9.39. Network for Example 9.7 


Solution: 


a. The short circuit input impedance h,, is found from the network of Figure 9.40 where we have 


assumed that i, = ЈА. 














Figure 9.40. Network for computing h,, for the network of Figure 9.39 


From the network of Figure 9.40 we observe that the 4 О and 6 О resistors are in parallel yield- 
ing an equivalent resistance of 2.4 О in series with the 7 Q resistor. Then, the voltage across the 
current source is 

ур = 1х(1+2.4) =34V 


Therefore, the short circuit input impedance / у; is 


jose ME sue ш бы (9.98) 
ij 1 
b. The voltage gain Лу, is found from the network of Figure 9.41. 


Since no current flows through the / О resistor, the voltage v, is the voltage across the 4 О resis- 


tot. Then, by the voltage division expression, 





4 4 
VE pend sud 
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у= ІУ 





Figure 9.41. Network for computing hj for the network of Figure 9.39. 
Therefore, the voltage gain h; is the dimensionless number 


hy d = 04 = 04 (9.99) 
V5 1 
c. The current gain h,, is found from the network of Figure 9.42. 


We observe that the 4 О and 6 О resistors are in parallel yielding an equivalent resistance of 
2.4 О. Then, the voltage across the 2.4 О parallel combination is 





VW WAY 
+ 10 607 h 
(D vj 4Q v 20 











Figure 9.42. Network for computing h,, for the network of Figure 9.39. 


740 = 24х1 = 2.4 ү 
The current i, is the current through the 6 О resistor. Thus, 


ne E = 04А 


Therefore, the current gain h,, is the dimensionless number 


in _ -0.4 

h,,=2=—=-04 
21 i, 7 

We observe that 
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hy, = hy (9.100) 
and this is a consequence of the fact that the given network is reciprocal. 


d. The open circuit admittance h,, is found from the network of Figure 9.43. 





NWN WV 
i 10 Q ——5 


6 
i; =0 V] 40 


y;-21V 





Figure 9.43. Network for computing h,, for the network of Figure 9.39. 


Since no current flows through the 7 © resistor, the current i, is found by Ohm's law as 


V5 1 





i, = =+=014 
6+4 10 
Therefore, the open circuit admittance h,, is 
hy = 2 = 01 = ото! (9.101) 
V5 1 


Моге: 


The h parameters and the g parameters (to be discussed next), are used extensively in networks con- 


sisting of transistors , and feedback networks. The л parameters are best suited with series-parallel 


feedback networks, whereas the g parameters are preferred in parallel-series amplifiers. 


9.4.4 The g Parameters 

А two-port network can also be described by the set of equations 
ij = 87] + 8121; (9.102) 
V2 = 821V1 + 82212 (9.103) 


as shown in Figure 9.44. 





* Transistors are three-terminal devices. However, they can be represented as large-signal equivalent two-port net- 
works circuits and also as small-signal equivalent two-port networks where linearity can be applied. 
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Ө v» Di 
СТ žá | 


11 = 811 +81212 
y) = 821V1 + 82212 














Figure 9.44. The g parameters for v, #0 and i,#0 


The g parameters, also known as inverse hybrid parameters, represent an admittance, a current gain, 
a voltage gain and an impedance. 


Let us assume that i, = 0 as shown in Figure 9.45. 








jy + ; 
i 














Figure 9.45. Network for computing & у for the network of Figure 9.44 
Then, (9.102) reduces to 


ij = gj Vj (9.104) 
Of 
gua (9.105) 
VI 


Therefore, the parameter g,, represents the input admittance of a two-port network. 


Let us assume that v, = 0 as shown in Figure 9.46. 











= , F . 
ut 5 D^ 














Figure 9.46. Network for computing g, for the network of Figure 9.44 
Then, (9.102) reduces to 
i; = 821, (9.106) 
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Of 
Qm (9.107) 


Therefore, in a two-port network the parameter 6 у represents a current gain (or loss). 


Let us assume that i, = 0 as shown in Figure 9.47. 





"i + 3 
9 у; dc 
У 


y 

_ v2 
8л = 5 
1 

















1, = 0 
Figure 9.47. Network for computing 5, for the network of Figure 9.44 
Then, (9.103) reduces to 


Уз = 82i VI (9.108) 
Of 
y 
$e 1, (9.109) 


Therefore, in a two-port network the parameter g; represents а voltage gain (or loss). 


Finally, let us assume that v, is shorted, i.e., v; = 0 as shown in Figure 9.48. 





Ly + YN 
v;=0 у, (D 13 




















Figure 9.48. Network for computing 8 for the network of Figure 9.44 
Then, (9.103) reduces to 





V2 = 8221) (9.110) 
Of 
v 
82 = (9.111) 
12 
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Thus, in a two-port network the parameter 25, represents the output impedance of that network. 


Example 9.8 
For the network of Figure 9.49, find the g parameters. 


ууу A/NA/—— — — 
1€ 490 





129 





Figure 9.49. Network for Example 9.8 


Solution: 


a. The open circuit input admittance g}; is found from the network of Figure 9.50 where we have 


assumed that v, = 1 V. 











Figure 9.50. Network for computing g;; for the network of Figure 9.49. 


There is no current through the 4 О resistor and thus by Ohm’s law, 





VI 1 
- = А 
СУРУУ B 
Therefore, the open circuit input admittance g;, is 
i 1/13_ 1 1 
meom О 9.112 
иш: Va 


b. The current gain g; is found from the network of Figure 9.51. 


By the current division expression, the current through the 7 Q resistor is 


12 12 
pima pea icqmom 
u = слу? TT” _ 
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ъ= ІА 











Figure 9.51. Network for computing g, for the network of Figure 9.49. 


Therefore, the current gain g; is the dimensionless number 


Se eee m (9.113) 





у= ІУ 











Figure 9.52. Network for computing 5, for the network of Figure 9.49. 


Since there is no current through the 4 О resistor, the voltage v, is the voltage across the 12 Q 


resistor. Then, by the voltage division expression, 


12 
© 1+12 





xl = 12/13 V 


Therefore, the voltage gain 25, is the dimensionless number 
299: 12713. 12 
We observe that 


$21 = —812 (9.114) 


and this is a consequence of the fact that the given network is reciprocal. 


d. The short circuit output impedance g,, is found from the network of Figure 9.53. 





Circuit Analysis П with MATLAB Applications 9-33 
Orchard Publications 


Chapter 9 One- and Two-port Networks 








= ІА 











Figure 9.53. Network for computing g, for the network of Figure 9.49. 


The voltage v, is the sum of the voltages across the 4 Q resistor and the voltage across the /2 О 


resistor. By the current division expression, the current through the 12 О resistor is 


E s 1 
Ио y: 1592— 13^*1=143А (9.115) 
Then, 
уро = Lx - 12/13 V 
and 
v, = 244 = 64/13 V 
13 
Therefore, the short circuit output impedance g5; is 
iyo 2228 291140 (9.116) 
ij 1 
9.5 Reciprocal Two-Port Networks 
If any of the following relationships exist in a a two-port network, 
£5; = £p 
32r — y. 
2M (9.117) 
hy = hp 
£21 = 7812 


the network is said to be reciprocal. 


If, in addition to (9.117), any of the following relationship exists 
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£22 = £j 
У2 = Уџ 


(9.118) 
hyjhy, - о = 


| 
ы 


811822— 812821 = 1 
the network is said to be symmetric. 


Examples of reciprocal two-port networks are the tee, n, bridged (lattice), and bridged tee. 
These are shown in Figure 9.54. 


Examples of symmetric two-port networks are shown in Figure 9.55. 


Let us review the reciprocity theorem and its consequences before we present an example. This theo- 
rem states that: 


If a voltage applied in one branch of a linear, two-port passive network produces a certain current in any 
other branch of this network, the same voltage applied in the second branch will produce the same current 
in the first branch. 

| А | 


л E 











2 23 


























































































































24 
кык шр z 
2 7, 
Bridged 
MED 
Z, 
Bridged Tee 











Figure 9.54. Examples of reciprocal two-port networks 


The reverse is also true, that is, if current applied at one node produces a certain voltage at another, 
the same current at the second node will produce the same voltage at the first. 


It was also stated earlier that if we know that the two-port network is reciprocal, only three computa- 
tions are required to find the y, z, h, and g parameters as shown in (9.117). Furthermore, if we know 
that the two-port network is symmetric, we only need to make only two computations as shown in 


(9.118). 





Circuit Analysis II with MATLAB Applications 9-35 
Orchard Publications 


Chapter 9 One- and Two-port Networks 


















































2 | Zi 
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Z 6 Ў Bridged 
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| Bridged Tee 





Figure 9.55. Examples of symmetric two-port networks. 
Example 9.9 


In the two-port network of Figure 9.56, the voltage source у; connected at the left end of the net- 


work is set for 15 V, and all impedances are resistive with the values indicated. On the right side of 


the network is connected a DC ammeter denoted as A. Assume that the ammeter is ideal, that is, has 
no internal resistance. 


a. Compute the ammeter reading. 


b. Interchange the positions of the voltage source and recompute the ammeter reading. 



























































74 : 
| | у; = day 
7, 7, Z, = 300 
| Z, = 60 
Qu qu ues 
| Z,2100 








Figure 9.56. Network for Example 9.9. 


Solution: 


a. Perhaps the easiest method of solution is by nodal analysis since we only need to solve one equa- 
tion. 
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The given network is redrawn as shown in Figure 9.57. 















































| a | |: vg = 15V 
m -* due 4 Z = 300 

| Exe P Z,-2600 

б) Z (4) 2,2200 











10 Q 








М 
ll 





Figure 9.57. Network for solution of Example 9.9 by nodal analysis 


By KCL at node a, 


Vap 7 15 | Vap Vov = 0 
30 60 20 





Of 
by _ 15 
60 ?^ ~ 30 
Of 
у= 57У 


The current through the ammeter is the sum of the currents 17; and /,,. Thus, denoting the cur- 


rent through the ammeter as Г, we get: 


V 
І, = 1+1 2-40 = 248 = 0254150 = 175A (9.119) 
Z, Z, 20 10 


b. With the voltage source and ammeter positions interchanged, the network is as shown in Figure 
9.58. 
























































Z 
j | s у= 15\/ 
ыл УЕ Z,-300 
: | Z, = 602 
Zl 
O "m 69 2:% 
| Z,-100 











Figure 9.58. Network of Figure 9.57 with the voltage source and ammeter interchanged. 
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Applying KCL for the network of Figure 9.58, we get: 


Vois Mavs ша 
30 60 20 


0 


Of 
6 _ 15 
607% T 20 
Of 
ЕА 


The current through the ammeter this time is the sum of the currents Гу, and 174. Thus, denoting 


the current through the ammeter as Г, we get: 


V 
Lebal a2 Zo qi dos Y aoc 1254 (9.120) 


M 
7, Z, BO .40 


We observe that (9.119) and (9.120 give the same value and thus we can say that the given net- 
work is reciprocal. 


9.6 Summary 


e A port is a pair of terminals in a network at which electric energy or a signal may enter or leave the 
netwotk. 


e A network that has only one pair a terminals is called a one-port network. In an one-port network, 
the current that enters one terminal must exit the network through the other terminal. 


e А two-port network has two pairs of terminals, that is, four terminals. 


e For an n — port network the y parameters are defined as 
Ey = ynVptYpYa УУЗ t t УУ» 
ij = уду + Y22V2 + Y23Va +... У,у, 
із = узу + Уз2У2 + УззУз +... + ур„У„ 
and so on. 


e If the subscripts of the y -parameters are alike, such as ууу, уз, and so on, they are referred to as 
driving-point admittances. If they are unlike, such as уу, уру and so on, they are referred to as 


transfer admittances. 


e lora 2- port network the y parameters are defined as 
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1] = Уруг t Ур2У2 


і = Уу + Y22V2 
In a 2 — port network where the right port is short-circuited, that is, when v, = 0, the ууу param- 


eter is referred to as the short circuit input admittance. In other words, 





In a 2— port network where the left port is short-circuited, that is, when уу = 0, the ууу parame- 


tet is referred to as the short circuit transfer admittance. In other words, 


XNp— 





In a 2 — port network where the right port is short-circuited, that is, when v, = 0,the y,, param- 


eter is referred to as the short circuit transfer admittance. In other words, 


i 
2 
yor = 





v,=0 


In a 2—port network where the left port is short-circuited, that is, when уу = 0, the y, parame- 


ter is referred to as the short circuit output admittance. In other words, 


У22 = 





у= 0 


Fora n- рогі network the z parameters are defined as 


Vj = Zjjlj + 219 ©1313 +... + 11 
V3 = 4211] + 2212 + ©2313 + eee + Zonly 
V3 = 311] + 3212 + ©3313 + ЕА + 2311, 


апа ѕо оп. 
If the subscripts of the z -parameters are alike, such as уу, 2.) and so on, they are referred to as 
driving-point impedances. If they are unlike, such as z;5, 22у and so on, they are referred to as 


transfer impedances. 
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For a 2 — port network the z parameters are defined as 
y; = Zy + різ 


Vo = 2211] + 22212 


In a 2- port network where the right port is open, that is, when i, = 0, the туу parameter is 


referred to as the open circuit input impedance. In other words, 





0, the z; parameter is 


In a 2- port network where the left port is open, that is, when i, 


referred to as the open circuit transfer impedance. In other words, 


42 = 





0, фе 2,; parameter is 


In a 2—- port network where the right port is open, that is, when i, 


referred to as the open circuit transfer impedance. In other words, 





In a 2- port network where the left port is open, that is, when i; = 0, the z), parameter is 


referred to as the open circuit output impedance. In other words, 


£22 — 





A two-port network can also be described in terms of the h parameters with the equations 
y; = hyii + hia? 
ij = hzi; hy; 


The h parameters represent an impedance, a voltage gain, a current gain, and an admittance. For 
this reason they are called hybrid (different) parameters. 


In a 2- port network where the right port is shorted, that is, when v, = 0, the лу; parameter 


represents the input impedance of the two-port network. In other words, 
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y 
_ ОУ] 
hy = = 
11 





у= 0 


e Ina 2- port network where the left port is open, that is, when i; = 0, ће лу, parameter repre- 


sents a voltage gain (or loss) in the two-port network. In other words, 


V 
EE 
hyp [C at 





e Ina 2-port network where the right port is shorted, that is, when v, = 0, Һе h,, parameter 


represents a current gain (or loss). In other words, 


i 
2 
hype 





11 
У = 


e [Ina 2- port network where the left port is open, that is, when i; = 0, ће л,, parameter repre- 


sents an output admittance. In other words, 





e А two-port network can also be described in terms of the g parameters with the equations 
ij = 81У + 8l» 
V2 = 85V; + 82212 


• The g parameters, also known as іпуегѕе hybrid parameters, represent an admittance, a current 
gain, a voltage gain and an impedance. 


e [na 2- port network where the right port is open, that is, when i, = 0, the g}; parameter repre- 


sents the input admittance of the two-port network. In other words, 


i 

40 
$1] = — 
Vil, 

om 





e [na 2- port network where the left port is shorted, that is, when у; = 0, the g;; parameter rep- 


resents a current gain (or loss) in the two-port network. In other words, 


8420 — m 
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e Ina 2- port network where the right port is open, that is, when i; = 0, the g,, parameter rep- 


resents a voltage gain (or loss). In other words, 





e [na 2- port network where the left port is shorted, that is, when v, = 0, the g5, parameter rep- 


resents an output impedance. In other words, 





e The reciprocity theorem states that if a voltage applied in one branch of a linear, two-port passive 
network produces a certain current in any other branch of this network, the same voltage applied 
in the second branch will produce the same current in the first branch. The reverse is also true, 
that is, if current applied at one node produces a certain voltage at another, the same current at 
the second node will produce the same voltage at the first. 


e А two-port network is said to be reciprocal if any of the following relationships exists. 


£5; = £p 
У 7 Yi2 
hy, = lp 
821 = —-812 


e А two-port network is said to be symmetrical if any of the following relationships exist. 
22] = 2) and 2) = 4] 
Ул = ур and y; 2 yy 
hj; = -h;; and hh», - hh; = 1 
82,7 —8;? and 811822— 81282] = 1 
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9.7 Exercises 
1. For the network of Figure 9.59, find the z parameters. 


NVVN 
10Q 











Figure 9.59. Network for Exercise 1. 
2. For the network of Figure 9.60, find the y parameters. 





NWN 
50 





20€ 159 





Figure 9.60. Network for Exercise 2. 
3. For the network of Figure 9.61, find the h parameters. 








Figure 9.61. Network for Exercise 3. 
4.For the network of Figure 9.62, find the g parameters. 





AAA 
49 








Figure 9.62. Network for Exercise 4. 
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5. The equations describing the h parameters can be used to represent the network of Figure 9.63. 
This network is a transistor equivalent circuit for the common-emitter configuration and the h 
parameters given are typical values for such a circuit. Compute the voltage gain and current gain 
for this network if a voltage source of v,2 cos@t mV in series with 800 О is connected at the 


input (left side), and a 5 КО load is connected at the output (right side). 














hj (Q) 
Sw == 
=ч» ij ——6 + 
уу hiv) È hy, id) y? 
-1 
hj, (Q ) 
hy = 12 КО 
hj, = 2x I0 * 


hj, = 50x 10? Q7 


Figure 9.63. Network for Exercise 5. 
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9.8 Solutions to Exetcises 














| | 
1 1 
| | 
| i iso 
CD у | 20о — | у, = 0 
1 І 
І І 
1 | 
1 1 


L = 


| (10-20) . _ 30.) _ 
ic 110220) ag re 











v, = 5ijg = 5x6/7 = 30/7 У 


zn = 1 = 207 = 30/70 


11 

















I 
= 
CA ` 
о 5 
N 
e 
O 
€ 
N 





20 20 
j = ———————i,2-—xlzz4/74A 
{Жы 2009310) 27s 109^ 


>= 5х2 = 20/7 у 


ЕЕЕ ОАА 











iy = 0 | 
О) Vj 50 200 V5 i,=0 











Circuit Analysis II with MATLAB Applications 9-45 
Orchard Publications 


Chapter 9 One- and Two-port Networks 





5 5 
un кше ны e ITA 
1200 = (5110420)! 35 С 


v = 20x 2 = 20/7 V 


We obsetve that 

















1 
© 
= 
tA 
e 
NO 
© 
e 
- 
N 





(10+ 5) А _15 
20+10+5)? 35 
( 


ES x123/7A 


v = 20x35 = 60/7 V 


zn = 2 = O = 60/70 


12 











i 5, 

— i | 
1 
1 

e | 200 152 short |у, = 0 
= 1 
1 
1 
1 


К = 5l20 2 40 

















ij = 0/6, = 1/4A 


yn = ü/v; = E = 1/4 € 
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i 

_ 1 
VQ 
V2 

i 
_ 12 
У2і E 
Уј 

We observe that 

i 

2 

YVI 
V2 














short 








ур = i/v = 






































short 





AAA/N | 
5Q | 
1 
202 | O 
| = 
1 
150 | y;21V 
Уо = V2 = ІУ 
i} = V;9/5 = -1/5 A 
-1/5/1 = -1/5 Q” 
A/NAVN - 
5Q 2 
200 y; 20 
15 0 short 
Уо = Уу = ІУ 
рв = —1/5А 
y, = i/v; = -1/5/1 = -1/5 Q” 
У = Yn 
5Q p 
1 
1 
200 E | + 
| _ 
1 
150 | y;21V 
- L 











yj = i/v, = 4/15/1 = 4/15 Q” 


iy = V2/Req = 1/(5 1115) = 1/(75/20) = 4/15 А 
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3. 
у MN 
1 ——— l] 
һу = = + | 4Q 
H vy =0 | ПО 
ijiz1A short 
4 4 
іо = VEU = 5х1 = 4/5 А 
ур = 1хїу = 4/5 У 
ПЕЕ m$ 
ij 1 
AAA : 
V Н ly ——— 
npe HS e |. 40 + á 
711, =0 110 
+ 
v; IQ 6 Q $ v, 
у= ІУ 
буы ЕГ э ш ШЕ ллу йу д 
Reg 6||\(4+1) 30/11 
6 6 ll 
=1xi aco ————— beg xXx = 1/5 
Mee Re а н ш а д 
hip = ч = Ux = 1/5 (dimensionless) 
2 
i, CL ANA == 
hy, = F 4 Q b 
ly, =0 1 
ij-lA short 
1 1 
= ——-~ x(-i;) = zx(-1) = -1/5A 
12 ET Fux ) / 
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We observe that 


i 
_ 12 
hy = = 
V2 
& = — 
i 
1 
812 = т 
12 



































i —]/5 
у= eem cS 
ij 1 
hj = -hp 
AAA x 
ip \ү 4Q n 2 | 
Vj 1€ бо V5 
| у= ІУ 
perde Же cg A 
eg бЇ(4+1) 30711 
hg 5o ne c ы. 
V2 
== AAA 
x 49 БЕ 0 
(+) У; 1€ бо 
у= ІУ » 
m ———P PODER 
Кы 1|l(4*6) 10/11 
iyd Е - HUS = 11/10 Q” 
1 
- AAA EE 
IUE 40 Е 
ур = 0 10 6 9 < v, (5 
short Е ъ= 1А 
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i, = (3c -ij) = -Č 2 -3/5 A 
8р = 2 = E —3/5 (dimensionless) 
2 
v; =; NWN 
8&2 = F 4 Q а i, = 0 
lli,-0 Я 160 
E vj ТО во ©? 
ур=1 ү = Du 
(umo doe cc ac dic NE 
Rog 111(4+6) 10/11 
: 1 п) 
= = SO — = 3/5 
в ет 10 Y 
У 3/5 
в = 2 = е 
1 
We observe that 
821 = En 
_ vy =a NWN == 
7|),=0 160 
ур = 0 IQ 6 Q Sv, (5 
short _ = 1А 
v; = 6xigg = 6x( + xij - 4х1 = 12/5 V 
82 = 2 = E = 12/59 
2 
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5. 
We recall that 


v, = hyi; t ру; (1) 


~ 


i, = haji; + hav (2) 


With the voltage source v,;= cosœt mV in series with 800 Q connected at the input and a 5 КО 


load connected at the output the netwotk is as shown below. 





800 О 1200 О 
WWW WN а= 
1 + 
+ 2х 10 ^v, © 501, Q 50x 10° Q v; 5000 Q 
140° mV z 














The network above is described by the equations 


(800 + 1200)i, +2 x 10 ^v, = 10” 


5000 





50i, + 50x 10%v, = i, = 
or 
2x 10i, 2x 10v, = 10? 


50i, + 250 х 105v, = 0 


We write the two equations above in matrix form and use MATLAB for the solution. 


A-[2*10^3 2*10^ (-4); 50 250*10^ (-6)]; B=[10 ^ (-3) 0]; X=A\B;... 
fprintf( Vn); fprintf(i1 = %5.2e A \t,X(1)); fprintf(v2 = %5.2e V',X(2)) 


11 = 5.10e-007 A v2 = -1.02e-001 V 


Therefore, 
i, = 0.51 pA (3) 


v, = -102 mV (4) 


Next, we use (1) and (2) to find the new values of v; and i, 


v, = 12x 10 x 051 x 105 +2 х 10 x (-102 x 107) = 0.592 mV 
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i, = 50x 0.51 x 10% x 50x 10° x (-102 x 10^) = 204 pA 


The voltage gain is 


Y? _ -102 mV _ 


= = —172.3 
Уу 0.592 mV 


бе 


and the minus (—) sign indicates that the output voltage in 180° out-of-phase with the input. 


The current gain is 


28 204 tA 5 
T i, OST uA 





and the output current is in phase with the input. 
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his chapter is an introduction to three-phase power systems. The advantages of three-phase 
system operation are listed and computations of three phase systems are illustrated by several 
examples. 


10.1 Advantages of Three-Phase Systems 


The circuits and networks we have discussed thus far are known as single-phase systems and can be 
either DC or AC. We recall that AC is preferable to DC because voltage levels can be changed by 
transformers. This allows more economical transmission and distribution. The flow of power in a 
three-phase system is constant rather than pulsating. Three-phase motors and generators start and 
run more smoothly since they have constant torque. They are also more economical. 


10.2 Three-Phase Connections 


Figure 10.1 shows three single AC series circuits where, for simplicity, we have assumed that the 
internal impedance of the voltage sources have been combined with the load impedance. We also 
have assumed that the voltage sources are 120° out-of-phase, the load impedances are the same, and 
thus the currents J, /,, and I, have the same magnitude but are 120° out-of-phase with each other 


as shown in Figure 10.2. 









































a 











© WX о үа о, y 


V, I V, I, V © 





























Figure 10.1. Three circuits with 120? out-of-phase voltage sources 





Figure 10.2. Waveforms for three 120? out-phase currents 





Circuit Analysis П with MATLAB Applications 10-1 
Orchard Publications 


Chapter 10 Three-Phase Systems 





Let us use a single wire for the return current of all three circuits as shown below. This arrangement 
is known as four-wire, three-phase system. 









































Figure 10.3. Four-wire, three-phase system 


This arrangement shown in Figure 10.3 uses only 4 wires instead of the 6 wires shown in Figure 
10.1. But now we must find the relative size of the common return wire that it would be sufficient to 
carry all three currents 1, * 1, I. 


We have assumed that the voltage sources are equal in magnitude and 120° apart, and the loads are 


equal. Therefore, the currents will be balanced (equal in magnitude and 120° out-of phase). These 
currents are shown in the phasor diagram of Figure 10.4. 


1 


с 


1, 
Figure 10.4. Phasor diagram for three-phase balanced system 
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From figure 10.4 we observe that the sum of these currents, added vectotially, is zero. Therefore, 
under ideal (perfect balance) conditions, the common return wire carries no current at all. In a prac- 
tical situation, however, is not balanced exactly and the sum is not zero. But still it is quite small and 
in а four-wire three-phase system the return wire is much smaller than the other three. Figure 10.5 


shows a four-wite, three-phase Y - system where |У = |У, = |У], the three loads are identical, 





and 7, is the current in the neutral (fourth) wire. 


(о) V,cosot V Zh 


NC ZLOAD 


V,cos(ot — 120°) V 






































2 ZLOAD 


V.cos(ot— 240°) V L: 























— І 


n 


Figure 10.5. Four-wire, three-phase Y — system 


A three-wire three-phase Y — system is shown in Figure10.6 where |V,| = |У, = |У, and the three 





loads ate identical. 

















(A) V,cosot V ОЬ 


Ij, — 
(es P ZLOAD 


V,cos(ot — 120?) V 




















ZLOAD 











V.cos(ot — 240?) V 


p 





Figure 10.6. Three-wire, three-phase Y — system 


This arrangement shown in Figure 10.6 could be used only if all the three voltage sources are pet- 
fectly balanced, and if the three loads are perfectly balanced also. This, of course, is a physical impos- 
sibility and therefore it is not used. 
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,and the 


three loads are identical. We observe that while the voltage sources are connected as а Y — system, 


A three-wire three-phase A — load system is shown in Figure 10.7 where |V,| = |У, = |У, 





the loads ate connected as a А — system and hence the name А – load 


I, — B 


a 


(гч) V cosœt V Zine 


Iy — 
© P ZLOAD 


V,cos(ot— 120°) V 


ee ZLOAD 
V.cos(ot — 240°) V I eel 
== 


Figure 10.7. Three-wire, three-phase А — load system 





















































This arrangement offers the advantage that the A-connected loads need not be accurately balanced. 
However, a A-connection with only three voltages is not used for safety reasons, that is, it is a safety 
requirement to have a connection from the common point to the ground as shown in Figure 10.5. 


10.3 Transformer Connections in Three-Phase Systems 


Three-phase power systems use transformers to raise or to lower voltage levels. A typical generator 
voltage, typically /3.2 KV, is stepped up to hundreds of kilovolts for transmission over long dis- 
tances. This voltage is then stepped down; for major distribution may be stepped down at a voltage 
level anywhere between /5 KV to 50 KV , and for local distribution anywhere between 2.4 KV to 
12 KV Finally, the electric utility companies furnish power to industrial and commercial facilities at 
480 V volts and 120 V and 240 V at residential areas. All voltage levels are in RMS values. 


Figure 10.8 shows a bank of three single phase transformers where the primary is A-connected, while 
the secondary is Y -connected. This A — Y connection is typical of transformer installations at gener- 
ating stations. 


Figure 10.9 shows a single-phase three-wire system where the middle of the three wires is center- 
tapped at the transformer secondary winding. As indicated, voltage between the outer wires is 240 V 
while voltage from either of the two wires to the centered (neutral) wire is 720 V. This arrangement 
1s used in residential areas. 
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Figure 10.8. Three single-phase transformers use in three-phase systems 





| 120V 





Neutral wire 












Figure 10.9. 240/120 volt single phase three-wire system 


Industrial facilities need three-phase power for three-phase motors. Three-phase motors run 
smoother and have higher efficiency than single-phase motors. А Y- A connection is shown in Fig- 
ure 10.10 where the secondary provides 240 V three-phase power to the motor, and one of the 


transformers of the secondary is center-tapped to provide 120 V to the lighting load. 
10.4 Line-to-Line and Line-to-Neutral Voltages and Currents 


We assume that the perfectly balanced Y -connected load of Figure 10.11 is perfectly balanced, that 
is, the three loads are identical. We also assume that the applied voltages are 120° out-of-phase but 
they have the same magnitude; therefore there is no current flowing from point n to the ground. 


The currents 7,, J, and I, are referred to as the line currents and the currents lan, lpn, and І, as 


the phase currents. Obviously, in a Y-connected load, the line and phase currents are the same. 
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Vab ZLOAD 























3 ZLOAD 





SN 
S 
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> 
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Figure 10.11. Perfectly balanced Y-connected load 


Now, we consider the phasor diagram of Figure 10.12. 


I 


c 


1, 


Figure 10.12. Phasor diagram for Y-connected perfectly balanced load 
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If we choose I, as our reference, we have 


І, = LZ0* (10.1) 
I, = L,7-120* (10.2) 
I = 1,2+120° (10.3) 


These equations define the balance set of currents of positive phase sequence a-—b-c. 


Next, we consider the voltages. Voltages V,,, Vac, and Vp, ate referred to as line-to-line voltages and 


ac? 


voltages Van», Vpn» and V,, as phase voltages. We observe that in a Y -connected load, the line and 


an? 


phase voltages are not the same. 
We will now derive the relationships between line and phase voltages in a Y-connected load. 


Arbitrarily, we choose У, as our reference phase voltage. Then, 


Vin = VanZO° (10.4) 
Vin = VanZ-120° (10.5) 
Ven = Van 4+120° (10.6) 


These equations define a positive phase sequence a — b – c. These relationships are shown in Figure 
10.13. 


V, п 


Vin 


Figure 10.13. Phase voltages in a Y -connected perfectly balanced load 
The Y-connected load is repeated in Figure 10.14 for convenience. 


From Figure 10.14 
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| jx 
Vib ZLOAD 
| une 
p | fom 
v. | = 
Voc ZLOAD 
" | 





Figure 10.14. Y-connected load 


Vab = Van + Vab = Van n Vou (10.7) 
Via zz Ven + Vra zz Vs ч Vin (10.8) 
Ts = Von + Vac = Vin e Von (10.9) 


These can also be derived from the phasor diagram of Figure 10.15. 











ы Vj. 


Figure 10.15. Phasor diagram for line-to-line and line-to-neutral voltages in Y load 


From geometry and the law of sines we find that in a balanced three-phase, positive phase sequence 


Y -connected load, the line and phase voltages are related as 
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Vip = N3VinZ30° 


Y- connected load 


(10.10) 











The other two line-to-line voltages can be easily obtained from the phasor diagram of the previous 
page. 


Now, let us consider a A -connected load shown in Figure 10.16. 















































a 
| REIS 22 
| i Lap 
Vab ZLOAD 
l ZLOAD 
| b 
Veca | 
Voc ZLOAD i 
ca 
| The 
r m E К 


Figure 10.16. Line and phase currents in ^ -connected load 
We observe that the line and phase voltages ate the same, but the line and phase currents аге not the 
same. To find the relationship between the line and phase currents, we apply KCL at point a and we 


get: 
lab z L * La 


Of 


(10.11) 


The line currents J, and J, are derived similarly, and the phase-to-line current relationship in a A- 


connected load is shown in the phasor diagram of Figure 10.17. 


From geometry and the law of sines we find that a balanced three-phase, positive phase sequence A - 
connected load, the line and phase currents are related as 

















I, = 431,,2-30? 
a= BI, (10.12) 
А — connected load 
The other two line currents can be easily obtained from the phasor diagram of Figure 10.17. 
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Figure 10.17. Phasor diagram for line and phase currents in A-connected load 
10.5 Equivalent Y and А Loads 


In this section, we will establish the equivalence between the Y and A combinations shown in Figure 
10.18. 


A A 


ч) 
„ЖУ СФ. 


Figure 10.18. Equivalence for А and Y-connected loads 














In the Y connection, the impedance between terminals В and C is 
Zac y = Z,+Z, (10.13) 


and in the A-connection, the impedance between terminals B and C is Z, in parallel with the sum 


Z,+Z;, that is, 





ZZ, * Z3) 
к= у (10.14) 
1*45* Z3 
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Equating (10.13) and (10.14) we get 


ZXZ, + Z3) 


Z, +Z. = 
dE Zrt ZE Z 


(10.15) 


Similar equations for terminals AB and CA are derived by rotating the subscripts of (10.15) in a 
cyclical manner. Then, 


ZA(Z,+Z 
даа ten (10.16) 
Z,+Z,+Z; 
and 
gh os CE) (10.17) 


с 7 Z,+Z,+Z; 


Equations (10.15) and (10.17) can be solved for Z, by adding (10.16) with (10.17), subtracting 
(10.15) from this sum, and dividing by two. That is, 


Z)Z;+Z,Z;+Z)Z,+Z,Z; _ 2Z,Z,+Z,Z,+Z,Z, 


2Z,+Z,+Z, = (10.18) 
Z,+Z,+Z3 Z,+Z,+Z3 
2Z,Z;+Z,Z;+Z,Z,-Z,Z,-Z,Z 
2Z,+Z,+Z,-Z,-Z, = кна eee (10.19) 
DELEA 
27,7 
22,7 2 (10.20) 
Z,+Z,+Z; 
7,7 
= L———— (10.21) 
ZitZjtZ; 


Similar equations for Z, and Z, are derived by rotating the subscripts of (10.21) in a cyclical manner. 


Thus, the three equations that allow us to change any A-connection of impedances into a Y -connec- 
tion are given by (10.22). 











= 2173 
^ 7,+7,+7; 
NN 
Z,+Z,+Z; (10.22) 
_ 212) 
^ Z,+Z,+Z; 





А > Y Conversion 
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Often, we wish to make the conversion in the opposite direction, that is, from Y to A This conversion 
is performed as follows: 


Consider the Y and A combinations of Figure 10.8 repeated for convenience. 


|, 





7, 


а 


06 
C ^ Ic 
ie iss 
(a) 





























(b) 


a 


Figure 10.19. Y and A loads 


From Figure (a), 


Vie = Pg. (10.23) 
Ue I. (10.24) 
Vue Zis-ZI, (10.25) 


If we attempt to solve equations (10.23), (10.24) and (10.25) simultaneously, we will find that the 
determinant A of these sets of equations is singular, that is, A = 0. This can be verified with Cramer's 
rule as follows: 

Zo de Vis 

OAD ZI ey (10.26) 

-Z,4* 0* Ze = Vea 


Z, -Z, 0 
A=]|0 Z, -Z = ZaZpZe- ZaZpZe+0+0+0+0 = 0 (10.27) 
-Z, 0 Z, 


This result suggests that the equations of (10.26) are not independent and therefore, no solution 
exists. However, a solution can be found if, in addition to (10.23) through (10.25), we use the equa- 
tion 


I+Ig+Iç=0 (10.28) 
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Solving (10.28) for Iç we get: 
Img (10.29) 
and by substitution into (10.25), 
Уса = Di Pd p= Zala = -(Z, om (10.30) 
Егот (10.23) апа (10.30), 


Zala- Zylg = Vap 


(10.31) 
-(2,+ 2)14-®1в = Vea 
and by Cramer's rule, 
D D 
= = Igp = 2 10.32 
where 
Z -Z 
А = a > = -Z Z,- ZZ,- ZZ. (10.33) 
-(Z,+Z,) -Z, 
and 
-Z 
D, = CE -Z,V4g + ZyVcA (10.34) 
Vea Le 
Then, 
ine D, | -2.Уав+2,Усд _ ZcVAp-ZoVca (10.35) 
А —77,-7,7,—7,7, ZO. qq 
Similarly, 
D Z,Vpc-Z, V. 
Ip = —2 s ROBO Са ABL. (10.36) 
А ZZ,+Z,Z.+ZZ, 
and by substitution of J, and J, into (10.28), 
Z,Vca-ZaV. 
== (10.37) 


ZZ T-ZZ-ZZ, 


Therefore, for the Y -connection which is repeated in Figure 10.20 for convenience, we have: 
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Figure 10.20. Currents in Y-connection 


Z. Үлв-2ь Vea 


І = 22—22 
ZZ, + Z,Z. + Z.Z, 
Z, Vgc-Z.V 
I, = — Ca BC с AB — (10.38) 
LL + ZZ. ЗУГАА 
12 = LZ, Vca-ZaV ac 
“= 


ZZ, + ZZ. + Z.Z, 


For the A-connection, which is also repeated in Figure 10.21 for convenience, the line currents are: 

















Figure 10.21. Currents in A -connection 


r, МАВ. УСА 
45 
Z; Zi 
V V 
ine —BC _ _AB (10.39) 
Z 23 
I. = ЁсА_ Vec 
з= 
Z 2) 


Now, the sets of equations of (10.38) and (10.39) are equal if 
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Сев EON Oh. аав “VOM (10.40) 
A чл, Ж, Z | 
__2аҮвс-2.Удв_ _ Vee Vas (10.41) 
LDA LEAL. Wi. P | 
NEL лу но. Уой: VBE (10.42) 
Z Ly + Z5. * ZZ, Zi 2» | 
From (10.40) 
Z Z 
E URL а а, (10.43) 
Wm. 7. Z; ZZ AC ZA. Z 
and from (10.41) 
7 
Тыз ы e ы с сш (10.44) 
EZ Rd qM Z, 
Rearranging, we get: 
xu Deed 
1 Z, 
z, _ а +252. 2,2, 
ix 7, (10.45) 
Zt ZZ. ZZ, 
MT T 











Y^ Conversion 


Example 10.1 


For the circuit of Figure 10.22, use the Y > А conversion to find the currents in the various 
branches as indicated. 


Solution: 


Let us indicate the nodes as a, b, c, and а, and denote the 90 О, 90 О, and 90 О resistances as 
R,, Rp, and R, respectively as shown in Figure 10.23. 


Next, we replace the Y connection formed by a, b, c, and d with the equivalent A connection 
shown in Figure 10.24. 
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60 €) 
































120V 
70 Q 
Figure 10.22. Circuit (a) for Example 10.1 
I; 
60 Q 
©) , 
120 V T 
70 Q 
Figure 10.23. Circuit (b) for Example 10.1 
I; 
60 Q 
E и 
120V ^Y 
70 Q 
Figure 10.24. Circuit (c) for Example 10.1 
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Now, with reference to the circuits of Figures 10.23 and 10.24, and the relations of (10.45), we get: 


_ RaRp + КК + КК, _ 90 x 80 + 80 x 50+ 50 х 90 _ 15700 





R — = 196 О 
: R, 80 80 
es RQRQTRQRLERA, B 15700 | 174 Q 
7 R, ~ 90 — 
RR,-R,R.-R.R 
R; = a b b С са = 15700 = 3140 


К 


Combination of parallel resistances in the circuit of Figure 10.24 yields 


196 x 60 





- = 46 О 
Ка 196 + 60 
апа 
314 x 70 
2I —»:570 
Каа 314 + 70 


The circuit of Figure 10.24 reduces to the circuit of Figure 10.25. The circuit of Figure 10.25 can be 
further simplified as shown in Figure 10.26. 


From the circuit of Figure 10.26, 

















i= 122 = 0604 (10.46) 
174 
ps5 qud (10.47) 
103 
a 
Ij 
46 О 
C) 174 О d 
120V 1, I; 
570 
b 
Figure 10.25. Circuit (d) for Example 10.1 
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103 Q 








Figure 10.26. Circuit (e) for Example 10.1 
By addition of (10.46) and (10.47) 


I, = 1,+1, = 0.69 1.17 = 1.86 (10.48) 


To compute the other currents, we return to the circuit of Figure 10.25 which, for convenience, is 
repeated as Figure 10.27 and it is denoted as Circuit (f). 


For the circuit of Figure 10.27, by the voltage division expression 











_ _46 " 
Ула = 253.57 х 120 = 53.6 V (10.49) 
57 
Vip = 253.57 120 = 66.4 У (10.50) 
а 
Г 

46 О 

О | 174 О d 

120V 1, I; 

57Q 








Figure 10.27. Circuit (f) for Example 10.1 
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Next, we return to the circuit of Figure 10.24 which, for convenience, 15 repeated as Figure 10.28 and 
denoted as Circuit (g). 





120V 











Figure 10.28 
From the circuit of figure 10.28, 


1, = Lud 664 _ 89А (10.51) 
60 70 
and 
1, = 794 = 53-6 L 99s A (10.52) 


70 60 


Finally, we return to the circuit of Figure 10.23 which, for convenience, is repeated as Figure 10.29 
and denoted as Circuit (h). 


a 





120 V 











Figure 10.29. Circuit (h) for Example 10.1 
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For the circuit of Figure 10.29, by KCL, 


I, = 1,-1, = 1.86-0.89 = 097A (10.53) 
I; = 1-1; = 1.86-0.95 = 091A (10.54) 
and 
I; = I5- 1, = 0.95-0.89 = 0.06 A (10.55) 


Of course, we could have found the branch currents with nodal or mesh analysis. 


Quite often, the Y and A arrangements appear as shown in Figure 10.30 and they are referred to as 
the tee (T) and pi (л) circuits. Consequently, the formulas we developed for the Y and A arrange- 
ments can be used with the tee and л arrangements. 








A B A 
Za Zp Z3 B 





































































































C C 
Figure 10.30. T and m circuits 


In communications theory, the T and л circuits are symmetrical, i.e., Z, = Z, and Z} = Z3. 


10.6 Computation by Reduction to Single Phase 


When we want to compute the voltages, currents, and power in a balanced three-phase system, it is 
very convenient to use the Y -connection and work with one phase only. The other phases will have 
corresponding quantities (voltage, current, and power) exactly the same except for a time difference 
of 1/3 cycle. Thus, if current is found for phase a, the current in phase b will be 120° out-of- phase 
but it will have the same magnitude as phase a. Likewise, phase c will be 240? out-of-phase with 
phase a. 


If the load happens to be A-connected, we use the A — Y conversion shown in Figure 10.31 and the 
equations (10.57) on the next page. 


Since the system is assumed to be balanced, the loads 7, = Z, = Z; and Z, = Z, = Z,. Therefore, 
the first equation in (10.57) reduces to: 


2 
БЕШЕ 222 кы =. (10.56) 
: 
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Figure 10.31. ^ — Y conversion 











К 2123 
^ 1+2, +Z; 
= 2,23 
> 7,+7,+7, 
= 212) 
^ Z,+Z,+Z; 





А — Y Conversion 


and the same is true for the other phases. 


10.7 Three-Phase Power 


(10.57) 


We can compute the powet in a single phase and then multiply by three to find the total power in a 
three-phase system. Therefore, if a load is Y -connected, as in Figure 10.31 (b), the total three-phase 


power is given by 











Poo З [Улм Л cos 





Y- connected load 


(10.58) 


where У,у is the line-to-neutral voltage, I, is the line current, cos® is the power factor of the load, 


and Ө is the angle between У,у and /,. 


If the load is A-connected as in Figure 10.31 (а), the total three-phase power is given by 





ProraL = 3|V4g| [LA g|cos0 











А —connected load 


(10.59) 


We observe that relation (10.59) is given in terms of the line-to-neutral voltage and line current, and 


relation (10.58) in terms of the line-to-line voltage and phase current. 





Circuit Analysis П with MATLAB Applications 
Orchard Publications 


10-21 


Chapter 10 Three-Phase Systems 





Quite often, the line-to-line voltage and line current of a three-phase systems are given. In this case, 


we substitute (10.12), i.e., |Z4| = AL, p into (10.59) and we get 














Prorat = 43|Vag||Li| 0581 0Ap (10.60) 





Y or ^—-connected load 


It is important to remember that the power factor cos0, одр in (10.60) refers to the load, that is, the 


angle Ө is not the angle between V45 and I4. 


Example 10.2 


The three-phase generator of Figure 10.32 supplies 100 kW at 0.9 lagging power factor to the three- 
phase load. The line-to-line voltage at the load is 2400 V. The resistance of the line is 4 О per con- 
ductor and the inductance and capacitance are negligible. What line-to-line voltage must the genera- 
tot supply to the line? 


Solution: 


The load рег phase at 0.9 pf is 


ix 100 = 33.33 kW 


О 2 


Generator Load 
(Y-connected) (Y-connected) 











Figure 10.32. Circuit for Example 10.2 
From (10.10), 


Vap = J3V n 230° 








(10.61) 
Y – connected load 
Then, the magnitude of the line-to-neutral at the load end is 
V 
Ios load x | ab load = 20 = 1386 V (10.62) 
A3 
and the KVA per phase at the load is 
EW/phase.. 33.33 .. 970 KVA (10.63) 
pf 0.9 
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The line current in each of the three conductors is 


VA _ _ 37000 


= 26.7A (10.64) 
1386 


I = 
SUE | lad — 


and the angle by which the line (or phase) current lags the phase voltage is 


Ө = cos '0.9 = 25.84? (10.65) 


Next, let us assume that the line current in phase a lies on the real axis. Then, the phasor of the line- 
to-neutral voltage at the load end is 


V 


an load 7 = |У, 


112523. 84° = 1386(cos25.84° + jsin25.84?) = 1247 + j604 V (10.66) 


The voltage drop across a conductor is in phase with the line current since it resistive in nature. 
Therefore, 


Vconp = 1имЕ*К = 26.7x4 = 106.8 V (10.67) 
Now, the phasor line-to-neutral voltage at the generator end is 


V = Vin load t Vcowp = 1247 + j604 + 106.8 = 1354 + j604 (10.68) 


an gen 


and its magnitude is 


[Van gen| = N1354 + 604° = 1483 V (10.69) 


Finally, the line-to-line voltage at the generator end is 


|Viine -line seal = A3 "s Is $e] = КЕ, х 1483 = 2569 V (10.70) 


10.8 Instantaneous Power in Three-Phase Systems 


A significant advantage of a three-power system is that the total power in a balanced three-phase sys- 
tem is constant. This is proved as follows: 

We assume that the load is purely resistive. Therefore, the voltage and current are always in-phase 
with each other. Now, let У, and Z, be the peak (maximum) voltage and current respectively, and |У 


and |/| the magnitude of their RMS values. Then, the instantaneous voltage and current in phase a 
are given by 





y, = V,cosot = A2|V| cosct (10.71) 
i, = I,coswt = A2|I| cos wt (10.72) 
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Multiplication of (10.71) and (10.72) yields the instantaneous power, and using the trigonometric 
identity 


coso t = (cos2@t * 1)/2 (10.73) 
we get 
Pa = Va'ia = 2|У||/ cos ot = |V||Z|(cos2@t+ 1) (10.74) 


The voltage and current in phase b are equal in magnitude to those in phase a but they are 120° out- 
of-phase. Then, 


v, = A2|V|cos(ot — 120°) (10.75) 
i, = J2|V|cos(ot — 120°) (10.76) 
рь = Vp ty = 2|Vlllcos (wt — 120°) = |V|[]][cos(2et — 240°) + 1] (10.77) 
Similarly, the power in phase c is 
pup 2|У|| cos (œt — 240°) = |У11[с05(207– 480?) + 1] (10.78) 
and the total instantaneous power is 
Protal = Pat Pot Pc (10.79) 


|V||Z|[cos2@t + cos(20t — 240°) + cos(2mt — 480°) + 3] 


Recalling that 
cos(x- y) = cosxcosy + sinxsiny (10.80) 


we find that the sum of the three cosine terms in (10.79) is zero. Then, 





Ptotal = ЗМ ІД 








(10.81) 





Three — phase Balanced System 
Therefore, the instantaneous total power is constant and it is equal three times the average powet. 
The proof can be extended to include any power factor; thus, (10.81) can be also expressed as 


Protal = 3|V|ul cos (10.82) 


Example 10.3 


Figure 10.33 shows a three-phase feeder with two loads; one consists of a bank of lamps connected 
line-to neutral and the rating is given in the diagram; the other load is A-connected and has the 
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impedance shown. Find the current in the feeder lines and the total power absorbed by the two 
loads. 
Ф Ф 220 Volts 
14 (Line-to-Line) 
Ф 
==], T 
Ф Ф 
1с Lamps - Resistive Load 
(1) (1) (1) Rated 500 Watts, 
120 Volts each 
(2.7 ess | 
7, Z=18+j80 —— 
Figure 10.33. Diagram for Example 10.3 
Solution: 


To facilitate the computations, we will reduce the given circuit to one phase (phase a) taken as refer- 
ence, i.e., at zeto degrees, as shown in Figure 10.34 


























ө + уру = 22040° V 
I, | 
L 1, 
Z Lo Vix 
Y L  (Line-to-neutral) 


Figure 10.34. Single-phase representation of Figure 10.31 
We fitst compute the impedance Zy. Using (10.56), 


Z, = ŽA = 18+180 _ 82/7732 
Y 3 3 3 


= 27.33 277.32 Q 
Next, we compute the lamp impedance Z |, 


2 2 
Zes ты ле 
d 500 





The line-to-line voltage is given as Ууу = 220 У; therefore, by (10.10), the line-to-neutral voltage 
Vr wis 
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V o 
V;_y = Е = 22020° . 157709 V 
3 3 
For convenience, we indicate these values in Figure 10.34 which now is as shown in Figure 10.35. 
C—O SS SS SS ae + 
I, | | 
Iz 1, 
2, (2) д Ves 12740° V 











Zy = 27.33 277.32 Z; = 28.8 20° 
Figure 10.35. Diagram with computed values, Example 10.3 


From Figure 10.35, 








V о 
І, = MIN = 12720 = 465/—77.32 = 1.02 }4.54 
Zy 2734327732 
and 
V о 
Пеана 127205 оору АІ 
Z, 288709 
Then, 


1+1 = 1.02—j4.54 +4.41 = 5.43 —j4.54 = 7.087—39.9? 


and the power delivered by phase a is 
P, = Vy y 1, = 127 х 7.08 x cos(-39.9?) = 690 watts 


Finally, the total power delivered to the entire load is three times of P, , that is, 


Рош = 3 x 690 = 2070 watts = 2.07 Kw 


tota 


Check: 
Each lamp is rated 120 V and 500 w but operates at 127 V. Thus, each lamp absorbs 
Visser y Pes E 
SU = 52E oper = (555) *500 = 560 w 


rated rated 


and the power absorbed by the three lamps is 


Piamps= 3 560 = 1680 w 
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The voltage across each impedance Z in the A-connected load is (see Figure 10.33) 220 V. Then, 
the current in each impedance Z is 
Visi 220 


= — = ————— = 2.68/—77.32° A 
18+j80 82277.32 


and the power absorbed by each impedance Z is 
P = V,_,I7cos® = 220 x 2.68 x cos(—77.32°) = 129.4 watts 
The total power absorbed by the A load is 


P, = 3x 129.4 = 388 watts 


and the total power delivered to the two loads is 


Prorat = Piampst Рл = 2068 watts = 2.068 kw 
This value is in close agreement with the value on the previous page. 


10.9 Measuring Three-Phase Power 


A wattmeter is an instrument which measures power in watts or kilowatts. It is constructed with two 
sets of coils, a current coil and a voltage coil where the interacting magnetic fields of these coils pro- 
duce a torque which is proportional to the V x J product. It would appear then that one would need 
three wattmeters to measure the total power in a three-phase system. This is true in a four-wire sys- 
tem where the current in the neutral (fourth wire) is not zero. However, if the neutral carries no cur- 
rent, it can be eliminated thereby reducing the system to a three-wire three-phase system. In this sec- 
tion, we will show that the total power in a balanced three-wire, three phase system can be measured 
with just two wattmeters. 


d * . 
Figure 10.36 shows three wattmeters connected to a Y load where each wattmeter has its current 
coil connected in one line, and its potential coil from that line to neutral. With this arrangement, 
Wattmeters /, 2, and 3 measure power in phase a, b, and c respectively. 


Figure 10.37 shows a three-wire, three-phase system without a neutral. This arrangement occurs in 
systems where the load, such as an induction motor, has only three terminals. The lower end of the 
voltage coils can be connected to any reference point, say p. We will now show that with this 
arrangement, the sum of the three wattmeters gives the correct total power even though the refer- 
ence point was chosen as any reference point. 





* Ifthe load were A-connected, each wattmeter would have its current coil in one side of the A and its potential 
coil from line to line. 
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Figure 10.36. Wattmeter connections in four-wire, three-phase system 
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Figure 10.37. Wattmeter connections in three-wire, three-phase system 


We recall that the average power Р is found from 





10-28 Circuit Analysis II with MATLAB Applications 
Orchard Publications 





Measuring Three-Phase Power 





zd -ify 
Р ive = Lf рй = LJ vid (10.83) 


Then, the total power absorbed by the load of Figure 10.36 is 


Protat = | a! 1а + Vonlb RE Ven! і. )аї (10.84) 


This is the true power absorbed by the load, not power indicated by the wattmeters. 


Now, we will compute the total power indicated by the wattmeters. Each wattmeter measures the 
average of the line current times the voltage to point p. Then, 


1 
Раннее = Lf oui la + Vpply * Vep! j )dt (10.85) 
0 
But 
Vap = Vant Vap 
Vbp = ур + Упр (10.86) 
Vep = Vint Ving 


and by substitution of these into (10.85), we get: 


Ёрге = FL a! a + Vpnip + Ven! jo) + Vn pa * i, * i.)]dt (10.87) 


and since 
i,ti,t+i, = 0 (10.88) 


then (10.87) reduces to 


P ontans pes = а Oai 1а + Vonlb + Ven! i. )аї (10.89) 


This relation 1s the same as (10.84); therefore, the power indicated by the wattmeters and the true 
power absorbed by the load are the same. 


Some thought about the location of the arbitrarily selected point p would reveal a very interesting 
result. No matter where this point is located, the power relation (10.87) reduces to (10.89). Suppose 
that we locate point p on line c. If we do this, the voltage coil of Wattmeter 3 is zero and thus the 
reading of this wattmeter is zero. Accordingly, we can remove this wattmeter and still obtain the true 
power with just Wattmeters / and 2 as shown in Figure 10.38. 
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Figure 10.38. Two wattmeter method of reading three-phase power 


10.10 Summary 


AC is preferable to DC because voltage levels can be changed by transformers. This allows more 
economical transmission and distribution. 


The flow of power in a three-phase system is constant rather than pulsating. Three-phase motors 
and generators start and run more smoothly since they have constant torque. They are also more 
economical. 


If the voltage sources are equal in magnitude and 120° apart, and the loads are also equal, the cur- 


rents will be balanced (equal in magnitude and /20° out-of phase). 


Industrial facilities need three-phase power for three-phase motors. Three-phase motors run 
smoother and have higher efficiency than single-phase motors. 


The equations 7, = 1,70?, I, = 1,7-120?, I, = I,Z+120° define a balanced set of currents of 


positive phase sequence a - b – с. 


The equations У, = V,,Z0?, Vj, = V,,Z-120?, апау, = V,,2+120° also define a balanced 


set of voltages of positive phase sequence a — b – с. 


In a Y-connected system 
Vap = J3V Zo? 


In a Y-connected load, the line and phase currents are the same. 


In a A -connected system 


I, = 431,,7-30? 
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e Ina A-connected load, the line and phase voltages are the same. 


e For A Y Conversion we use the relations 
Е 2123 
^  Z,+Z,+Z; 
= 2573 
> 7,+7,+7, 
ZZ 
Z= 2102 __ 
Zit Z, +Z; 


e For YA Conversion we use the relations 


ZaZp + ZpZe + ZZ, 


Ls 
1 Z, 
ZZ, XR. 
Lr 
Za 
ZZ, + A ED n 
Z, = лашы cg 


Z 


с 


When we want to compute the voltages, currents, and power in а balanced three-phase system, it is 


very convenient to use the Y -connection and work with one phase only. 


e Ifaload is Y -connected, the total three-phase power is given by 





Protar = З Улм | соѕӨ 











Y- connected load 


e If the load is A-connected the total three-phase power is given by 











Prorat = 3|Vag||IAg|coso (10.90) 


А —connected load 





For any load (Y or ^ — connected) the total three-phase power can be computed from 





ProraL = A3|V4 5] I4] соз; одр 


Y or ^—connected load 











and it is important to remember that the power factor cos0, oap refers to the load, that is, the 


angle Ө is not the angle between V,5 and J,. 
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10.11 Exercises 


1. In the circuit of Figure 10.39, the line-to-line voltage is 700 У, the phase sequence is a - b — с, and 
each Z = 10Z30? . Compute: 


a. the total power absorbed by the three-phase load. 


b. the wattmeter reading. 






































а 

Ь Z 
Wattmeter Toad 

C O 














Figure 10.39. Circuit for Exercise 1 


2. In the circuit of Figure 10.40 the lighting load is balanced. Each lamp 15 rated 500 w at 120 V. 
Assume constant resistance, that is, each lamp will draw rated current. The three-phase motor 
draws 5.0 Kw at a power factor of 0.8 lagging. The secondary of the transformer provides bal- 
anced 208 V line-to-line. The load is located 1500 feet from the three-phase transformer. The 
resistance and inductive reactance of the distribution line is 0.403 Q and 0.143 О respectively per 


1000 tt of the wire line. Compute line-to-line and line-to-neutral voltages at the load. 























io Ф © 
(660001 e è мү 
® @) 
DO 

















Figure 10.40. Circuit for Exercise 2 
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10.12 Solutions to Exetcises 


1.a 








ca 





















Mene ee 











Wattmeter 














C— ———D oO 








From the citcuit above 





Vap _ 100709 JB. 1 , 
-æ = 102-30° TE gs уЗ -j5 
læ = у = 70230 = 10 ge уы о 43-j 


V. 2409 
be = ca — 1002—2405 = 107—2709 = 107909 = jlo 
Z 107.30? 





I I4-L,9543-j5-j10 = 543-j15 


and with MATLAB 


x—5*sqrt(3)-15j; fprintf(' W);... 
fprintf(mag = 965.2f A \t', abs(x)); fprintf(phase = %5.2f deg', angle(x)*180/pi) 


mag = 17.32 A phase - -60.00 deg 
Thus, 





1| 537324 


The phase sequence a — b - c implies the phase diagram below. 
From (10.59) 

Bong A3|V,4| L| (load pf) 
„З x 100 x 17.32 x cos30? = 2, 598 w 


b. 
The wattmeter reads the product V,, x I, where I, is 240° behind І, as shown on the phasor 


diagram. Then, the wattmeter reading is 


P = V pX, = 100720? x 104/3 x cos(— 60? — 240°) 


wattmeter a 


100 x 17.32 x cos(—300°) = 866 w 


and, as expected, this value is on-third of the total powet. 
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V,a = 1007-240? 


V „p = 100Z0° 


a 





= 








V, = 1007-120? 


2. The single-phase equivalent circuit is shown below where 
R = 0.403 Q/1000 ft x 1500 ft = 0.605 Q 


Xj, = 0.143 Q/1000 ft x 1500 ft = 0.215 Q 


























and thus 
Zing = 0.605 +j0.215 
Also, 
Patea 500 
Dampi = Патр2 = zB ы ш md 
amp amp | AE 120 
$$ SN 1500 ft 2 
| R JX, | 
i — L otal 
| 0.605 О j0.215 Q! Z, | | 
Vin = (208/3)Z0° V А | (м) "cm 
L 8 lamp! I M 
= 120Z0° V lamp2 
4.17 A |4.17 A 5/3 Kw | 
| y cog 


We recall that for a single phase system the real power is given by 
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Preat = |Урм9\1ем 050 


where cos0 = pf 


Then, we find the motor current Гу in terms of the motor voltage V,, as 


n, = 200073 = 2083 
HS (Ум 


and since cos ‘0.8 = —36.9^ (lagging pf), the motor current J), is expressed as 
1м = 208303608 = + (1666 31251) 
Vy Vy 


The total current is 


Lut dur elus К 1и =2%®417+ 71666 -j1251) = yo (BAV 1666 – 1251) 


and the voltage drop across the /500 ft line is 


Vine = Тош Zine = E (8.34Vy + 1666 — j1251) (0.605 + j0.215) 
M 
= 6.05 Vy +j1.79V y + 1008 + j358.2 – j756.9 + 269.0) 
M 


= У-Ц(505Уу + 1277) + j(1.79V,,— 398.7)] 


Next, 
Уш = 12070? = V4, Vy = L U(5.05Vy + 1277) + j(1.79V y — 398.7)] + Ум 
M 
or 
120V,, = [(5.05Уу 1277) + j(1.79V 4 — 398.7) ] + Vin 
or 
V2 — (114.95 —j1.79) Vy + (1277 398.7) = 0 
We solve this quadratic equation with the following MATLAB code: 
p=[1 114.95-1.79j 1277-398.7j]; roots(p) 


ans = 
1.0e+002 * 


1.0260 + 0.02381 
0.1235 - 0.04171 
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Then, Vy; = 102.6 + j2.39 = 102.63 21.33° and Ум» = 12.35-j4.17 = 13.4Z—18.66? . Of these, 


the value of Vy is unrealistic and thus it is rejected. 


The positive phase angle іп Уууу is a result of the fact that a motor is an inductive load. But since 


an inductive load has a lagging power factor, we denote this line-to neutral of line-to-ground volt- 
age with a negative angle, that is, 


Ум = Vbag = 102.63Z-1.33? V 


The magnitude of the line-to-line voltage is 


[Vig] = J3 x Vy = 453:10263:5 17276 V 
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his appendix serves as an introduction to the basic MATLAB commands and functions, proce- 

dures for naming and saving the user generated files, comment lines, access to MATLAB’s Edi- 

tor/ Debugger, finding the roots of a polynomial, and making plots. Several examples ate pro- 
vided with detailed explanations. 


А1 MATLAB® and Simulink® 


MATLAB ® and Simulink ® are products of The MathWorks, Inc ™. These are two outstanding 
software packages for scientific and engineering computations and are used in educational institu- 
tions and in industries including automotive, aerospace, electronics, telecommunications, and envi- 
ronmental applications. MATLAB enables us to solve many advanced numerical problems fast and 
efficiently. Simulink is a block diagram tool used for modeling and simulating dynamic systems such 
as controls, signal processing, and communications. In this appendix we will discuss MATLAB only. 


А.2 Command Window 


To distinguish the screen displays from the user commands, important terms, and MATLAB func- 
tions, we will use the following conventions: 


Click: Click the left button of the mouse 


Courier Font: Screen displays 


Helvetica Font: User inputs at MATLAB's command window prompt >> or EDU»-' 
Helvetica Bold: MATLAB functions 
Times Bold Italic: Important terms and facts, notes and file names 


When we first start MATLAB, we see the toolbar on top of the command screen and the prompt 
EDU>>. This prompt is displayed also after execution of a command; MATLAB now waits fot a new 
command from the user. It is highly recommended that we use the Editor/Debugger to write our 
program, save it, and return to the command screen to execute the program as explained below. 


To use the Editor/Debugger: 
1. From the File menu on the toolbar, we choose New and click on M-File. This takes us to the Edi- 





* EDU>> is the MATLAB prompt in the Student Version 
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tor Window where we can type out code (list of statements) for a new file, or open a previously 
saved file. We must save our program with a file name which starts with a letter. Important! MAT- 
LAB is case sensitive, that is, it distinguishes between upper- and lower-case letters. Thus, t and T 
are two different letters in MATLAB language. The files that we create are saved with the file name 
we use and the extension .m; for example, myfile01.m. It is a good practice to save the code in a 
file name that is desctiptive of our code content. For instance, if the code performs some matrix 
operations, we ought to name and save that file as maírices01.m or any other similar name. We 
should also use a floppy disk to backup our files. 


2. Once the code is written and saved as an m-file, we may exit the Editor/Debugger window by 
clicking on Exit Editor/Debugger of the File menu. MATLAB then returns to the command win- 
dow. 


3. To execute a program, we type the file name without the .m extension at the >> prompt; then, we 
press <enter> and observe the execution and the values obtained from it. If we have saved our 
file in drive a ot any other drive, we must make sure that it is added it to the desired directory in 
МАТТ.АВ% search path. The MATLAB User's Guide provides more information on this topic. 


Henceforth, it will be understood that each input command is typed after the >> prompt and fol- 
lowed by the <enter> key. 


The command help matlab\iofun will display input/output information. To get help with other 
MATLAB topics, we can type help followed by any topic from the displayed menu. For example, to 
get information on graphics, we type help matlab\graphics. The MATLAB User's Guide contains 
numerous help topics. 


To appreciate MATLAB’s capabilities, we type demo and we see the MATLAB Demos menu. We can 
do this periodically to become familiar with them. Whenever we want to return to the command win- 
dow, we click on the Close button. 


When we are done and want to leave MATLAB, we type quit or exit. But if we want to clear all pre- 
vious values, vatiables, and equations without exiting, we should use the command clear. This com- 
mand erases everything; it is like exiting MATLAB and starting it again. The command clc clears the 
screen but MATLAB still remembers all values, variables and equations that we have already used. In 
other words, if we want to clear all previously entered commands, leaving only the >> prompt on the 
upper left of the screen, we use the cle command. 


All text after the % (percent) symbol is interpreted as a comment line by MATLAB, and thus it is 
ignored during the execution of a program. A comment can be typed on the same line as the function 
ot command or as a separate line. For instance, 


conv(p,q) % performs multiplication of polynomials p and а. 
% The next statement performs partial fraction expansion of p(x) / q(x) 


are both correct. 
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One of the most powerful features of MATLAB is the ability to do computations involving complex 
numbers. We can use either i, or j to denote the imaginary part of a complex number, such as 3- 4i 
ot 3-4j. For example, the statement 


2=3—4] 
displays 
z = 3.0000-4.0000i 


In the above example, a multiplication (*) sign between 4 and j was not necessary because the com- 
plex number consists of numetical constants. However, if the imaginary part is a function, or vatiable 
such as cos(x), we must use the multiplication sign, that is, we must type COS(X)"j or j*cos(x) for the 
imaginary part of the complex number. 


A.3 Roots of Polynomials 


In MATLAB, a polynomial is expressed as а row vector of the form [a, a, «+. а, a; a]. These 


ate the coefficients of the polynomial in descending order. We must include terms whose coeffi- 
cients are zero. 


We find the roots of any polynomial with the roots(p) function; p is a row vector containing the 
polynomial coefficients in descending order. 


Example A.1 


Find the roots of the polynomial 
р(х) = х*— 10x? + 35x" — 50x + 24 


Solution: 


The roots are found with the following two statements where we have denoted the polynomial as p1, 
and the roots as roots p1. 


p1=[1 -10 35 -50 24] % Specify and display the coefficients of рі (x) 
pl = 
1 -10 35 -50 24 

roots_ p1=roots(p1) % Find the roots of p1 (x) 
roots_pl = 

4.0000 

3.0000 

2.0000 
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1.0000 


We observe that MATLAB displays the polynomial coefficients as a row vector, and the roots as a 
column vector. 


Example A.2 


Find the roots of the polynomial 


p(x) = x - 7x! 16x! + 25x + 52 


Solution: 


There is no cube term; therefore, we must enter zero as its coefficient. The roots are found with the 
statements below, where we have defined the polynomial as p2, and the roots of this polynomial as 
roots_ p2. The result indicates that this polynomial has three real roots, and two complex roots. Of 


course, complex roots always occur in complex conjugate pairs. 
p2=[1 -7 0 16 25 52] 
p2 - 
1 =] 0 16 25 52 
roots p2-roots(p2) 
roots p2 = 
6.5014 
2.7428 
-1.5711 
-0.3366+ 1.32021 
-0.3366- 1.32021 


А.4 Polynomial Construction from Known Roots 


We can compute the coefficients of a polynomial, from a given set of roots, with the poly(r) function 
where Г is a row vector containing the roots. 


Example A.3 


It is known that the roots of a polynomial are 1, 2, 3, and 4. Compute the coefficients of this poly- 
nomial. 





* By definition, the conjugate of a complex number A = a jb is A* = a—jb 
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Solution: 


We first define а row vector, say r3 , with the given roots as elements of this vector; then, we find the 
coefficients with the poly(r) function as shown below. 


r3-[1 2 3 4] % Specify the roots of the polynomial 
r3 = 

1 2 3 4 
poly r3-poly(r3) % Find the polynomial coefficients 
poly r3 = 

1 -10 35 -50 24 


We observe that these are the coefficients of the polynomial р(х) of Example A.1. 


Example A.4 


It is known that the roots of a polynomial are —/, —2, —3, 4+j5 and 4-5. Find the coefficients 
of this polynomial. 


Solution: 


We form a row vector, say r4 , with the given roots, and we find the polynomial coefficients with the 
poly(r) function as shown below. 





г4=[-1 -2 -3 -4+5j -4-5j] 
r4 - 
Columns 1 through 4 
-1.0000 -2.0000 -3.0000 -4.0000+ 5.0000i 
Column 5 
-4.0000- 5.0000i 
poly r4- poly(r4) 
poly r4 = 
1 14 100 340 499 246 


Therefore, the polynomial is 


р(х) = х 14x! + 100х + 340х + 499x + 246 
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A.5 Evaluation of a Polynomial at Specified Values 


The polyval(p,x) function evaluates a polynomial p(x) at some specified value of the independent 
variable x. 


Example A.5 
Evaluate the polynomial 
р(х) = хб Зх? + 5х 4x 3x42 (A.1) 
atx = —3. 
Solution: 
p5=[1 -3 0 5 -4 3 2]; % These are the coefficients 
% The semicolon (;) after the right bracket suppresses the display of the row vector 
% that contains the coefficients of p5. 
% 
val_minus3=polyval(p5, —3) % Evaluate p5 at х=—3; no semicolon is used here 
% because we want the answer to be displayed 

val_minus3 = 

1280 
Other MATLAB functions used with polynomials are the following: 
conv(a,b) — multiplies two polynomials a and b 


[q,r]=deconv(c,d) -divides polynomial С by polynomial d and displays the quotient q and remain- 
der r. 


polyder(p) — produces the coefficients of the derivative of a polynomial p. 
Example A.6 
Let 
ру = x 3x! e 5x5 7x49 
and 
p> = 2x5 8x! + 4х + 10х+ 12 


Compute the product p, p, using the conv(a,b) function. 
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Solution: 

рі=[1 -3 05 7 9]; % The coefficients of p1 

р2=[2 0 -8 0 4 10 12]; 96 The coefficients of p2 

p1p2-conv(p1,p2) % Multiply p1 by p2 to compute coefficients of the product p1p2 
р1р2 = 

2 -6 -8 34 18 -24 -74 -88 78 166 174 108 

Therefore, 


pi p; = 2x! -6x 8х + 34x) + 18x’ — 24x° 
~74x°-88x" + 78х + 166x° + 174х + 108 
Example A.7 
Let 
рз = x/-3x 4 5x! & 7x49 
and 


p, = 2x5 - 8x. +4х + 10х+ 12 


Compute the quotient p;/p, using the [q,r]=deconv(c,d) function. 


Solution: 
% It is permissible to write two or more statements in one line separated by semicolons 
p3=[1 0-3 05 7 9]; р4=[2 -8 O 0 4 10 12]; [g,r]=deconv(p3,p4) 





q = 
0.5000 
r = 
0 4 -3 0 3 2 3 
Therefore, 
q = 0.5 r = 4x 3x + 3х 42x43 
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Example A.8 
Let 


р; = 2x6 8х? + 4x" 10x +12 


Compute the derivative <p 5 using the polyder(p) function. 


Solution: 
р5=[2 0 -8 0 4 10 12]; % The coefficients of p5 
der_p5=polyder(p5) % Compute the coefficients of the derivative of p5 
der_p5 = 
12 0 32 0 8 10 
Therefore, 


ps = 2x -32x + 4x. + 8x + 10 


A.6 Rational Polynomials 
Rational Polynomials ате those which can be expressed in ratio form, that is, as 


n п- 1 n-2 
Ӯ _ Мит(х) _ b. X Ab. cux Tub. cox +...4+))x+ bo 
(x) = ~ m-1 m-2 

x +...+a)X+d9 





(A.2) 


where some of the terms in the numerator and/or denominator may be zero. We can find the roots 


of the numerator and denominator with the roots(p) function as before. 


As noted in the comment line of Example A.7, we can write MATLAB statements in one line, if we 
separate them by commas or semicolons. Commas will display the results whereas semicolons will 


suppress the display. 
Example A.9 
Let 
R(x) = Prum с Х 3 + Sx" + 7x49 
Paden хб 4х 2x5 + 5x46 


Express the numerator and denominator in factored form, using the roots(p) function. 
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Solution: 
num=[1 -3 0 5 7 9]; den=[1 0 -4 0 2 5 6]; % Оо not display num and den coefficients 
roots num-roots(num), roots_den=roots(den) % Display num and den roots 
roots num - 

2.41865 1.07121 2.4186- 1.07121 -1.1633 

-0.3370+ 0.99611 -0.3370- 0.99611 
roots den = 

1.6760+0.49221 1.6760-0.49221 -1.9304 

-0.2108+0.98701 -0.2108-0.98701 -1.0000 
As expected, ће complex roots occur in complex conjugate pairs. 


For the numerator, we have the factored form 


= (x-2.4186 – ]1.0712)(х—2.4186 + j1.0712)(x + 1.1633) 
(x + 0.3370 — ]0.9961)(х + 0.3370 + j0.9961) 


Pnum 


and for the denominator, we have 


Paden = (71.6760 — j0.4922)(x—1.6760 + j0.4922)(x + 1.9304) 
(x  0.2108—0.9870)(x + 0.2108 + j0.9870)(x + 1.0000) 
We can also exptess the numerator and denominator of this rational function as a combination of 


linear and quadratic factors. We recall that, in a quadratic equation of the form x? + bx * c = 0 


whose roots are x, and x», the negative sum of the roots is equal to the coefficient b of the x term, 
that is, (x, +x) = b, while the product of the roots is equal to the constant term c, that is, 
хрх) = c. Accordingly, we form the coefficient b by addition of the complex conjugate roots and 


this is done by inspection; then we multiply the complex conjugate roots to obtain the constant term 
c using MATLAB as follows: 


(2.4186 + 1.07121)*(2.4186 -1.07121) 
ans = 6.9971 

(-0.3370+ 0.99611)* (-0.3370—0.99611) 
ans = 1.1058 

(1.6760+ 0.4922i)*(1.6760—0.4922i) 


ans = 3.0512 
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(-0.2108+ 0.98701) * (-0.2108—0.98701) 
ans - 1.0186 
Thus, 


R(x) = шт — (x? — 4.8372х + 6.9971)(x° + 0.6740х + 1.1058)(x + 1.1633) 
Pden (х2 – 3.3520х + 3.0512)(х + 0.4216х + 1.0186)(x + 1.0000)(x + 1.9304) 


We сап check this result with MATLAB's Symbolic Math Toolbox which is а collection of tools 
(functions) used in solving symbolic expressions. They are discussed in detail in MATLAB’s Users 
Manual. For the present, our interest is in using the collect(s) function that is used to multiply two 
or more symbolic expressions to obtain the result in polynomial form. We must remember that the 
conv(p,q) function is used with numeric expressions only, that is, polynomial coefficients. 


Before using a symbolic expression, we must create one or more symbolic variables such as x, y, t, 
and so on. For our example, we use the following code: 


syms x 96 Define a symbolic variable and use collect(s) to express numerator in polynomial 
form 


collect((x ^ 2—4.8372*x--6.9971)*(x ^ 24-0.6740*x--1.1058)*(x--1.1633)) 
ans = 


x^5-29999/10000*x^4-1323/3125000*x^347813277909/ 
1562500000*х^2+1750276323053/250000000000*х+4500454743147/ 
500000000000 


and if we simplify this, we find that is the same as the numerator of the given rational expression in 
polynomial form. We can use the same procedure to verify the denominator. 


A.7 Using MATLAB to Make Plots 


Quite often, we want to plot a set of ordered pairs. This is a very easy task with the MATLAB 
plot(x,y) command that plots y versus x. Here, x is the horizontal axis (abscissa) and y is the vertical 
axis (ordinate). 


Example A.10 


Consider the electric circuit of Figure A.1, where the radian frequency o (radians/second) of the 
applied voltage was varied from 300 to 3000 in steps of 100 radians/second, while the amplitude was 
held constant. The ammeter readings were then recorded for each frequency. The magnitude of the 
impedance |Z| was computed as |7] = |V/A| and the data were tabulated on Table A.1. 
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Figure А.І. Electric circuit for Example A.10 


TABLE A.1 Table for Example A.10 






























































о (rads/s) | |Z| Ohms || о (rads/s) | |Z| Ohms 
300 39.339 1700 90.603 
400 52.589 1800 81.088 
500 71.184 1900 73.588 
600 97.665 2000 67.513 
700 140.437 2100 62.481 
800 222.182 2200 58.240 
900 436.056 2300 54.611 

1000 | 1014.938 2400 51.428 
1100 469.83 2500 48.717 
1200 266.032 2600 46.286 
1300 187.052 2700 44.122 
1400 145.751 2800 42.182 
1500 120.353 2900 40.432 
1600 103.111 3000 38.845 











Plot the magnitude of the impedance, that is, |Z| versus radian frequency 


Solution: 


o. 


We cannot type œ (omega) in the MATLAB command window, so we will use the English letter w 


instead. 


If a statement, ог a row vector is too long to fit in one line, it can be continued to the next line by typ- 


ing three or more periods, then pressing «enfer? to start a new line, and continue to enter data. This 
is illustrated below for the data of w and 2. Also, as mentioned before, we use the semicolon (;) to 


suppress the display of numbers that we do not care to see on the screen. 


The data ate entered as follows: 
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w — [300 400 500 600 700 800 900 1000 1100 1200 1300 1400 1500 1600 1700 1800 1900.... 
2000 2100 2200 2300 2400 2500 2600 2700 2800 2900 3000]; 

% 

2= [39.339 52.789 71.104 97.665 140.437 222.182 436.056... 

1014.938 469.830 266.032 187.052 145.751 120.353 103.111... 

90.603 81.088 73.588 67.513 62.481 58.240 54.611 51.468... 

48.717 46.286 44.122 42.182 40.432 38.845]; 


Of course, if we want to see the values of w or z or both, we simply type W or Z, and we press 
<enter>. To plot z (y-axis) versus w (x-axis), we use the plot(x,y) command. For this example, we 
use plot(w,z). When this command is executed, MATLAB displays the plot on MATLAB’s graph 
screen. 'This plot is shown in Figure A.2. 
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Figure A.2. Plot of impedance |z| versus frequency о for Example A.10 


This plot is referred to as the amplitude frequency response of the circuit. 


To return to the command window, we press any key, or from the Window pull-down menu, we 
select MATLAB Command Window. То see the graph again, we click on the Window pull-down 
menu, and we select Figure. 
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We can make the above, or any plot, more presentable with the following commands: 
grid on: This command adds grid lines to the plot. The grid off command removes the grid. The 


command grid toggles them, that is, changes from off to on or vice versa. The default’ is off. 


box off: This command removes the box (the solid lines which enclose the plot), and box on 
restores the box. The command box toggles them. The default is on. 


title(‘string’): This command adds a line of the text string (label) at the top of the plot. 
xlabel(‘string’) and ylabel(‘string’) are used to label the x- and y-axis respectively. 


The amplitude frequency response is usually represented with the x-axis in a logarithmic scale. We 
can use the semilogx(x,y) command that is similar to the plot(x,y) command, except that the x-axis 
is represented as a log scale, and the y-axis as a linear scale. Likewise, the semilogy(x,y) command is 
similar to the plot(x,y) command, except that the y-axis is represented as a log scale, and the x-axis as 
a linear scale. The loglog(x,y) command uses logarithmic scales for both axes. 


Throughout this text it will be understood that log is the common (base 10) logarithm, and In is the 
natural (base e) logarithm. We must remember, however, the function log(x) in MATLAB is the nat- 
ural logarithm, whereas the common logarithm is expressed as 10910(х), and the logarithm to the 
base 2 as log2(x). 


Let us now redraw the plot with the above options by adding the following statements: 
semilogx(w,z); grid; 96 Replaces the plot(w,z) command 

titleMagnitude of Impedance vs. Radian Frequency’); 

xlabel('w in rads/sec); ylabel('|Z| in Ohms’) 

After execution of these commands, our plot is as shown in Figure A.3. 


If the y-axis represents power, voltage or current, the x-axis of the frequency response is more often 
shown in a logarithmic scale, and the y-axis in dB (decibels). The decibel unit is defined in Chapter 4. 





* A A default is a particular value for a variable that is assigned automatically by an operating system and remains 
in effect unless canceled or overridden by the operator. 
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Figure A.3. Modified frequency response plot of Figure A.2. 


To display the voltage v in a dB scale on the y-axis, we add the relation dB=20*log10(v), and we 
replace the semilogx(w,Z) command with semilogx(w,dB). 


The command gtext('string") switches to the current Figure Window, and displays a cross-hair 
that can be moved around with the mouse. For instance, we can use the command gtext(‘Impedance 
|Z| versus Frequency’), and this will place a cross-hair in the Figure window. Then, using the 
mouse, we can move the cross-hair to the position where we want our label to begin, and we press 
<enter>. 


The command text(x,y, string’) is similar to gtext(‘string’). It places a label on a plot in some spe- 
cific location specified by X and y, and string is the label which we want to place at that location. We 
will illustrate its use with the following example that plots a 3-phase sinusoidal waveform. 


The first line of the code below has the form 





* With MATLAB Versions 6 and 7 we can add text, lines and arrows directly into the graph using the tools provided 
on the Figure Window. 
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linspace(first value, last value, number of values) 


This function specifies the number of data points but not the increments between data points. An 
alternate function is 


x-first: increment: last 

and this specifies the increments between points but not the number of data points. 

The code for the 3-phase plot is as follows: 

x=linspace(0, 2*pi, 60); % piis a built-in function in MATLAB; 

% we could have used x=0:0.02*pi:2*pi or x = (0: 0.02: 2)*pi instead; 

y=sin(x); u=sin(x+2*pi/3); v=sin(x+4*pi/3); 

plot(x,y,x,U,X,V); % The x-axis must be specified for each function 

grid on, box on, % turn grid and axes box on 

text(0.75, 0.65, 'sin(x)); text(2.85, 0.65, 'sin(x+2*pi/3)'); text(4.95, 0.65, 'sin(x+4*pi/3)') 


These three waveforms are shown on the same plot of Figure A.4. 


























Figure A.4. Three-phase waveforms 
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In our previous examples, we did not specify line styles, markers, and colors for our plots. However, 
MATLAB allows us to specify various line types, plot symbols, and colors. These, or a combination 
of these, can be added with the plot(x,y,s) command, where S is a character string containing one or 
more characters shown on the three columns of Table A.2. MATLAB has no default color; it starts 
with blue and cycles through the first seven colors listed in Table A.2 for each additional line in the 
plot. Also, there is no default marker; no markers are drawn unless they are selected. The default line 
is the solid line. 


TABLE A.2 Styles, colors, and markets used in MATLAB 























Symbol | Color || Symbol Marker Symbol Line Style 
b blue ; point — solid line 
g green o circle : dotted line 
r red X x-mark —. dash-dot line 
c cyan + plus — dashed line 
m magenta * star 
y yellow S square 
k black d diamond 
w white м triangle down 

^ triangle up 
« triangle left 
> triangle right 
p pentagram 
h hexagram 

















For example, plot(x,y,'m*:') plots a magenta dotted line with a star at each data point, and 
plot(x,y,'rs') plots a red square at each data point, but does not draw any line because no line was 
selected. If we want to connect the data points with a solid line, we must type plot(x,y,'rs—'). For 
additional information we can type help plot in MATLAB’s command screen. 


The plots we have discussed thus far are two-dimensional, that is, they are drawn on two axes. MAT- 
LAB has also a three-dimensional (three-axes) capability and this is discussed next. 


The plot3(x,y,z) command plots a line in 3-space through the points whose coordinates are the ele- 
ments of x, y and z, where x, y and z are three vectors of the same length. 


The general format is plot3(x4,y4,24,94,X2,y2,22,82,X3,Y 3,23,85,...) where Xp, Yn and Z, are vectors 
or matrices, and S, are strings specifying color, marker symbol, or line style. These strings are the 
same as those of the two-dimensional plots. 
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Example A.11 


Plot the function 


z2-2x tx43y/-1 (A.3) 
Solution: 


We arbitrarily choose the interval (length) shown on the code below. 


= -10: 0.5: 10; % Length of vector x 
у= Xx % Length of vector y must be same as x 
z= -2.*х.^3+х+3.*у.^ 2—1; % Vector zis function of both x and y 


plot3(x,y,z); grid 
The three-dimensional plot is shown in Figure A.5. 

















-10  -10 


Figure A.5. Three dimensional plot for Example A.11 


In a two-dimensional plot, we can set the limits of the x- and y-axes with the axis([xmin xmax 
ymin ymax]) command. Likewise, in a three-dimensional plot we can set the limits of all three axes 





* This statement uses the so called dot multiplication, dot division, and dot exponentiation where the multiplication, 
division, and exponential operators are preceded by a dot. These operations will be explained in Section А.8. 
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with the axis([xmin xmax ymin ymax zmin zmax]) command. It must be placed after the 
plot(x,y) or plot3(x,y,z) commands, or on the same line without first executing the plot command. 
This must be done for each plot. The three-dimensional text(x,y,z, string’) command will place 
string beginning at the co-ordinate (x,y,z) on the plot. 


For three-dimensional plots, grid on and box off are the default states. 


We can also use the mesh(x,y,Z) command with two vector arguments. These must be defined as 
length(x) = n and length(y) = m where [m,n] = size(Z). In this case, the vertices of the mesh 
lines are the triples (x(j), y(i), Z(i, j) ) . We observe that X corresponds to the columns of Z, and y 
corresponds to the rows. 


To produce a mesh plot of a function of two variables, say z = f (x, y) , we must first generate the X 
and Y mattices that consist of repeated rows and columns over the range of the vatiables x and y. We 
can generate the matrices X and Y with the [;Y] 2 meshgrid(x,y) function that creates the matrix X 
whose rows are copies of the vector X, and the matrix Y whose columns are copies of the vector y. 


Example A.12 


The volume V of a right circular cone of radius г and height Л is given by 


V= tah (A.4) 


Plot the volume of the cone as r and h vary on the intervals 0€ r€ 4 and 0< h € 6 meters. 
Solution: 
The volume of the cone is a function of both the radius r and the height h, that is, 

V = f(r, h) 


The three-dimensional plot is created with the following MATLAB code where, as in the previous 
example, in the second line we have used the dot multiplication, dot division, and dot exponentiation. 
This will be explained in Section A.8. 


[RH] 2 meshgrid(0: 4, 0: 6); % Creates R and Н matrices from vectors r and h 
V-(pi.* R.^ 2.* Н) /3; mesh(R, Н, V) 

xlabel('x-axis, radius r (meters); ylabel(y-axis, altitude h (meters); 

zlabel('z-axis, volume (cubic meters); title(Volume of Right Circular Cone); box on 


The three-dimensional plot of Figure A.6, shows how the volume of the cone increases as the radius 
and height are increased. 
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Figure A.6. Volume of a right circular cone. 


This, and the plot of Figure A.5, are rudimentary; MATLAB can generate very sophisticated three- 
dimensional plots. The MATLAB User's manual contains more examples. 


A.8 Subplots 


MATLAB can display up to four windows of different plots on the Figure window using the com- 
mand subplot(m,n,p). This command divides the window into an m x n matrix of plotting areas and 
chooses the pth area to be active. No spaces ot commas ate required between the three integers m, n 


and p. The possible combinations ate shown in Figure A.7. 


We will illustrate the use of the subplot(m,n,p) command following the discussion on multiplica- 
tion, division and exponentiation that follows. 
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Figure A.7. Possible subplot arrangements in MATLAB 
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A.9 Multiplication, Division and Exponentiation 


MATLAB recognizes two types of multiplication, division, and exponentiation. These are the matrix 
multiplication, division, and exponentiation, and the element-by-element multiplication, division, 
and exponentiation. They are explained in the following paragraphs. 


In Section A.2, the arrays [a b c ...], such a those that contained the coefficients of polynomials, 
consisted of one row and multiple columns, and thus are called row vectors. If an array has one col- 
umn and multiple rows, it is called a column vector. We tecall that the elements of a row vector are 
sepatated by spaces. To distinguish between row and column vectors, the elements of a column vec- 
tor must be separated by semicolons. An easier way to construct a column vector, is to write it first as 
a row vector, and then transpose it into a column vector. MATLAB uses the single quotation charac- 
ter (^) to transpose a vector. Thus, a column vector can be written either as b=[-1; 3; 6; 11] or as 
b=[-1 3 6 11]. MATLAB produces the same display with either format as shown below. 


b=[-1; 3; 6; 11] 
H= 
-1 
3 
6 
11 
b=[-1 3 6 11]' 
B x 
-1 
3 
6 
TI 
We will now define Matrix Multiplication and Element-by-Element multiplication. 


1. Matrix Multiplication (multiplication of row by column vectors) 


Let 
A 


[a; а, а; ... a,l] 


апа 
В 


Т йуз] 


be two vectors. We obsetve that А is defined as a row vector whereas B is defined as a column vector, 
as indicated by the transpose operator (^). Here, multiplication of the row vector A by the column 
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vector B, is performed with the matrix multiplication operator (*). Then, 


A*B = [a,b,+ a,b, +a;b;+...+a,b,] = single value (A.5) 


For example, if 

А=[1 2 3 4 5] 
and 

B = [-2 6 -3 8 7] 


the matrix multiplication A*B produces the single value 68, that is, 
A*B = 1х(—2)+2хб+3х(—3)+4х8+5х7 = 68 
and this is verified with MATLAB as 


А=[1 2 3 4 5; B-[-2 6-3 8 7]; 
A*B 
ans = 

68 


Now, let us suppose that both А and B are row vectors, and we attempt to perform a row-by-row 
multiplication with the following MATLAB statements. 


A=[1 2 3 4 5]; B=[-2 6 -3 8 7]; 
A*B 


When these statements are executed, MATLAB displays the following message: 
??? Error using ==> * 
Inner matrix dimensions must agree. 


Here, because we have used the matrix multiplication operator (*) in A*B, MATLAB expects vector 
B to be a column vector, not a row vector. It recognizes that B is a row vector, and warns us that we 
cannot perform this multiplication using the matrix multiplication operator (*). Accordingly, we must 
perform this type of multiplication with a different operator. This operator is defined below. 


2.Element-by-Element Multiplication (multiplication of a row vector by another row vector) 


Let 
C 


[c] с; C3 ... с] 
апа 
D 


[2 4 d; .. d] 


п 


be two row vectors. Here, multiplication of the row vector С by the row vectot D is performed with 
the dot multiplication operator (.*). There is no space between the dot and the multiplication sym- 
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bol. Thus, 


C.*D = [с,4, Cod, сза; ... C d ] (A.6) 


nn 
This product is another row vector with the same number of elements, as the elements of С and D. 


As an example, let 

Cer 3-45] 
and 

D = [-2 6 -3 8 7] 


Dot multiplication of these two row vectors produce the following result. 


C.*D = 1х(-2) 2x6 3x(-3) 4x8 5х7 = -2 12 -9 32 35 


Check with MATLAB: 
C=[1 2 3 4 5]; 96 Vectors C and D must have 
D=[-2 6-3 8 7]; % same number of elements 
C.*D % We observe that this is a dot multiplication 
ans = 
-2 12 =9 32 35 


Similarly, the division (/) and exponentiation (^) operators, are used for matrix division and exponen- 
tiation, whereas dot division (./) and dot exponentiation (.^) are used for element-by-element divi- 
sion and exponentiation. 


We must remember that no space is allowed between the dot (.) and the multiplication, division, 
and exponentiation operators. 


Note: A dot (.) is never required with the plus (+) and minus (—) operators. 
Example A.13 
Write the MATLAB code that produces a simple plot for the waveform defined as 
-4t -3t . Ü 

y = f(t) = 3e cos5t—-2e sin2t* - — (АЛ) 
in the 0<1< 5 seconds interval. 
Solution: 
The MATLAB code for this example is as follows: 


1=0: 0.01: 5 % Define t-axis in 0.01 increments 
y=3 .* exp(-4 .* t) .* cos(5 .* t)-2 .* exp(-3.* t) .* sin(2 .* t) + t. ^2 ./ (t+1); 
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plot(t,y); grid; xlabel(t); ylabel(‘y=f(t)'); title(Plot for Example A.13') 
Figure A.8 shows the plot for this example. 


Plot for Example A.13 





Figure A.6. Plot for Example A.13 


Had we, in this example, defined the time interval starting with a negative value equal to or less than 
-1 , say as —3 < t€ 3, MATLAB would have displayed the following message: 


Warning: Divide by zero. 


This is because the last term (the rational fraction) of the given expression, 1s divided by zero when 
t = —1.'То avoid division by zero, we use the special MATLAB function eps, which is a number 


approximately equal to 2.2 x / 07 . It will be used with the next example. 


The command axis([xmin xmax ymin ymax]) scales the current plot to the values specified by the 
arguments Xmin, xmax, ymin and ymax. There are no commas between these four arguments. This 
command must be placed after the plot command and must be repeated for each plot. 


The following example illustrates the use of the dot multiplication, division, and exponentiation, the 
eps number, the axis([xmin xmax ymin ymax]) command, and also MATLAB’s capability of dis- 
playing up to four windows of different plots. 


Example A.14 
Plot the functions 


= sin^x zo cos^x, w = sin?x- cos?x, v = sin?x/cos?x 
y 5 2 » 
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in the interval 0 X x < 2x using 100 data points. Use the subplot command to display these func- 


tions on four windows on the same graph. 
Solution: 


The MATLAB code to produce the four subplots 1s as follows: 


x-linspace(0,2*pi, 100); % Interval with 100 data points 
y=(sin(x).* 2); 2=(соѕ(х).^ 2); 

w=y.* 7; 

v=y./ (z+eps); % add eps to avoid division by zero 


subplot(221);% upper left of four subplots 

plot(x,y); ахіѕ([0 2*pi O 1]); 

title(y— (sinx) ^ 27); 

subplot(222); % upper right of four subplots 
plot(x,z); ахіѕ([0 2*pi O 1]); 

title(z— (cosx) ^ 2); 

subplot(223); % lower left of four subplots 
plot(x,w); ахіѕ([0 2*pi 0 0.3]); 

title(‘w= (sinx) ^ 2* (cosx) ^ 2'); 

subplot(224); % lower right of four subplots 
plot(x,v); axis([O 2*pi O 400]); 

title(v— (sinx) ^ 2/(cosx) ^ 2; 


These subplots ate shown in Figure A.9. 


у=(ѕіпх)2 z-(cosxf 
1 1 
0.8 0.8 
0.6 0.6 
0.4 0.4 
0.2 0.2 
0 0 
0 2 4 6 0 4 6 
w=(sinx)?*(cosx)2 у= (sinx)2/(cosx)? 
400 
0.25 
300 
0.2 
0.15 200 
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100 
0.05 
0 0 
0 2 4 6 0 2 4 6 


Figure A.9. Subplots for the functions of Example A.14 
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The next example illustrates MATLAB’s capabilities with imaginary numbers. We will introduce the 
real(z) and imag(z) functions that display the real and imaginary parts of the complex quantity z = 
x + iy, the abs(z), and the angle(z) functions that compute the absolute value (magnitude) and 
phase angle of the complex quantity z = x + iy = rZ0. We will also use the polar(theta,r) function 
that produces a plot in polar coordinates, where r is the magnitude, theta is the angle in radians, and 
the round(n) function that rounds a number to its nearest integer. 


Example A.15 


Consider the electric circuit of Figure A.10. 

















амм 
1090 
Z, —- 100 210 uF 
олн 8 T 
b 





Figure A.10. Electric circuit for Example A.15 


With the given values of resistance, inductance, and capacitance, the impedance Z, as a function of 


the radian frequency о can be computed from the following expression: 


EET 
Z, = Z = 10+ — 100 7o (A.8) 
104 j(0.10 — 10^ /Q ) 
a. Plot Re{Z} (the real part of the impedance Z) versus frequency o. 


b. Plot Im{Z} (the imaginary part of the impedance Z) versus frequency o. 
c. Plot the impedance Z versus frequency o in polar coordinates. 
Solution: 


The MATLAB code below computes the real and imaginary parts of Z, that is, for simplicity, 
denoted as z, and plots these as two separate graphs (parts a & b). It also produces a polar plot (part 


с). 


w=0: 1: 2000; % Define interval with one radian interval 

z=(10+(10.* 4-j.* 10.^ 6 / (м+ерѕ)) ./ (10 + j .* (0.1 .* w-10. *5./ (м+ерѕ)))); 
% 

% The first five statements (next two lines) compute and plot Re{z} 
real_part=real(z); plot(w,real_part); grid; 

xlabel(radian frequency м); ylabel('Real part of Z); 

% 
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% The next five statements (next two lines) compute and plot Im{z} 

imag part-imag(z); plot(w,imag part); grid; 

xlabel(radian frequency м); ylabel('Imaginary part of Z); 

% The last six statements (next six lines) below produce the polar plot of 2 


mag=abs(z); % Computes |Z| 

rndz=round(abs(z)); 96 Rounds |Z| to read polar plot easier 
theta=angle(z); % Computes the phase angle of impedance Z 
polar(theta,rndz); % Angle is the first argument 

grid; 

ylabel('Polar Plot of Z); 


The real, imaginary, and polar plots are shown in Figures A.11, A.12, and A.13 respectively. 
Example A.15 cleatly illustrates how powerful, fast, accurate, and flexible MATLAB is. 


A.10 Script and Function Files 


MATLAB recognizes two types of files: script files and function files. Both types are referred to as 
m-files since both require the .m extension. 


А script file consists of two or more built-in functions such as those we have discussed thus far. 
Thus, the code for each of the examples we discussed earlier, make up a script file. Generally, a script 
file is one which was generated and saved as an m-file with an editor such as the MATLAB?’s Editor/ 
Debugget. 


Real part of Z 





0 200 400 600 800 1000 1200 1400 1600 1800 2000 
radian frequency w 


Figure A.11. Plot for the real part of the impedance in Example A.15 
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Imaginary part of Z 
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Figure A.12. Plot for the imaginary part of the impedance in Example A.15 


1015 


Polar Plot of Z 





Figure A.13. Polar plot of the impedance in Example A.15 


A function file is a user-defined function using MATLAB. We use function files for repetitive tasks. 
The first line of a function file must contain the word function, followed by the output argument, the 
equal sign ( — ), and the input argument enclosed in parentheses. The function name and file name 


must be the same, but the file name must have the extension .m. For example, the function file con- 
sisting of the two lines below 
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function y = myfunction(x) 

у=х.^ 3 + cos(3.* x) 

is a function file and must be saved as myfunction.m 

For the next example, we will use the following MATLAB functions. 


fzero(f,x) tries to find a zero of a function of one variable, where f is a string containing the name of 
a real-valued function of a single real variable. MATLAB searches for a value near a point where the 
function f changes sign, and returns that value, ot returns NaN if the search fails. 


Important: We must remember that we use roots(p) to find the roots of polynomials only, such as 
those in Examples A.1 and A.2. 


fmin(f,x1,x2) minimizes a function of one variable. It attempts to return a value of x where f(x) is 


minimum in the interval x; « x < x5. The string f contains the name of the function to be minimized. 


Note: MATLAB does not have a function to maximize a function of one variable, that is, there is no 
fmax(f,x1,x2) function in MATLAB; but since a maximum of f(x) is equal to a minimum of -f (x), 
we can use fmin(f,x1,x2) to find both minimum and maximum values of a function. 


fplot(fcn,lims) plots the function specified by the string fcn between the x-axis limits specified by 
lims = [xmin xmax]. Using lims = [xmin xmax ymin ymax] also controls the y-axis limits. The 
string fcn must be the name of an m-file function or a string with variable x. 


Note: NaN (Not-a-Number) is not a function; it is MATLAB’s response to an undefined expression 
such as 0/0, о/о, or inability to produce a result as described on the next paragraph. We can avoid 
division by zero using the eps number, that we mentioned earlier. 


Example A.16 
Find the zeros, maxima and minima of the function 


dicum dos poe. dE eg 


(x-0.1) +0.01 (х 1.2) + 0.04 
Solution: 
We first plot this function to observe the approximate zeros, maxima, and minima using the follow- 


ing code. 


х=-1.5: 0.01: 1.5; 
y=1./ ((x-0.1).* 2 + 0.01) –1./ ((х–1.2).^ 2 + 0.04) -10; 
plot(x,y); grid 


The plot is shown in Figure A.14. 
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Figure A.14. Plot for Example A.16 using the plot command 


The roots (zeros) of this function appear to be in the neighborhood of x = -0.2 and x = 0.3. The 


maximum occuts at approximately x = 0.1 where, approximately, y = 90, апа the minimum 


= —34. 


тах 
occurs at approximately х = /.2 where, approximately, Y min 
Next, we define and save f(x) as the funczero01.m function m-file with the following code: 
function y=funczero01 (x) 

% Finding the zeros of the function shown below 

y=1/((x-0.1) ^ 24-0.01)-1/((x—1.2) ^ 24-0.04)-10; 

Now, we can use the fplot(fen,lims) command to plot f(x) as follows. 


fplot(funczeroO1', [-1.5 1.5]); grid 


This plot is shown in Figure A.15. As expected, this plot is identical to the plot of Figure A.14 that 
was obtained with the plot(x,y) command. 
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Figure A.15. Plot for Example A.16 using the fplot command 


We will use the fzero(f,x) function to compute the roots of f(x) in (A.20) more precisely. The code 
below must be saved with a file name, and then invoked with that file name. 


х1 = fzero(‘funczero01', -0.2); 

x2= fzero(‘funczero01’, 0.3); 

fprintf( The roots (zeros) of this function are r1= %3.4#, x1); 
fprintf( and r2= %3.4f \n', x2) 


MATLAB displays the following: 
The roots (zeros) of this function are rl= -0.1919 and r2= 0.3788 


Whenever we use the fmin(f,x1,x2) function, we must remember that this function searches for a 


minimum and it may display the values of local minima, if any, before displaying the function mini- 
mum. It is, therefore, advisable to plot the function with either the plot(x,y) or the fplot(fcn,lims) 
command to find the smallest possible interval within which the function minimum lies. For this 
example, we specify the range 0 € x € 1.5 rather than the interval –/.5 < х < 1.5. 


The minimum of f(x) is found with the fmin(f,x1,x2) function as follows. 
min val-fmin(funczeroO1', 0, 1.5) 
тіп val = 1.2012 





* Local maxima or local minima, are the maximum or minimum values of a function within a restricted range of 
values in the independent variable. When the entire range is considered, the maxima and minima are considered 
be to the maximum and minimum values in the entire range in which the function is defined. 
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This is the value of x at which y = f(x) is minimum. To find the value of y corresponding to this 


value of x, we substitute it into f(x) , that is, 
xz1.2012; у=1 / ((x-0.1) ^ 2 + 0.01) -1/ ((x-1.2) ^ 2 + 0.04) -10 
y = -34.1812 


To find the maximum value, we must first define а new function m-file that will produce -f (x). We 
define it as follows: 


function y=minusfunczero01 (x) 
% It is used to find maximum value from -f(x) 
y —-(1/((x-0.1) ^ 2+0.01)—1/((x-1.2) ^ 2--0.04)-10); 


We have placed the minus (—) sign in front of the right side of the last expression above, so that the 
maximum value will be displayed. Of course, this is equivalent to the negative of the funczeroO1 
function. 


Now, we execute the following code to get the value of x where the maximum y = f(x) occurs. 
max val-fmin('minusfunczeroO1', 0,1) 


max val - 0.0999 


x=0.0999;% Using this value find the corresponding value of y 
у=1 / ((x-0.1) ^ 2 0.01) -1/ ((x-1.2) ^ 2 + 0.04) -10 


y - 89.2000 


A.11 Display Formats 


MATLAB displays the results on the screen in integer format without decimals if the result is an inte- 
ger number, or in short floating point format with four decimals if it a fractional number. The format 
displayed has nothing to do with the accuracy in the computations. MATLAB performs all computa- 
tions with accuracy up to 16 decimal places. 


The output format can changed with the format command. The available formats can be displayed 
with the help format command as follows: 


help format 

FORMAT Set output format. 

All computations in MATLAB are done in double precision. 

FORMAT may be used to switch between different output display formats as follows: 


FORMAT Default. Same as SHORT. 
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FORMAT SHORT Scaled fixed point format with 5 digits. 

FORMAT LONG Scaled fixed point format with 15 digits. 

FORMAT SHORT E Floating point format with 5 digits. 

FORMAT LONG E Floating point format with 15 digits. 

FORMAT SHORT G Best of fixed or floating point format with 5 digits. 
FORMAT LONG G Best of fixed or floating point format with 15 digits. 
FORMAT НЕХ Hexadecimal format. 


FORMAT + The symbols +, - and blank are printed for positive, negative and zero elements. 
Imaginary parts are ignored. 


FORMAT BANK Fixed format for dollars and cents. 





FORMAT RAT Approximation by ratio of small integers. 
Spacing: 

FORMAT COMPACT Suppress extra line-feeds. 

FORMAT LOOSE Puts the extra line-feeds back in. 

Some examples with different format displays age given below. 
format short 33.3335 Four decimal digits (default) 

format long 33.33333333333334 16 digits 

format short e 3.3333e+01 Four decimal digits plus exponent 
format short g 33.333 Better of format short ot format format short e 
format bank 33.33 two decimal digits 

format + only or — or zero are printed 

format rat 100/3 rational approximation 


The disp(X) command displays the array X without printing the array name. If X is a string, the text 
is displayed. 


The fprintf(format,array) command displays and prints both text and arrays. It uses specifiers to 
indicate where and in which format the values would be displayed and printed. Thus, if %f is used, 
the values will be displayed and printed in fixed decimal format, and if %е is used, the values will be 
displayed and printed in scientific notation format. With these commands only the real part of each 
parameter is processed. 
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his appendix is a review of ordinary differential equations. Some definitions, topics, and exam- 

ples are not applicable to introductory circuit analysis but are included for continuity of the 

subject, and for reference to more advance topics in electrical engineering such as state vari- 
ables. These are denoted with an asterisk and may be skipped. 


B.1 Simple Differential Equations 

In this section we present two simple examples to show the importance of differential equations in 
engineering applications. 

Example B.1 

А І F capacitor is being charged by a constant current J. Find the voltage ус across this capacitor as 


a function of time given that the voltage at some reference time t = 0 is Vp. 


Solution: 


It is given that the current, as a function of time, is constant, that is, 
ic(t) = I = constant (B.1) 
We know that the current and voltage in a capacitor are related by 


ave 





ic(t) = С " (B.2) 

and for our example, С = 1. Then, by substitution of (B.2) into (B.1) we get 
Zez] 
By separation of the variables, 
аус = Idt (B.3) 

and by integrating both sides of (B.3) we get 

v(t) = It+k (B.4) 
where k represents the constants of integration of both sides. 
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We can find the value of the constant k by making use of the initial condition, i.e., at t = 0, ус = Vo 


and (B.4) then becomes 
Vo = O+k (B.5) 


ot К = Vj, and by substitution into (B.4), 





v(t) = It У, (B.6) 











This example shows that when a capacitor is charged with a constant current, a linear voltage is pro- 
duced across the terminals of the capacitor. 


Example B.2 
Find the current i,(t) through an inductor whose slope at the coordinate (t, ij) is cost and the cur- 


rent i, passes through the point (n/2,1). 


Solution: 


We are given that 


T = cost (B.7) 

By separating the variables we get 
di, = costdt (B.8) 

and integrating both sides we get 
i(t) = ѕіпі+ К (B.9) 


where k represents the constants of integration of both sides. 


We find the value of the constant k by making use of the initial condition. For this example, o = 1 
and thus at of = t = 1/2, i, = 1. With these values (B.9) becomes 


l= sin? +k (B.10) 


ot К = 0, and by substitution into (B.9), 





i(t) = sint (B.11) 
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B.2 Classification 

Differential equations are classified by: 

1. Type — Otdinary or Partial 

2. Order — The highest order derivative which is included in the differential equation 


3. Degree — The exponent of the highest power of the highest order derivative after the differential 
equation has been cleared of any fractions or radicals in the dependent variable and its derivatives 


For example, the differential equation 


42 3х4 DG 8 2 
и NE e 
dx dx dx d Х +1 


is an ordinary differential equation of order 4 and degree 2. 


If the dependent variable y is a function of only a single variable x, that is, if y = f(x) , the differen- 


tial equation which relates y and x is said to be an ordinary differential equation and it is abbreviated 
as ODE. 


The differential equation 


2 
dy. qu es = 5cos4t 
dé dt 

is an ODE with constant coefficients. 

The differential equation 

2 
ARTON EG = 
dt dt 


is an ODE with variable coefficients. 


If the dependent variable y is a function of two or more variables such as y = f(x, t), where x and t 
are independent variables, the differential equation that relates y, x, and t is said to be a partial dif- 
ferential equation and it is abbreviated as PDE. 


An example of a partial differential equation is the well-known one-dimensional wave equation shown 
below. 


Most of the electrical engineering problems are solved with ordinary differential equations with con- 
stant coefficients; howevet, partial differential equations provide often quick solutions to some prac- 
tical applications as illustrated with the following three examples. 
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Example B.3 
The equivalent resistance Rz of three resistors R;, R5, and К; in parallel is given by 


d cod xc 
Ry R, R, R, 


Given that initially R; = 5 Q, R, = 20 О, and К; = 4 О compute the change in Ry if R, is 
increased by 10% апа А; is decreased by 5% while R, does not change. 


Solution: 
The initial value of the equivalent resistance is Ry = 5|| 20||4 = 2 Q. 


Now, we treat А, and А; as constants and differentiating Ry with respect to А, we get 


10R; | OR, _ (Rr\? 
or —=|— 
RR, R OR, “Е, 


Similarly, 


and the total differential dR, is 


OR OR, OR RM RM В. \2 
aR og di + dR, + aR, = (21) а(н) ак «(v ) ав, 


R 
die ôR, OR; R, 


By substitution of the given numerical values we get 
dR; = (2 ) OHE 2 a»«(2 » (-0.2) = 0.02 0.05 = -0.03 
Therefore, the eequivalent resistance decreases by 3%. 


Example B.4 
In a series RC circuit that is excited by a sinusoidal voltage, the magnitude of the impedance Z is 


computed from Z = JR PEX Initially, R = 4 О and Хе = 3 О. Find the change in the imped- 
ance Z if the resistance R is increased by 0.25 О (6.25%) and the capacitive reactance Хе is 
decreased by 0.125 О (-4.167%). 
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Solution: 


We will first find the partial derivatives < and Z ; then we compute the change in impedance 
c 


from the total differential dZ. Thus, 
OZ _ R 


OR нх ©%с de ex? 


д7 д7 _ кай+ХеаХе 


UR еу 


and 


and by substitution of the given values 


dZ 


2. 4(0.25)+3 (0.125) _ 1 EMI — 0.125 


4° +3° 
Therefore, if R increases by 6.25% and Xç decreases by 4.16796 , the impedance Z increases by 
4.167% . 


Example B.5 


A light bulb is rated at 120 volts and 75 watts. If the voltage decreases by 5 volts and the resistance 
of the bulb is increased by 8 О, by how much will the power change? 


Solution: 


At V = 120 volts and P = 75 watts, the bulb resistance is 


2 2 
Rd ug qox 
P 75 
and since 
2 2 
P- у Ше oP = 2V дР = V 
R ôV R OR р 
and the total differential is 
oP oP PETRUS 
dP = — ау + = dR = —dV-—dR 
OV ^" * OR Roe 


2(120) 120° 
192 Cy) me ) á 


That is, the power will decrease by 9.375 watts. 
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B.3 Solutions of Ordinary Differential Equations (ODE) 


А function y = f(x) is a solution of a differential equation if the latter is satisfied when y and its 
derivatives are replaced throughout by f(x) and its corresponding derivatives. Also, the initial condi- 


tions must be satisfied. 


For example a solution of the differential equation 


is 
y = k,sinx + k;cosx 


since y and its second derivative satisfy the given differential equation. 


Any linear, time-invariant electric circuit can be described by an ODE which has the form 














n п- 1 
a Jud — + pu AL 
dt dt dt 
m m-1 
Е +. tb e бул (В.12) 
t 


= dt 
——— c 


Excitation (Forcing) Function x(t) 
NON - HOMOGENEOUS DIFFERENTIAL EQUATION 











If the excitation in (B12) is not zero, that is, if x(t) + 0, the ODE is called a non-homogeneous ODE. If 


x(t) = O,it reduces to: 





d'y d” 7y dy 
а, +а„_ +..+а—+ауу = 0 
do OM тшш (В.13) 


HOMOGENEOUS DIFFERENTIAL EQUATION 

















The differential equation of (B.13) above is called a homogeneous ODE and has n different linearly 
independent solutions denoted as y;(t), y2(t), ys(t), ..., Yn (1). 


We will now ptove that the most general solution of (B.13) 1s: 
Yat) = Kk, yi) + Ko yt) + Ks ys) +... + kn у (0) (B.14) 


where the subscript Н on the left side is used to emphasize that this is the form of the solution of the 


homogeneous ODE and k;, kz, kz, ..., К, are arbitrary constants. 
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Proof: 


Let us assume that y,(f) is a solution of (B.13); then by substitution, 





d 
+. +а 1 e agy; = 0 (B.15) 


A solution of the form k,y,(t) will also satisfy (B.13) since 


n п- 1 


ay Уг) + diras y) t tap (ay) + aolki у) 
(B.16) 








d"y, d" ly, dy, 
=k + +... +а = + = 0 
e di ап] а dt ao У 


If y = y,(t) and y = y,(t) are any two solutions, then y = y,(t)+ y(t) will also be a solution since 








d" gus d 
a, qu + lop ego. = 0 
dt dt dt 
and 
P d 1 
а, B Fay y +a; ?^tagy; = 0 
dt d 
Therefore, 
d" d”! d 
an Ot Y) + 17.7071 +У2) +... + ty) + аду ry) (B.17) 
dt dt t 
n n-i 


d 
= a,— Ta, 1—— Te..ctap ta 
Page n pp г)! o УІ 
п п- 1 


а 
Р Ртг yat... Ta у»+аоу»› = 0 
In general, if 
y= kıyı(t), k;y,(t), ksys(t), sr» k,y,(1) 
are the n solutions of the homogeneous ODE of (B.13), the linear combination 


у= Куу) + у i(t)  ksys(0) +... + ky, (0) 
is also a solution. 


In out subsequent discussion, the solution of the homogeneous ODE, i.e., the complementary solu- 
tion, will be referred to as the natural response, and will be denoted as yy(t) or simply yy. The par- 


ticular solution of a non-homogeneous ODE will be referred to as the forced response, and will be 





Circuit Analysis II with MATLAB Applications B-7 
Orchard Publications 


Differential Equations 





denoted as yz (t) or simply ур. Accordingly, we express the total solution of the non-homogeneous 
ODE of (B.12) as: 





y(t) = У natural + у Forced 7 Ух + Ур (В.18) 


Кеѕропѕе Response 











The natural response yy contains arbitrary constants and these can be evaluated from the given ini- 
tial conditions. The forced response y, , however, contains no arbitrary constants. It is imperative to 


remember that the arbitrary constants of the natural response must be evaluated from the total 
response. 


B.4 Solution of the Homogeneous ODE 


Let the solutions of the homogeneous ODE 








n n-1 
n cy а о gay = 0 (В.19) 
dt" dp dt 
be of the form 
y = ke" (B.20) 


Then, by substitution of (B.20) into (B.19) we get 


а, Кее + a, ,ks" e" +... жа Ке" + agke" = 0 
Of 
(a s" +a, s" Pasa Fas ke =0 (B.21) 
We observe that (B.21) can be satisfied when 
(a,s" a, ,5 +... +a;s +a) = 0 or k=0 or = —o (B.22) 


but the only meaningful solution is the quantity enclosed in parentheses since the latter two yield triv- 
ial (meaningless) solutions. We, therefore, accept the expression inside the parentheses as the only 
meaningful solution and this 15 referred to as the characteristic (auxiliary) equation, that is, 





n п- 1 
(a,8 ta, 35 +... +ајѕ+а)) = 0 


ананын SS (В.23) 


Characteristic Equation 











Since the characteristic equation is an algebraic equation of an nth-power polynomial, its solutions are 





$5, 85, 83, ..., Sn, and thus the solutions of the homogeneous ODE are: 
511 Sot 531 Sn! 
yı = Ке 5 у; = Ке è уз = kze 9849 y, = k,e (B.24) 
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Case I - Distinct Roots 


If the roots of the characteristic equation are distinct (different from each another), the n solutions 
of (B.23) are independent and the most general solution is: 





t 


Е sjt Sot Sy 
yy = kje + Ке +...+k,e (B.25) 
FOR DISTINCT ROOTS 











Case II - Repeated Roots 
If two ot more roots of the characteristic equation are repeated (same roots), then some of the terms 
of (B.24) are not independent and therefore (B.25) does not represent the most general solution. If, 
for example, s; = sz, then, 


St Sot Sit St St St 
ke + ke = Ке tke = (к, + k;)e = kze 


and we see that one term of (B.25) is lost. In this case, we express one of the terms of (B.25), say 


D D . . 
k,e” as кие! . These two represent two independent solutions and therefore the most general solu- 
tion has the form: 


St 


yy = (К+ ђе е? + Ке" (В.26) 
N 1 2 3 n 


If there are m equal roots the most general solution has the form: 





Pus 511 Sot 
y = (kıt katt... +k t” ye ЕЕ ег +...+К„е (B.27) 
FOR M EQUAL ROOTS 











Case III - Complex Roots 


If the characteristic equation contains complex roots, these occur as complex conjugate pairs. Thus, 
if one root is s; = - а *jB where a and B are real numbers, then another root is s; = —a-jp. 
Then, 





sit Sot че ; oa " А = 
ke +k’ = ke Ber Se ee + ke”) 


= e" (k,cospt + jk,sinpt + k»cosBr—jk,sinpr) 
= ек, +k,)cosBt+j(k,—k,) sinpt] 
= e" (k;cospt + kysinBt)= e "kscos(r + Фф) 


FOR TWO COMPLEX CONJUGATE ROOTS 








(B.28) 
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If (B.28) is to be a real function of time, the constants k; and k, must be complex conjugates. The 


other constants К;, k4, k;, and the phase angle @ are real constants. 
The forced response can be found by 

a. The Method of Undetermined Coefficients ot 

b. The Method of Variation of Parameters 

We will study the Method of Undetermined Coefficients first. 


B.5 Using the Method of Undetermined Coefficients for the Forced Response 


For simplicity, we will only consider ODEs of order 2. Higher order ODEs are discussed in differ- 
ential equations textbooks. 


Consider the non-homogeneous ODE 


dd ЖО 
ae ge ee = f(x) (B.29) 


where a, b, and c ate real constants. 


We have learned that the total (complete) solution consists of the summation of the natural and 
forced responses. 

For the natural response, if y; and y; are any two solutions of (B.29), the linear combination 
уз = Ку + Ку, where Ку and k, are arbitrary constants, is also a solution, that is, if we know the 
two solutions, we can obtain the most general solution by forming the linear combination of y, and 


y2. To be certain that there exist no other solutions, we examine the Wronskian Determinant defined 





below. 
У У2 а а 
(у, У) = | а d = у ИМ ae бү аш (В.30) 
dx У ах y» 
WRONSKIAN DETERMINANT 











If (B.30) is true, we can be assured that all solutions of (B.29) are indeed the linear combination of y; 
апа у». 


The forced response is, in most circuit analysis problems, obtained by observation of the right side of 
the given ODE as it is illustrated by the examples that follow. 
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Example B.6 
Find the total solution of the ODE 


2 
Teen =0 (B.31) 
t 


subject to the initial conditions y(0) = 3 and у'(0) = 4 where y = dy/dt 
Solution: 


This is a homogeneous ODE and its total solution is just the natural response found from the char- 


acteristic equation s^ + 4s + 3 = 0 whose roots are s, = —/ and ѕ = —3. The total response is: 
W(t) = ум(0) = ke + ke (B.32) 
The constants k; and k, are evaluated from the given initial conditions. For this example, 


y(0) = 3 = Ке + е” 


or 
VER E (B.33) 
Also, 
y(0) = 4 = =: P - -ke'-3be^| _, 
Of 
-k,-3k,; = 4 (B.34) 


Simultaneous solution of (B.33) and (B.34) yields К, = 6.5 and k, = —3.5. By substitution into 
(B.32), we get 

y(t) = y (t) = 65e! - 3.58 (B.35) 
Check with MATLAB: 
y=dsolve('D2y+4*Dy+3*y=0", 'y(0) =3', Dy(0) 24) 


У = 
(-7/2* exp (-3*t) *exp(t)+13/2)/exp(t) 


pretty(y) 
- 7/2 exp(-3 t) exp(t) + 13/2 





exp (t) 
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The function y = f(t) is shown in Figure B.1 plotted with the MATLAB command ezplot(y,[O 10]). 


13/2 ехр(4)-7/2 exp(-3 t) 








Figure В.І. Plot for the function y = f(t) of Example В.б. 


Example B.7 
Find the total solution of the ODE 


oo 3y = 3e” (B.36) 


subject to the initial conditions y(0) = J and y(0) = -1 
Solution: 
The left side of (B.36) is the same as that of Example B.6. Therefore, 
ум) = kje” + ke (В.37) 


(We must remember that the constants k; апа k, must be evaluated from the total response). 


To find the forced response, we assume a solution of the form 
yp = Ae? (B.38) 


We can find out whether our assumption is correct by substituting (B.38) into the given ODE of 
(B.36). Then, 


4Ае?' -8Ae ? + ЗАе = 3e” (В.39) 
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from which A = —3 and the total solution is 
y(t) = yy+ yp = be + kye 30. (B.40) 
The constants k; and k, are evaluated from the given initial conditions. For this example, 


y(0) = 1 = Ке + Ке - Зе? 


or 
k, +k, = 4 (B.41) 
Also, 
' = = dy Qs. -t -3t -2t 
y'(0) = -1 = diu E -3k +бе | | 
or 


Simultaneous solution of (B.41) and (B.42) yields К, = 2.5 апа К, = 1.5. By substitution into (B.40), 
we get 
y(t) = yy typ = 25e sega (B.42) 


Check with MATLAB: 
y=dsolve(D2y+4*Dy+3*y=3*exp(-2*t)', 'y(0)=1', Dy(0)=-1) 


y = 
(-3*exp (-2*t) *exp(t)+3/2*exp(-3*t) *exp(t)+5/2) /exp(t) 


pretty(y) 
-3 exp(-2 t) exp(t) + 3/2 exp(-3 t) exp(t) + 5/2 





exp (t) 
ezplot(y,[O 8]) 


The plot is shown in Figure B.2 
Example B.8 


Find the total solution of the ODE 


2 
ау, ,dy 
ou ua (B.43) 


subject to the initial conditions y(0) = —/ and y'(0) = 1 
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d exp(2 1)+5/2 ехр(4)+3/2 exp(-3 t) 





Figure B.2. Plot for the function y = f (t) of Example B.7. 


Solution: 


This is a homogeneous ODE and therefore its total solution is just the natural response found from 
"PT 2 2 
the characteristic equation 5 + 6s-- 9 = 0 whose roots are s, = s; = —3 (repeated roots). Thus, the 


total response is 
-31 -31 
y(t) = yy = kje +Кїе (B.44) 
Next, we evaluate the constants k; and k, from the given initial conditions. For this example, 


y(0) = -1 = ke’ + k(0)e" 


Of 
ky = -1 (B.45) 
Also, 
y(0)21- » Los эзе" e e? Зе", 
Of 
ETE (B.46) 


From (В.45) and (B.46) we get yields k; = —/ and k, = —2. By substitution into (B.44), 


у(ї) = —е ta Dt (В.47) 
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Check with MATLAB: 
y-dsolve(D2y--6*Dy--9*y—0', 'y(0) 2—1', 'Dy(0) - 1) 


у = 
-exp(-3*t)-2*exp(-3*t)*t 


ezplot(y,[O 4]) 
The plot is shown in Figure B.3. 


ехр(-3 1)-2 exp(-3 t) t 





Figure B.3. Plot for the function y = f(t) of Example B.8. 


Example B.9 
Find the total solution of the ODE 
2 
A РА (B.48) 
df dt 
Solution: 


No initial conditions are given; therefore, we will express the solution in terms of the constants Ё, 


and k,. By inspection, the roots of the characteristic equation of (B.48) are s, = —2 and s; = —3 
and thus the natural response has the form 


yy = ke” Hie (B.49) 
Next, we find the forced response by assuming a solution of the form 


yp = Ae (B.50) 
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We can find out whether our assumption 1s correct by substitution of (B.50) into the given ODE of 
(B.48). Then, 


4Ae "'  10Ae ^  6Ae " = 3e” (B.51) 


but the sum of the three terms on the left side of (B.52) is zero whereas the right side can never be 
zero unless we let t — оо and this produces a meaningless result. 


The problem here is that the right side of the given ODE of (B.48) has the same form as one of the 


terms of the natural response of (B.49), namely the term К, e”, 


To work around this problem, we assume that the forced response has the form 
ук = Ate” (B.52) 


that is, we multiply (B.50) by t in order to eliminate the duplication of terms in the total response. 
Then, by substitution of (B.52) into (B.48) and equating like terms, we find that A = 3. Therefore, 
the total response is 


y(t) = yy * yp = ke ^ + ke e 3te (B.53) 
Check with MATLAB: 
y -dsolve(D2y +5*Dy+ 6*y 23*exp(-2*1)) 
ү = 
-3*exp(-2*t)«3*t*exp(-2*t)«C1l*exp(-3*t)-«C2*exp(-2*t) 
Example B.10 
Find the total solution of the ODE 


d'y | sdy 


PH + бу = 4cos5t (В.54) 
Solution: 


No initial conditions are given; therefore, we will express solution in terms of the constants k; and 
k,. We observe that the left side of (B.54) is the same of that of Example B.9. Therefore, the natural 


response is the same, that is, it has the form 
-2 -3 
yy = kje + kye” (B.55) 
Next, to find the forced response and we assume a solution of the form 


yr = AcosSt (B.56) 





B-16 Circuit Analysis II with MATLAB Applications 
Orchard Publications 





Using the Method of Undetermined Coefficients for the Forced Response 





We can find out whether our assumption is correct by substitution of the assumed solution of (B.56) 
into the given ODE of (B.55). Then, 


— 25Acos5t — 25Asin5t + 6A cos5t = – I9Acos5t —25Asin5t = 4cos5t 


but this relation is invalid since by equating cosine and sine terms, we find that A = —4/19 and also 
A = 0. This inconsistency is a result of our failure to recognize that the derivatives of Acos5t pro- 
duce new terms of the form Bsin5t and these terms must be included in the forced response. 
Accotdingly, we let 


ук = k;sin5t + k,cos5t (B.57) 
and by substitution into (B.54) we get 


—25k;sin5t — 25k,cos5t + 25k3;cos5St — 25k,sin5t 
+ 6k,sin5t + 6k,cos5t = 4с0551 


Collecting like terms and equating sine and cosine terms, we obtain the following set of equations 


19k; + 25k, = 0 


(B.58) 
25k,-19k, = 4 
We use MATLAB to solve (B.58) 
format rat; [k3 k4]=solve(19*x+25*y, 25*x-19*y-4) 
k3 = 
50/493 
k4 = 
-38/493 
Therefore, the total solution is 
- = -2t x. 20. -38 
y(t) = yyty-(t) = Ке + ke + 1035121 45500551 (B.59) 


Check with MATLAB. 

y=dsolve('D2y+5*Dy+6*y=4*cos(5*t)'); y=simple(y) 

у = 

-38/493*cos(5*t)«50/493*sin(5*t)«Cl*exp(-3*t)4«C2*exp(-2*t) 

In most engineering problems the right side of the non-homogeneous ODE consists of elementary 


functions such as k (constant), x" where n is a positive integer, е“, coskx, sinkx, and linear combi- 
nations of these. Table B.1 summarizes the forms of the forced response for a second order ODE 
with constant coefficients. 
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TABLE B.1 Form of the forced response for 2nd order differential equations 

















2 
Forced Response of the ODE at + po +су = f(t) 
dt 
f@ Form of Forced Response ур (t) 
k (constant) K (constant) 
kt" (n= positive integer) Ко + Kj yo o K,_;t+K, 





rt 


ke" (т =real or complex) Ke 





kcosat ot ksinat (a=constant) | K,coaat+ K,sinat 





А -1 
kt" e" cosat ot kt"e" sinat (Ко + Ку  +...+K,_)t+K,)e’ cosat 











+ (Кы + Kit! +...+K,_ + Ke" sinat 


We must remember that if f(t) is the sum of several terms, the most general form of the forced 
response yp(t) is the linear combination of these terms. Also, if a term in yp(t) is a duplicate of a 


term in the natural response y,(t), we must multiply yp(t) by the lowest power of t that will elimi- 
nate the duplication. 

Example B.11 

Find the total solution of the ODE 


2 
dy ad ду = qur uH (B.60) 
dt dt 


Solution: 


No initial conditions are given; therefore we will express solution in terms of the constants k; and 
k,. The roots of the characteristic equation are equal, that is, s; = s; = —2, and thus the natural 


response has the form 
-2t -2t 
yy = Ке *k,te (B.61) 


To find the forced response (particular solution), we refer to the table of the previous page and from 


n rt 


the last row we choose the term kt е cosat. This term with n = 1, = -2, anda = 0, reduces to 


kte” . Therefore the forced response will have the form 
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yp = (t kge (B.62) 


But the terms e” and te ^ are also present in (B.61); therefore, we multiply (B.62) by f^ to obtain a 
suitable form for the forced response which now is 


yp = (S£ e К je" (В.63) 


Now, we need to evaluate the constants k; and k,. This is done by substituting (B.63) into the given 


ODE of (B.60) and equating with the right side. We use MATLAB do the computations as shown 
below. 


syms t k3 k4 % Define symbolic variables 

fO-(k3*t^ 3--k4*t ^2)*exp(-2*t); % Forced response (B.64) 

f1 =diff(f0); f1 =simple(f1) % Compute and simplify first derivative 

fll 2 

-t*exp (-2*t) * (-3*k3*t-2*k442*k3*t*%24+2*k4*t) 

f2=diff(f0,2); f2=simple(f2) % Compute and simplify second derivative 

f2 = 

2*exp (-2*t) * (3*k3*t+k4-6*k3*t*2-4*k4*t4+2*k3*t%342*k4*t%2) 

f=12+4*f1 +4*f0; f=simple(f) % Form and simplify the left side of the given ODE 


f = 2*(3*k3*t+k4) *exp(-2*t) 
Finally, we equate f above with the right side of the given ODE, that is 

2(3k;t+kpJe = te” - e” (B.64) 
and we find К; = 1/6 апа к, = -1/2 . By substitution of these values into (B.64) and combining 


the forced response with the natural response, we get the total solution 


у(ї) = k,e 4 k,te 4 ‚Пе — Ie 


(B.65) 
We verify this solution with MATLAB 
z=dsolve('D2y+ 4*Dy - A*y —t*exp(-2*t)-exp(-2*t)) 


Z = 
1/6*exp(-2*t)*t^3-1/2*exp(-2*t)*t^2 
+Cl1*exp (-2*t)+C2*t*exp(-2*t) 
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B.6 Using the Method of Variation of Parameters for the Forced Response 


In certain non-homogeneous ODEs, the right side f(t) cannot be determined by the method of 
undetermined coefficients. For these ODEs we must use the method of variation of parameters. This 
method will work with all linear equations including those with variable coefficients such as 


C? + (1) + Py = А0) (B.66) 
dt d 


provided that the general form of the natural response is known. 
Our discussion will be restricted to second order ODEs with constant coefficients. 


The method of variation of parameters replaces the constants k, and k, by two variables u, and u; 


that satisfy the following three relations: 

















y = Uyy tyy (B.67) 
du dw _ 
di y, + Т у, = 0 (B.68) 














du, dy, du; dy; _ 
т dt dt шй zum (5:09) 











Simultaneous solution of (B.68) and (B.69) will yield the values of du,/dt and du;/ dt; then, integra- 
tion of these will produce u; and u;, which when substituted into (B.67) will yield the total solution. 


Example B.12 
Find the total solution of 


dy Чу 
а 


dit = 12 (B.70) 
dt 


in terms of the constants k, and k, by the 
a. method of undetermined coefficients 
b. method of variation of parameters 


Solution: 


With either method, we must first find the natural response. The characteristic equation yields the 
roots s, = —/ and s; = —3. Therefore, the natural response is 
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= 29 
Уу = Ке + е ' 


(B.71) 


a. Using the method of undetermined coefficients we let ур = k; (a constant). Then, by substitution 


into (B.70) we get k; = 4 and thus the total solution is 


y(t) = yy typ = ke +ke + 4 


(B.72) 


b. With the method of variation of parameters we start with the natural response found above as 


(B.71) and we let the solutions y, and y; be represented as 

















y,2e' and уз = e^ (B.73) 
Then by (B.67), the total solution is 
y = ujy; + Uy2 
ot 
у= нуе‘ + ie (B.74) 
Also, from (B.68), 
du, du, _ 
ог 
du; 4, duz з; _ 
a di =0 (B.75) 
and from (B.69), 
du, dy, du; dy, _ 
d ud ws wo 
ot 
dui, «~ du, Sixt 
ii (-e )+ di (3e )212 (B.76) 
Next, we find du,/dt and du;/dt by Cramer's rule as follows: 
0 е”! 
—3t -—3t -3t 
du, _ 112 x е da -= LE ве! (В.77) 
dt e” e” 3e" +e” -2e “ 
-е' 807 
апа 
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du, 3t 
Gee ee EI = 6 B.78 
dt er —2е *” 1 





Now, integration of (B.77) and (B.78) and substitution into (B.75) yields 


u, = 6 [e'dt = бе + к, и, = -6 |е" S26" 4k; (B.79) 


= -t -3t 
y = ие tuse 


= ((6e' + kj)e" + (-2e”" + kj)e 


| (В.80) 
= (б+ке'-2+К›е”) 
= (Куе * k,e + 4) 
We observe that the last expression in (B.80) is ће same as (B.72) of part (а). 
Check with MATLAB: 
y=dsolve('D2y+4*Dy+3*y=12)) 
У = 
(4*ехр (6) +С1*ехр (-3*t) *ехр (ё) +С2) /ехр (0) 
Example В.13 
Find the total solution of 
dy 4y = 1 
— +4y = tan2t (B.81) 
dt 


in terms of the constants k; and k, by any method. 


Solution: 


This ODE cannot be solved by the method of undetermined coefficients; therefore, we will use the 
method of variation of parameters. 


ОС E d 2 . d Я 
The characteristic equation is s +4 = 0 from which s = +j2 and thus the natural response is 





yy = ke" + е? (B.82) 

We let 
y, = cos2t and у, = sin2t (B.83) 
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Then, by (B.67) the solution is 


y = Uy; t usy; = ujcos2t * u;sin2t (B.84) 
Also, from (B.68), 
du; du, = 
ot 
du, du, , Е 
3: cos2t + di sin2t = 0 (B.85) 
and from (B.69), 
ёш. dy duy dy). na = Ш pes du; А 
РЕ ЕТ eju uet enm T (2cos2t) = tan2t (B.86) 


Next, we find du,/dt and du,/dt by Cramer's rule as follows: 














0 sin2t Sin 27 
du, m tan2t 2с0521 " cos2t 2 —sin^2t (B.87) 
dt COS 2t sin2t Feos Dg sin 2r 2cos2t 

—2 sin2t 2cos2t 
and 
| cos 2t 0 
du, _ [-2sin2t tan2t| _ sin2t (В.88) 
dt 2 2 


Now, integration of (B.87) and (B.88) and substitution into (B.84) yields 











1 (sin^2t sin2t 1 
NET о = - 4 In(sec2t + іап21) + К, (В.89) 
р _ . COs2t 
u, = 5 |sin2tat тегү +k, (B.90) 
y = шу + иу = 2160821 _ 1 cos2tin sec2t + tan2t) + k,cos2t — sin2tcos2t +k,sin2t 
Р (B.91) 
= - 1©0521п(зес21+ tan2t) + k,cos2t + k,sin2t 
Check with MATLAB: 
y=dsolve('D2y+ 4*y=tan(2*t)') 
У = 
-1/4*cos(2*t) *log((1+sin(2*t))/cos(2*t))+C1l*cos (2*t)+C2*sin(2*t) 
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B.7 Exercises 


Solve the following ODEs by any method. 


2 
(LIU ууа ы 
df dt 
Н dud 7 
Answer: y = kje” + е шл 379 
d dy -t 
2. £2 +4% +3у = 4e 
d£ dt 


Е E = 
Answer: y = Куе + К,е +2ге` 


d'y „ау De eys 2 1 
3. — -2— +y = cos t Hint: Use соз ї = 5(со521 + 1) 


df dt 


Answer: у = kje“ + kate" + 1 3cos2t- 4sin2t 
2 50 


2 
4. ауу = sect 
аі 


Answet: у = k,cost+k,sint + tsint + cost(Incost) 
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his appendix is an introduction to matrices and matrix operations. Determinants, Cramet's 
T rule, and Gauss's elimination method are reviewed. Some definitions and examples are not 
applicable to subsequent material presented in this text, but are included for subject continuity, 
and reference to more advance topics in matrix theory. These are denoted with a dagger (f) and may 


be skipped. 


C.1 Matrix Definition 


A matrix is a rectangular array of numbers such as those shown below. 


2 3 7 ae 
or =2° [P= 
1-1 5 
4-7 
In general form, a matrix A 1s denoted as 
а ар 473 +++ а} 
Az, 055 053 ... а) 
a а, 437 433 ... Azn (C.D 
|2 mi а т2 а тз we Un 








The numbers aj, are the elements of the matrix where the index i indicates the row, and j indicates 


the column in which each element is positioned. Thus, a,; indicates the element positioned in the 


fourth row and third column. 
A matrix of m rows and n columns is said to be of m x n order matrix. 


If m = n, the matrix is said to be a square matrix of order т (or n). Thus, if a matrix has five rows 
and five columns, it is said to be a square matrix of order 5. 





In a square matrix, the elements ауу, dz, 433, ..., а,, are called the main diagonal elements. Alter- 
nately, we say that the matrix elements ау, а), 433, ..., а, , ate located on the main diagonal. 
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T The sum of the diagonal elements of a square matrix A is called the trace of A. 


T A matrix in which every element is zero, is called a zero matrix. 


C.2 Matrix Operations 
Two mattices А = а апа В = ГА are equal, that is, А = B, if and only if 

a.b, 1=1,2,3,..т  j-912,3,.,n (C.2) 
Two matrices are said to be conformable for addition (subtraction), if they are of the same order m x n. 


If A = |a. and B = |b..| are conformable for addition (subtraction), their sum (difference) will be 
ij ij 


another matrix C with the same order as A and B, where each element of C 15 the sum (difference) 


of the corresponding elements of A and B , that is, 


C = A£B = [aytb] (C.3) 


Example C.1 


Compute A+B and A – B given that 





Solution: 
А+в-|1+2 2+3 3«0|.|3 5 3 
0-1 1+2 4+5 -] 3 9 
and 
Arp eso Жа е0 Дв 
0+1 1-2 4-5 1-1-1 
Check with MATLAB: 


A-[123; 0 1 4]; B=[2 3 0;-1 2 5]; % Define matrices A and B 
А+В % Add A and B 





* Henceforth, all paragraphs and topics preceded by a dagger ( ї ) may be skipped. These are discussed in matrix 


theory textbooks. 
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ans = 
3 5 3 
-1 3 9 
A-B 96 Subtract B from A 
ans = 
=] -1 3 
1 -1 -1 


If k is any scalar (a positive or negative number), and not [A] which is a 7 x / matrix, then multipli- 


cation of a matrix A by the scalar k is the multiplication of every element of A by k. 


Example C.2 
Multiply the matrix 





by 
а. Кр = 5 
Solution: 
a. 
КА = 5х 1-2| _ |5х1 5x(-2) _ |5 -10 
2 3 5x2 5x3 10 15 
b. 
kaAG (o 42x 1 -2| _ (-3-J2)x1. (-3-32)x(-2) _ |939-J2 6-j4 
2 3 (-3+j2)x2 (—34+j2)x3 -64+j4 -94+j6 
Check with MATLAB: 
k1=5; k2=(-3 + 2*j); % Define scalars кү and kə 
A=[1 –2; 2 3]; % Define matrix A 
k1*A % Multiply matrix A by constant k, 
ans = 
5 ZU 
10 15 
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k2*A %Multiply matrix A by constant kə 


ans = 
-3.0000+ 2.0000i 6.0000- 4.00001 
-6.0000+ 4.00001 -9.0000+ 6.00001 


Two matrices А and В аге said to be conformable for multiplication A - B in that order, only when the 
number of columns of matrix A is equal to the number of rows of matrix B. That is, the product 
А.В (but not B- A) is conformable for multiplication only if A is an m x p matrix and matrix B is 
an px n matrix. The product А. B will then be an m x n matrix. А convenient way to determine if 
two matrices are conformable for multiplication is to write the dimensions of the two matrices side- 
by-side as shown below. 


Shows that A and B are conformable for multiplication 


y: 
АГ IB 


mxp pxn 


| | 
Indicates the dimension of the product А.В 


For the product В. A we have: 


Here, B and A are not conformable for multiplication 


ч, 
BI lA 


pxn mxp 


For matrix multiplication, the operation is row by column. Thus, to obtain the product А. B, we 
multiply each element of a row of A by the corresponding element of a column of B ; then, we add 
these products. 


Example C.3 


Mattices C and D are defined as 





1 
С = [2 3 4 and D = |_] 
2 
Compute the products С.Р and D. C 
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Solution: 


The dimensions of matrices C and D are respectively / x 3 3x І; therefore the product С.Р is 
feasible, and will result in a J x 1 , that is, 


1 
C-D- [2 3 4]|-7| = [(2)-(1)+(3)-(—1) +(4)-(2)] = [7] 
2 


The dimensions for D and C are respectively 3x 1 1x 3 and therefore, the product D · С is also 


feasible. Multiplication of these will produce a 3 x 3 matrix as follows: 


1 Wey aO yey 2 3 4 
D-C = gsm CD- (2 Cs) CD- (A| = 2 -3 -4 
2 2):)0 (9G) 2) 4 6 8 
Check with MATLAB: 
С=[2 3 4]; D=[1; -1; 2]; % Define matrices C and D 
C*D % Multiply C by D 
ans = 
7 
D*C % Multiply D by C 
ans = 
2 3 4 
-2 -3 -4 
4 6 8 


Division of one matrix by another, is not defined. However, an equivalent operation exists, and it 
will become apparent later in this chapter, when we discuss the inverse of a matrix. 


C.3 Special Forms of Matrices 


T A square matrix is said to be upper triangular when all the elements below the diagonal are zero. 
The matrix A of (C.4) 15 an upper triangular matrix. 


In an upper triangular matrix, not all elements above the diagonal need to be non-zero. 
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ПВ A13 > аһ 


(C.4) 








T А square matrix is said to be lower triangular, when all the elements above the diagonal are zero. 


The matrix В of (C.5) is a lower triangular matrix. 


lay 0 0... 0| 
dy dy, 0 0 
В = "Ss 0 O0 (C.5) 
^ 0 
|91 4m2 @тз > Жул 








In a lower triangular matrix, not all elements below the diagonal need to be non-zero. 


T А square matrix is said to be diagonal, if all elements аге zero, except those in the diagonal. The 


matrix C of (C.6) is a diagonal matrix. 








а 0.0 5 0] 
0 d 0 u. 0 
SOLON E E NE (C.6) 
0 о e 
00 O 
T A diagonal matrix is called a scalar matrix, if ај = a5, = аз; = ... = а,, = К where k is a sca- 


lar. The matrix D of (C.7) is a scalar matrix with k = 4. 


4000 


po 0400 (C.7) 
0040 


0004 


A scalar matrix with k = 1, is called an identity matrix I. Shown below ate 2x2, 3x 3, and 4x 4 


identity matrices. 
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0 
0 (C.8) 
1 
0 


sm © © су 


1 
100 

10 0 
010 

0 1 0 
00 1 

0 


The MATLAB eye(n) function displays an n x n identity matrix. For example, 


оо мо 


еуе(4) % Display а 4 by 4 identity matrix 
ans = 

1 0 0 0 

0 1 0 0 

0 0 1 0 

0 0 0 1 


Likewise, the eye(size(A)) function, produces an identity matrix whose size 1s the same as matrix 
A. For example, let matrix A be defined as 


A=[1 3 1;-2 1—5; 4-7 6] % Define matrix A 
А = 
1 3 1 
-2 1 -5 
4 -7 6 
then, 
eye(size(A)) 
displays 
ans = 
1 0 0 
0 1 0 
0 0 1 


. T. $ А д 
T The transpose of a matrix A , denoted as A , is the matrix that is obtained when the rows and col- 


umns of matrix А are interchanged. For example, if 





























1 4 
А= |12 3| then 42|5 5 (C.9) 
456 
3 6 
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In MATLAB we use the apostrophe (^) symbol to denote and obtain the transpose of a matrix. Thus, 
for the above example, 


A=[1 2 3; 4 5 6] % Define matrix A 
А = 
1 2 3 
4 5 6 
A' % Display the transpose of A 
ans = 
1 4 
2 5 
3 6 


T A symmetric matrix A is a matrix such that A’ = A, that is, the transpose of a matrix A is the same 


as A. An example of a symmetric matrix is shown below. 


=A (C.10) 








3 1 
—5 А = |2 
6| 3 


T Ifa matrix A has complex numbers as elements, the matrix obtained from A by replacing each 


element by its conjugate, is called the conjugate of A, and it is denoted as A* 


An example is shown below. 


А = 1 +j2 J A* = 1 -j2 -j 
3 2-j3 3 2+j3 
MATLAB has two built-in functions which compute the complex conjugate of a number. The 
first, conj(x), computes the complex conjugate of any complex number, and the second, conj(A), 
computes the conjugate of a matrix A. Using MATLAB with the matrix A defined as above, we 
get 
A = [1+2j j; 3 2-3] 96 Define and display matrix А 





А = 
1.0000+ 2.00001 0+ 1.00001 
3.0000 2.0000- 3.00001 
conj A-conj(A) % Compute and display the conjugate of A 
conj A - 
1.0000- 2.0000i 0- 1.00001 
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3.0000 2.0000+ 3.00001 


T Asquare matrix A such that A! = -A is called skew-symmetric. For example, 


02-3 | | 0-2 3 
A= 2°04) A= | 2 0 4|=-А 
34 0 -3 -4 0 


Therefore, matrix A above is skew symmettic. 


T Asquare matrix A such that А = A is called Hermitian. For example, 











1 gos P. lI+j 2 Jt ug UE 
T T* 
A= +) 3 ДА =]1-j7 3 УА Fli-j 3 =A 
2 =j 0 2 j 0 2 j 0 
Therefore, matrix A above is Hermitian. 
+ A square matrix A such that A™ = —A is called skew-Hermitian. For example, 
) od- 2G Qj -lejo- |ә -1+ў -2 
азе ышык du дугасы 2p з=н Е Е 
-2 j 0 2 j 0 2 TEES, 
Therefore, matrix A above is skew-Hermitian. 
C.4 Determinants 
Let matrix A be defined as the square matrix 
8j; 812 473 ++» Aln 
45; 422 053 -+ Azn 
da азр 432 033 «03, сы 
MT an2 @пз > annl 
then, the determinant of A, denoted as detA , is defined as 
detA = аџазазз...а, + 412423434-.-A p1 + 015054055... S +- (C.12) 
441022413 70,45: 0530 14 7 Ay 3.054015 — n 
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The determinant of a square matrix of order n is referred to as determinant of order n. 


Let A be a determinant of order 2, that is, 


А = |e (C.13) 
05; 422 
Then, 
detA = à;,d55— 44,4) (C.14) 
Example C.4 


Matrices A and B are defined as 


Compute detA and detB. 


Solution: 
detA = 1-4-3-2 = 4-6 = -2 
detB = 2-0-2-(-1) = 0-(-2) = 2 
Check with MATLAB: 
A=[1 2; 3 4; B=[2 -1;2 0]; % Define matrices A and B 
det(A) % Compute the determinant of A 
ans = 
-2 
det(B) % Compute the determinant of B 
ans = 
2 


Let A be a matrix of order 3, that is, 





ај 412 473 
A = |аз 45) 5; (C.15) 
азу 432 433 
then, detA is found from 
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detA = 11477433 + 412423431 + 411422433 (C.16) 


7 7 14974 33 — 411822433 — 411422433 


A convenient method to evaluate the determinant of order 3, is to write the first two columns to the 
right of the 3 x 3 matrix, and add the products formed by the diagonals from upper left to lower 
right; then subtract the products formed by the diagonals from lower left to upper right as shown 
on the diagram of the next page. When this is done properly, we obtain (C.16) above. 


437 432 433 аз 432 + 


This method wotks only with second and third order determinants. To evaluate higher order deter- 
minants, we must first compute the cofactors; these will be defined shortly. 


Example C.5 


Compute detA and detB if matrices A and B are defined as 


2 3 5 2 -3 -4 
А=|] о ц adB=]|] 0 -2 
2 10 0 -5 -6 
Solution: 
2м. 5322 
N 
detA = ] о 0 
oO 
Of 
detA= (2x0x0) + (3x Ix I) «(5x Ix1) 
-(2x0x5)-(Ix1x2)-(0x1x3)211-229 
Likewise, 
detB = yo -2 
ZA SX 
Of 


detB= [2x 0x (-6)] + [(-3) x (C2) x0] + [(-4) x 1 x (—5)] 
-[0x0x(-4)]-[(-5) x (-2) x 2] - [(26) x 1 x (-3)] = 20-38 = -18 
Check with MATLAB: 
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A-[2 3 551 0 1; 2 1 0]; det(A) % Define matrix A and compute detA 


ans = 
9 


В=[2 -3 -4; 1 0 -2; 0 -5 -6[;det(B) % Define matrix B and compute detB 


ans = 
-18 


C.5 Minors and Cofactors 


Let matrix A be defined as the square matrix of order n as shown below. 


ај Aj? 473 ++. a 


Az, 055 053 ... Azn 


(C.17) 


азу 032 433... азу 








If we remove the elements of its ith row, and jth column, the remaining n — / square matrix is called 


the minor of A , and it is denoted as IM : 


eanan ту! +] LA is called the cofactor of а and it is denoted as Qu. 


Example C.6 


Matrix А is defined as 





а 472 473 
A = |аз 45) 5; (C.18) 
азу 432 433 
Compute the minors IM е j М IM i ; (м ; ] and the cofactors @ уу, 0, and оз. 
Solution: 
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№) |8 el =| ы 





The remaining minors 
Ma [M]. [Ma (Ма), Mes (М 


012), 055, 0155, A37 A32 and A33 


and cofactots 


are defined similarly. 
Example C.7 


Compute the cofactors of matrix A defined as 





a21 422 


|931 432 





Mj = 0) |м, 





1 2-3 
LEN e" E», (C.19) 
-1 2-6 
Solution: 
a, =(l VA ? 220 — ag 2 00 *?|? 21 z i0 (C.20) 
2 -6 -1 -6 
ey |. Nee: epee ese (C.21) 
- 2 E 
azs Т Ss (у 2 (C.22) 
-1 -6 -1 2 
ds e AS sq ass (C.23) 
-4 2 2. 2 
ge. 2s (C.24) 
2-4 
It is useful to remember that the signs of the cofactors follow the pattern 
Circuit Analysis П with MATLAB Applications C-13 


Orchard Publications 


Appendix C Matrices and Determinants 





+-+-+ 


that is, the cofactors on the diagonals have the same sign as their minors. 


Let A be a square matrix of any size; the value of the determinant of A is the sum of the products 
obtained by multiplying each element of any row or any column by its cofactor. 


Example C.8 


Matrix A is defined as 


(C.25) 


Compute the determinant of A using the elements of the first row. 


Solution: 


дад = 1| ^ aA 2|-3| 2-4 = 1x20-2x(-10)-3x0 = 40 
2 -6 теб 52 





Check with MATLAB: 
A-[1 2 -3;2 -4 2; -4 2 -6[;det(A) % Define matrix A and compute detA 





ans - 
40 


We must use the above procedure to find the determinant of a matrix A of order 4 or higher. Thus, a 
fourth-order determinant can first be expressed as the sum of the products of the elements of its first 
row by its cofactor as shown below. 
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ау 812 473 014 


"MEC a22 053 054 0j) 473 214 
_ |821 422 423 424) _ Е 
А = = 411 |а3 433 054. 02] |437 433 434 (С.26) 
437 432 433 034 
a42 443 044 a42 443 044 
аду 043») 043 444 
412 473 014 472 813 14 


+аз |d5, A23 054| — 041 |d55 A23 A24 


4) 443 044 a32 33 A34 
Determinants of order five or higher can be evaluated similarly. 


Example C.9 


Compute the value of the determinant of the matrix A defined as 


2-1 0 -3 

aus ep uh ® ced (C.27) 
4 03 -2 
-3 0 0 1 


Solution: 


Using the above procedure, we will multiply each element of the first column by its cofactor. Then, 


SF ү 
[а] [5] [c] [d] 
Next, using the procedure of Example C.5 or Example C.8, we find 


[a] = 6, [b] = -3, [c] = 0, [d] = -36 
and thus 





detA = [a]+[b]+[c]+[d] = 6-3+0-36 = -33 
We can verify our answer with MATLAB as follows: 
A=[2 -1 0 -3;-1 1 0 -1;4 0 3 -2; -3 0 O 1]; delta = det(A) 


delta = 
-33 
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Some useful properties of determinants are given below. 


Property 1: /f all elements of one row or one column are zero, the determinant is zero. An example of 
this is the determinant of the cofactor [c] above. 


Property 2: Ifall the elements of one row or column are m times the corresponding elements of another 
row or column, the determinant is zero. For example, if 


2 4 I 
A-3 6 І (C.28) 
I 2. 
then, 
2 4 1/2 4 
det = |з 6 1|3 6 = 12+4+6-6-4-12 = 0 (C.29) 
IL 2. 1|4 2 


Here, detA is zero because the second column in A is 2 times the first column. 
Check with MATLAB: 
A=[2 4 153 6 1;1 2 1];det(A) 


ans = 
0 


Property 3: /f two rows or two columns of a matrix are identical, the determinant is zero. 'This follows 
from Property 2 with m = 1. 


C.6 Cramer's Rule 
Let us consider the systems of the three equations below 


анх+ару+а;с = А 





арх+а»у+азз2 = В (С.30) 
ах+азу+азз = С 
and let 
ар 472 473 А 4j; 473 dj A dj dj; dj A 
A = а 422 055 Р, =| Ваа» D2 =| az, Ва» Рз = | аза В 
437 055 433 C a3) 433 azı C a33 аз; аз; C 
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Cramer’s rule states that the unknowns x, y, and z can be found from the relations 


geck жє Л pan (С.31) 


provided that the determinant А (delta) is not zero. 


We observe that the numerators of (C.31) are determinants that are formed from A by the substitu- 


tion of the known values A , B , and C, for the coefficients of the desired unknown. 

Cramer's rule applies to systems of two ot more equations. 

If (C.30) is a homogeneous set of equations, that is, if A = В = C = 0, then, D;, Dj, and D; are 
all zero as we found in Property 1 above. Then, x = y = z = 0 also. 

Example C.10 


Use Cramer’s rule to find v,, v, and v, if 
1» V2 3 


201-5 - У + 3v, 








-2v-3v,- 4v, = (C:32) 
v, + 3v;-4-v; = 
and verify your answers with MATLAB. 
Solution: 
Rearranging the unknowns v, and transferring known values to the right side, we get 
2vj—-v5*3v,- 
-4v,-3v4-2v, = 8 (C.33) 
Jvj*v-v, = 
Now, by Cramet’s rule, 
2-1 3| 2 -1 
А = |4 3 92| 4 -3 = 6+6-12+27+4+4 = 35 
3 -1| 3 1 
5-1 3/5 -I 
Dj,-|8.3-2|8 -3 = 15+8+24+36+10-8 = 85 
4 1-1|4 1 
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2 5 E 5 
р,= |4 8 -2|-4 8 = -16-30-48-724 16-20 = -170 


3 4 -1| 3 4 


2-1 5| 2 -1 
D,2|.4 3 8|.4 -3 = -24-24-20*45- 16- 16 = -55 
3 1 4| 3 1 
Then, using (C.31) we get 
D D D 
ys ae pee MO SHE sei not (C.34) 
A 35 7 ^ 35 7 ^ 35 7 


We will verify with MATLAB as follows. 


% The following code will compute and display the values of v4, vo and v3. 





format rat % Express answers in ratio form 
B=[2 -1 3; -4 -3 -2; 8 1-1]; % The elements of the determinant D of matrix B 
delta=det(B); % Compute the determinant D of matrix B 
di=[5 -1 3; 8 -3 -2; 4 1 -1]; % The elements of D, 
detd1 =det(d1); % Compute the determinant of D, 
d2=[2 5 3; -4 8 -2; 3 4 -1]; % The elements of Do 
detd2=det(d2); % Compute the determinant of 02 
d3=[2 -1 5;-4 -3 8 3 1 4]; % The elements of D3 
detd3=det(d3); % Compute he determinant of Оз 
v1=detd1/delta; % Compute the value of v, 
v2=detd2/delta; % Compute the value of vs 
v3=detd3/delta; % Compute the value of v4 
% 
disp(v1 =');disp(v1); % Display the value of v4 
disp('v2=');disp(v2); % Display the value of və 
disp(v3=');disp (v3); % Display the value of v3 
vi- 
17/7 

v2= 

-34/7 
v3= 

-11/7 


These are the same values as in (C.34 
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C.7 Gaussian Elimination Method 


We can find the unknowns in a system of two ot more equations also by the Gaussian elimination 
method. With this method, the objective is to eliminate one unknown at a time. This can be done by 
multiplying the terms of any of the equations of the system by a number such that we can add (or 
subtract) this equation to another equation in the system so that one of the unknowns will be elimi- 
nated. Then, by substitution to another equation with two unknowns, we can find the second 
unknown. Subsequently, substitution of the two values found can be made into an equation with 
three unknowns from which we can find the value of the third unknown. This procedure is repeated 
until all unknowns are found. This method is best illustrated with the following example which con- 
sists of the same equations as the previous example. 


Example C.11 


Use the Gaussian elimination method to find v}, v,, and v, of the system of equations 


2v; -v+ 3v, 
-4v,-3v4-2v, = 8 (C.35) 


3v; +v3-V3 


Solution: 


As a first step, we add the first equation of (C.35) with the third to eliminate the unknown v5 and we 


obtain the following equation. 


5р +203 = 9 (C.36) 


Next, we multiply the third equation of (C.35) by 3, and we add it with the second to eliminate v,. 


Then, we obtain the following equation. 
Subtraction of (C.37) from (C.36) yields 


7v, = -Hl огуз = E (C.38) 


Now, we can find the unknown v, from either (C.36) or (C.37). By substitution of (C.38) into (C.36) 
we get 


Sv +2. (-H) = 9 or v, = Z (C.39) 


Finally, we can find the last unknown v, from any of the three equations of (C.35). By substitution 


into the first equation we get 
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y, = 2vj c 3v,- 5 = 34 33 35 = _34 


Zu 7 wn) 


These are the same values as those we found in Example C.10. 


The Gaussian elimination method works well if the coefficients of the unknowns are small integers, 
as in Example C.11. However, it becomes impractical if the coefficients are large or fractional num- 
bers. 


C.8 The Adjoint of a Matrix 


Let us assume that A is an n square matrix and 0; is the cofactor of а. Then the adjoint of А, 


denoted as adjA, is defined as the n square matrix below. 


O77 Q27 O37 о 


Q 12 0.22 0.32 iss 0E 








n2 
adjA = С.41 
J O73 Az; 033 ... ©; ( ) 
|9 In on Asn Ann 


We observe that the cofactors of the elements of the ith row (column) of A are the elements of the 


ith column (row) of adjA. 


Example C.12 


Compute adjA if Matrix A 15 defined as 




















I 2 3 
A=|] 34 (C.42) 
I 4 3 
Solution: 
ud Jew 2 3 
4 3 4 3j 3 4 
r r - -7 6 -l 
adjA = |_|! l 13 T | 10-1 
1 3 E 3| 3 4 12 I 
Lou H 2 1 2 
M 4 M 4j 1 3 
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C.9 Singular and Non-Singular Matrices 


An n square matrix A is called singular if detA = 0;if detA #0, A is called non-singular. 


Example C.13 


Mattix А is defined as 


1 
лај (С.43) 
3 


л U м 
NAQ 


Determine whether this matrix is singular or non-singular. 


Solution: 


1 
detA =| 2 = 21+24+30-27-20-28 = 0 
3 


л Ww м 
NAQ 
bw № м 
л % N 


Therefore, matrix A is singular. 


C.10 The Inverse of a Matrix 


If A and B are n square matrices such that AB = ВА = I, where I is the identity matrix, В is called 


the inverse of A, denoted as В = A’, and likewise, A is called the inverse of B, that is, А = B^! 


x 5 a А ә —1 А 
If a matrix А is non-singular, we сап compute its inverse А from the relation 




















= 1 
A” = jA 44 
22420 CAD 
Example C.14 
Matrix A is defined as 
1.23 
А= |] 3 4 (C.45) 
I 4 3 
Compute its inverse, that is, find A” 
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Solution: 





Here, detA = 9-8 12-9 — 16-6 = —2, and since this is a non-zero value, it is possible to com- 


pute the inverse of A using (C.44). 
From Example C.12, 





-7 6—1 
adjA = |] 0 -1 
E94 
Then, 
P 7 3.5 -3 0.5 
ыз = |1 0 -1/ = |-05 0 05 (C.46) 
1-2 1 -0.5 1-05 
Check with MATLAB: 


A=[1 2 3; 13 4; 14 3], invA=inv(A) % Define matrix A and compute its inverse 


А = 

1 2 3 

1 3 4 

1 4 3 

invA - 

3.5000 -3.0000 0.5000 
-0.5000 0 0.5000 
-0.5000 1.0000 -0.5000 


NETS В E A А —1 $ А : 5 
Multiplication of a matrix А by its inverse A produces the identity matrix Г, that is, 


AA” =I or A”A=I (C.47) 


Example C.15 


Prove the validity of (C.47) for the Matrix A defined as 
дун E 
2. 2 


detA = 8-6 = 2 and а=]? 
ER 


Proof: 
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Then, 





and 
ААЛ! = 4 3||1 —3/2 - 4-3 -6+6 Е 1 AY 
2 2|-1 2 2-2 -3+4 0 1 


C.11 Solution of Simultaneous Equations with Matrices 
Consider the relation 
АХ = B (С.48) 


where А and В аге matrices whose elements аге known, and X is a matrix (a column vector) whose 


elements are the unknowns. We assume that A and X are conformable for multiplication. Multipli- 


cation of both sides of (C.48) by A ^ yields: 


АТАХ = A IB = ІХ = AB (С.49) 


or 





X=A 'B (C.50) 











Therefore, we can use (C.50) to solve any set of simultaneous equations that have solutions. We will 
refer to this method as the inverse matrix method of solution of simultaneous equations. 


Example C.16 


For the system of the equations 


2x; + 3X, + X3 





X,+2xX,+3x3 = (C.51) 
3x; +X, +2x; = 

compute the unknowns ху, x», and x; using the inverse matrix method. 

Solution: 

In matrix form, the given set of equations is AX = B where 
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2 3 1 x} 9 
A-] 2 3), X= xj; B= [6 (C.52) 
3 1 2 X3 8 
Then, 
X-A'B (C3) 
Of 
-1 
XI 2 3 1 9 
x| =!1 2 3| J6 (C.54) 
x, B 1 2] |8 


Next, we find the determinant detA , and the adjoint adjA 


Therefore, 


and by (C.53) we obtain the solution as follows. 


*) fz -5 791 |35) [|35/18| (194 
X= x = |7. 1-5 6| 7829 = |29778) = |161 (C.55) 
x3 57 1118 5| [5/18] [0.28 


To verify our results, we could use the MATLAB’s inv(A) function, and then multiply A” by B. 
However, it is easier to use the matrix left division operation X = A VB; this 15 MATLAB’s solution 
of AB for the matrix equation А.Х = B, where matrix X is the same size as matrix B. For this 
example, 


A=[2 3 1;1 2 3;3 1 2]; В=[9 6 8]; 
X=A\B 
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1.9444 
1.6111 
0.2778 


Example C.17 


For the electric circuit of Figure C.1, 











Figure C.1. Circuit for Example C.17 


the loop equations are 


101, — 9L, - 100 
-91,+201,-91, = 0 (C.56) 
-91,+ 151; = 0 


Use the inverse matrix method to compute the values of the currents /,, I5, and I; 
Solution: 


For this example, the matrix equation is RI = Vor = Ry, where 


10 -9 0 100 1, 
R= |_9 20 -9|, V= 0| and І= |І, 
0 —9 15 0 L 


The next step is to find R” . This is found from the relation 


—1 





= == адк (С.57) 


Therefore, we find the determinant and the adjoint of К. For this example, we find that 
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219 135 81 
detR = 975, adjR = | 135 150 90 (C.58) 
81 90 119 
Then, 
219 135 81 
"zz DR = 
dog JR = 0751135 150 90 
81 90 119 
and 
I, у 1219 135 81 |100) 001219) |2246 
T= |1, = 955 |135 150 90 || 0| = 955 135| = |13.85 
L 81 90 119|| 0 81 8.31 
Check with MATLAB: 
R=[10 -9 0; -9 20 -9; 0 -9 15]; V2 [100 0 O]5 I-RV 
І = 
22.4615 
13.8462 
8.3077 


We can also use subsctipts to address the individual elements of the matrix. Accordingly, the above 
code could also have been written as: 


R(1,1)=10; R(1,2) 2-9; % No need to make entry for A(1,3) since it is zero. 

R(2,1) 7-9; R(2,2) 220; R(2,3) 7-9; R(3,2)=-9; R(3,3)=15; V2 [100 0 0]; I=R\V 

І = 
22.4615 


13.8462 
8.3077 


Spreadsheets also have the capability of solving simultaneous equations using the inverse matrix 
method. For instance, we can use Microsoft Excel's MINVERSE (Matrix Inversion) and MMULT 
(Matrix Multiplication) functions, to obtain the values of the three currents in Example C.17. 


The procedure is as follows: 


1. We start with a blank spreadsheet and in a block of cells, say B3:D5, we enter the elements of 
matrix R as shown in Figure C.2. Then, we enter the elements of matrix V in G3:G5. 
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2. Next, we compute and display the inverse of R, that is, R” . We choose B7:D9 for the elements 
of this inverted matrix. We format this block for number display with three decimal places. With 
this range highlighted and making sure that the cell marker is in B7, we type the formula 


=MININVERSE(B3:D5) 
and we press the Crtl-Shift-Enter keys simultaneously. 
We observe that R” appears in these cells. 


3. Now, we choose the block of cells G7:G9 for the values of the current I. As before, we highlight 
them, and with the cell marker positioned in G7, we type the formula 


=MMULT(B7:D9,G3:G5) 
and we press the Crtl-Shift-Enter keys simultaneously. The values of J then appear in G7:G9. 









































Figure C.2. Solution of Example C.17 with a spreadsheet 


Example C.18 


For the phasor circuit of Figure C.18 





170Z0° | + 
QJ 
V, T- 











Figure C.3. Circuit for Example C.18 
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the current Iy can be found from the relation 


Iy = (C.59) 
3 


and the voltages V; and У, can be computed from the nodal equations 


V,-170Z0° V,-V, Vj,-0 
1 ddr a ti 


85 100 * j2 ~’ (Соо) 








апа 


V,-170Z0° V,-V, V,-0 
2 ecce Ed = 


61 
—j100 100 50 MP 








Compute, and express the current J. in both rectangular and polar forms by first simplifying like 


terms, collecting, and then writing the above relations in matrix form as YV = I, where 
Y = Admittance, V = Voltage, and I = Current 


Solution: 


The Y matrix elements are the coefficients of V, and V,. Simplifying and rearranging the nodal equa- 
tions of (C.60) and (C.61), we get 


(0.0218 – j0.005)V, - 0.01 V, = 2 


| (С.62) 
-0.01 V, + (0.03 + j0.01)V, = j1.7 
Next, we write (C.62) in matrix form as 
0.0218—j0.005 0.01 V, 2 
-0.01 | 0.03«j001| |У = |17 (C.63) 


Y V I 
where the matrices Y, V, and I are as indicated. 


We will use MATLAB to compute the voltages V, and У, , and to do all other computations. The 


code is shown below. 


Y—[0.0218-0.005j -0.01; –0.01 0.03-0.01j]; 1=[2; 1.7j]; У=Ү\;% Define Y, І, and find V 





fprintf(^n); % Insert a line 

disp(V1 = '); disp(V(1)); disp( V2 = '); disp(V(2)); % Display values of V1 and V2 
V1 = 
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1.0490е+002 + 4.9448e+001i 


V2 = 
53.4162 + 55.34391 


Next, we find Jy from 


АЗ= 100; IX=(V(1)-V(2))/R3 % Compute the value of ly 


IX - 
0.5149- 0.0590i 


This is the rectangular form of Jy. For the polar form we use 


maglX —abs(IX) % Compute the magnitude of ly 


magix = 
0.5183 


thetalX=angle(IX)*180/pi % Compute angle theta in degrees 


thetaIX = 
-6.5326 


Therefore, in polar form 
Ty = 0.518 Z—-6.53° 


Spreadsheets have limited capabilities with complex numbers, and thus we cannot use them to com- 
pute matrices that include complex numbers in their elements as in Example C.18 
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C.12 Exetcises 


For Problems 1 through 3 below, the matrices A, B, C, and D are defined as: 


1-1 -4 5 9-3 4 6 NONE 
А=)5 7-2) B=]|-2 8 2 С=|—3 8 р |172 | 
3—5 6 7-4 6 5—2 P n 


1. Perform the following computations, if possible. Verify your answers with MATLAB. 
a A+B bA+C cB«D d.C«D 
eA-B  £A-C gB-D hC-D 
2. Perform the following computations, if possible. Verify your answers with MATLAB. 
a. A- B b. A. C c. B. D d. C. D 
e. B-A £ C-A g Р.А h. D.C 
3. Perform the following computations, if possible. Verify your answers with MATLAB. 
a. detA b. detB c. detC d. detD 
e. det(A · B) f. det(A-C) 
4. Solve the following systems of equations using Cramer's rule. Verify your answers with MATLAB. 


ы -xı +2x,— 3x; + 5x4 = 14 


X; 2x, +X; 
Xjt3X,T2xX,—-x,- 9 

a. —-2xjtJ3x,*X,-9 
3xı—3x, + 2x; + 4x, = 19 


3x; +4x, -5x 
Db EL 4x, + 2x,* 5x, X, = 27 


5. Repeat Exercise 4 using the Gaussian elimination method. 


6. Solve the following systems of equations using the inverse matrix method. Verify your answers 
with MATLAB. 





2 4 3-—-2| |1 1 
sae rs Е 2-4 13| |х 10 
ay |g: pol lay] = | m m. Res 
2-55 08 | 0 od od з | 
3 2-2 2 1] x, 7 
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his appendix contains instructions for constructing semilog plots with the Microsoft Excel 

spreadsheet. Semilog, short for semilogarithmic, paper is graph paper having one logarithmic 

and one linear scale. It is used in many scientific and engineering applications including fre- 
quency response illustrations and Bode Plots. 


D.1 The Excel Spreadsheet Window 


ЕЗ Microsoft Excel - Print Screen 


Figure D.1 shows the Excel spreadsheet workspace and identifies the different parts of the Excel win- 
dow when we first start Excel. 





File Edit View Insert Format Tools Data 


Window Help Acrobat 


=/5) xl 
Type a question For һер = _ P X 
pe Prompt | 
Deh se Gay s BBS o-m-Oxr-e apio > d) | 
Arial 710 -|IBZ u =al € % , 55.9 ; 
(3 fa ta a е ба| 7) Мы (2 | онеру w 




















ТИГИ: bi\Sheet1 / Sheet2 7 Sheet3 / 








14 
Drawy [s AutoShapesy ^ «X O Ф 4I z* [2i Oru-AÀ- 
Ready 








a Start | Ø) Microsoft Booksh... | [GF Adobe FrameMak.... | Document! - Micr... | 








Microsoft Excel .. 


. adobe PhotoDelu... | GA 3 11:46 am 
Figure D.1. The Excel Spreadsheet Workspace 
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Figure D.2 shows that whenever a chart is selected, as shown by the visible handles around the 
selected chart, the Chart drop menu appears on the Menu bar and that the Chart toolbar now is visi- 
ble. We can now use the Chart Objects Edit Box and Format Chart Area tools to edit our chart. 


КЗ Microsoft Excel - Print Screen Е - [Cl x| 


File Edit View Insert Format Tools Chart Window Help Acrobat Print Screen те = A 












pe Prompt | 


w 


Dc ЫЧ ЕАУ х њаА- 


Arial *10-|HBHZ Пк = = 
ба fa Ya zd Cn Ка И БЫ б<] | оверу with Changes. 
Chart Area + № - EB [E] ff % y Menu bat ChartWizard 


a. Chart drop menu 
Chart Агра + 





Handles 




















14 | | Ta 


NUM A 


a Start | Ø) Microsoft Booksh... | [GF Adobe FrameMak.... | Documenti - Міс... | Microsoft Excel... Ш adobe PhotoDelu... | @ 3, 11:19 aM 


Figure D.2. The Excel Spreadsheet with Chart selected 











Ready 





D.2 Instructions for Constructing Semilog Plots 





1. Start with a blank spreadsheet as shown in Figure D.1. 

2. Click on ChartWizard. 

3. Click on the X-Y (Scatter) Chart type under the Standard Types tab on the ChartWizard menu. 

4. The Chart sub-type shows five different sub-types. Click on the upper right (the one showing two 
continuous curves without square points.) 

5. Click on Next, Series tab, Add, Next. 
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10. 


11. 


12. 


13. 


14. 


Click on Gridlines tab and click on all square boxes under Value X-axis and Value Y-axis to place 
check marks on Major and Minor gridlines. 


Click on Next, Finish, click on the Series 1 box to select it, and press the Delete key on the key- 
boatd to delete it. 


The plot area normally appears in gray color. To change it to white, first make sure that the chart 
is selected, that is, the handles (black squares) around the plot are visible. Point the mouse on the 
Chart Objects Edit Box tool (refer to Figure D.2), scroll down, click on the Plot Area, then click 
on the Format Plot Area (shown as Format Chart Area tool in Figure D.2). 


The Area section on the Patterns tab shows several squates with different colors. Click on the 
white squate, fifth row, right-most column, and click on OK to return to the Chart display. You 
will observe that the Plot Area has a white background. 


Click anywhere near the x-axis (lowest horizontal line on the plot) and observe that the Chart 
Objects Edit Box now displays Value (X) axis. Click on the Format Chart Area tool which now 
displays Format Axis, click on the Scale tab and make the following entries: 


Minimum: 1 Maximum: 100000 Major Unit 10 Minor Unit: 10 
Make sure that the squares to the left of these values are not checked. 
Click on Logarithmic scale to place a check mark, and click on OK to return to the plot. 


Click anywhere near the y-axis (left-most vertical line on the plot) and observe that the Chart 
Objects Edit Box now displays Value (Y) axis. Click on the Format Chart Area tool which now 
displays Format Axis, click on the Scale tab and make the following entries: 


Minimum: -80 | Maximum: 80 Major Unit: 20 Minor Unit: 20 


Make sure that the squares to the left of these values ate not checked. Also, make sure that the 
Logarithmic scale is not checked. Check on OK to return to the plot. 


You will observe that the x-axis values appear at the middle of the plot. To move them below the 
plot, click on Format Chart Area tool, click on the Patterns tab, click on Tick mark labels (lower 
right section), and click on OK to return to the plot area. 


To expand the plot so that it will look more useful and presentable, make sure that the chart is 
selected (the handles are visible). This is done by clicking anywhere in the chart area. Bring the 
mouse close to the lower center handle until a bidirectional arrow appears and stretch down- 
wards. Repeat with the right center handle to stretch the plot to the right. Alternately, you may 
bring the mouse near the lower right handle and stretch the plot diagonally. 


You may wish to display the x-axis values in exponential (scientific) format. To do that, click any- 
where near the x-axis (zero point), and observe that the Chart Objects Edit Box now displays 
Value (X) axis. Click on the Format Chart Area tool which now displays Format Axis, click on the 
Number tab and under Category click on Scientific with zero decimal places. 
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15. If you wish to enter title and labels for the x- and y-axes, with the chart selected, click on Chart 
(on the Menu bar), click on chart Options, and on the Titles tab enter the Title and the x- and y- 
axis labels. Remember that the Chart drop menu on the Menu bar and the Chart toolbar are hid- 
den when the chart is deselected. 


16. With the values used for this example, your semilog plot should look like the one below. 


80 





60 - 


40 





20 




















1.E+00 1.E+01 1.E+02 1.E+03 1.E+04 1.E+05 
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his appendix discusses magnitude and frequency scaling procedures that allow us to transform 
circuits that contain passive devices with unrealistic values to equivalent circuits with realistic 
values. 


E.1 Magnitude Scaling 

Magnitude scaling is the process by which the impedance of a two terminal network is changed by a 
factor k„ which is a real positive number greater or smaller than unity. 

If we increase the input impedance by a factor А, , we must increase the impedance of each device of 


the netwotk by the same factor. Thus, if a network consists of R, L, and C devices and we wish to 
scale this netwotk by this factor, the magnitude scaling process entails the following transformations 
where the subscript m denotes magnitude scaling. 


Rin kQR 


L,ok,L (E.1) 


These transformations are consistent with the time-domain to frequency domain transformations 


ROR 
Г јог 
RN 

Jac 


(E.2) 


and the t-domain to s -domain transformations 


(E.3) 


E.2 Frequency Scaling 


Frequency scaling is the process in which we change the values of the network devices so that at the 
new frequency the impedance of each device has the same value as at the original frequency. The fre- 
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quency scaling factor is denoted as ky. This factor is also a real positive number and can be greater or 


smaller than unity. 


The resistance value is independent of the frequency. However, the complex impedance of any 
inductor is sL, and in order to maintain the same impedance at a frequency k, times as great, we must 


replace the inductor value by another which is equal to L/k;. Similarly, a capacitor with value C must be 
replaced with another having a capacitance value equal to C/k,. For frequency scaling then, the following 


transformations are necessary where the subscript f denotes magnitude scaling, 


R,—R 


f (E.4) 


C 

C € 
|? 

ke 


A circuit can be scaled simultaneously in both magnitude and frequency using the scales values below 
where the subscript mf denotes simultaneous magnitude and frequency scaling. 


Rap k,,R 


ky (E.5) 


Example E.1 


For the network of Figure E.1 compute 





C 
2 — К L PES 


2.50 1,492 8 2F 








Figure E.1. Network for Example Е.1 


a. the resonant frequency œg. 
b. the maximum impedance еу. 


c. the quality factor Qop. 


d. the bandwidth BW. 
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e. the magnitude of the input impedance Z, and using MATLAB sketch it as a function of frequency. 


Е Scale this circuit so that the impedance will have a maximum value of 5 КО at a resonant fre- 


quency of 5 x 10° rad/s 


Solution: 
a. The resonant frequency of the given circuit 15 


ор = 1 = I rad/s 


NLC 
and thus the circuit is parallel resonant. 
b. The impedance is maximum at parallel resonance. Therefore, 


Zmax = 25 


o 


The quality factor at parallel resonance is 
Qop = c = @CR = 1x2x25 = 5 


d. The bandwidth of this circuit is 


901—602 


BW = 
Qop 5 


e. The magnitude of the input impedance versus radian frequency о is shown in Figure E.2 and was 
generated with the MATLAB code below. 


w=0.01: 0.005: 5; R=2.5; G=1/R; C22; L=0.5; Y-G-« j.*(w.*C-1./(w.*L));... 
magY —abs(Y); magZ-1./magY; plot(w,magZ); grid 
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f. Using (E.1), we get 


R 
& cs cmo 9000 5.000 
R 2.5 
Then, 
Ly = k„L = 2000x 0.5 = 1000 H 
and 


G oA. Leges 
k, 2000 


After being scaled in magnitude by the factor k,, = 2000, the network constants are as shown in 
Figure E.3, and the plot is shown in Figure E.4. 





C 
Z — К L 





5KQ |10°Н 103F 





Figure E.3. The network of Figure E.2 scaled by the factor k,, = 2000 


The final step is to scale the above circuit to 5 x 1 0? rad/s. Using (E.4), we get: 
Rp = R= 5 КО 


Ly = L/k, = 1000/(5 x 10°) = 200 uH 
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Figure E.4. Plot for the network of Figure E.2 after being scaled by the factor k,, — 2000 


Cy = C/k, = 107/5 x 10° = 200 pF 


The network constants and its response, in final form, are as shown in Figures E.5 and E.6 respec- 
tively. 





C 
Z — R L = 


5КО "200 uH| 200 pF 








Figure E.5. The network of Figure E.2 scaled to its final form 
The plot of Figure E.6 was generated with the following MATLAB code: 


w=1: 10^3: 10^ 7; R=5000; G=1/R; C=200.*10. ^ (-12); L=200.*10. ^ (-6); ... 
magY —sqrt(G. ^ 2+ (w.*C-1./(w.*L)). ^ 2); magZ-1./magY; plot(w,magZ); grid 


Check: 

The resonant frequency of the scaled circuit is 

CE TIEREN шеа 
JLC  do2x107x02x10?. 02x 107 


and thus the circuit 1s parallel resonant at this frequency. 


Og = 5x 10° rad/s 





The impedance is maximum at parallel resonance. Therefore, 


Z = 5 КО 


тах 
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Figure E.6. Plot for Example E.1 scaled to its final form 
The quality factor at parallel resonance is 


WoC = 
Qop = Z = esCR = 5x10 x2x10 x 5x10 = 5 


and the bandwidth is 


pre tee ERU S. 
Qop 5 


10° 
The values of the circuit devices could have been obtained also by direct application of (E.5), that is, 


Ring k,R 


km 


C kne 
m ur 
uf k; 


Rup = k,R = 2000x 2.5 = 5 КО 


_ M _ 2000 


iid = x0.5 = 200 uH 
mE dg 
1 1 


m 


D 0S = 200 pf 
2x10 x5x10 


and these values ate the same as obtained before. 


E-6 
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Example E.2 


A series RLC circuit has resistance А = / Q, inductance L = 1 Н, and capacitance C = 1 Е. Use 
scaling to compute the new values of R and L which will result in a circuit with the same quality fac- 


tor Ооу, tesonant frequency at 500 Hz and the new value of the capacitor to be 2 uF. 


Solution: 


The resonant frequency of the circuit before scaling is 


op = —L = I rad/s 


VLC 
and we want the resonant frequency of the scaled circuit to be 500 Hz or 2n x 500 = 3142 rad/s. 


Therefore, the frequency scaling factor must be 


Now, we must compute the magnitude scale factor, and since we want the capacitor value to be 2 uF, 
we use (E.5), that is, 


or 
C 1 


m = E a ДД) 
kC»  3142x2x10- 





Then, the scaled values for the resistance and inductance ate 


R,-k,R-159x1 = 159 Q 





and 
k 159 
ы, = L = 35 <1 = 50.6 mH 
me ky 3142 m 
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E.3 Exercises 


1. A series resonant circuit has a bandwidth of 100 rad/s, Qo, = 20 and С = 50 uF. Compute the 


new resonant frequency and inductance if the circuit is scaled 
a. in magnitude by a factor of 5 
b. in frequency by a factor of 5 


c. in both magnitude and frequency by factors of 5 


2. A scaled parallel resonant circuit consists of R = 4 KO, L = 0.1 H, and C = 0.3 uF. Compute 
К and К, if the original circuit had the following values before scaling. 


a R-2l0QandL-2 1 Н 
b. R= 10Q andC=5F 


c L=lHandC=5F 
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E.4 Solutions to the Exercises 
1. a. It is given that BW = 01/005 = 100 and Qo, = 20; then, 
ор = BW- Qoş = 100х 20 = 2000 rad/s 


Since wg = 1/LC, Lorp = 1/@,C = 1/(4x 10° x 50x 10?) = 5 mH, andwithk,, = 5, 
Гуку = Корр = 5х5 mH = 25 mH. Also, Суру = Corp/km = 50x 105/5 = 10 uF 
and 92 yew = 1/LyewCyew = 1/(25x 107 x 10x 105) = 10°/25 ог og yew = 2000 r/s 
b. It is given that Co; = 50 х 10 ^ and from (a) Lorp = 5 mH. Then, with k, = 5, 
Lus domo JUS ET. sos “Cage Come 205107 ЕЕ ү. 
and o? yew = 1/LyewCwew = 1/(10™ x 10x 10°) = 10° or oj уру = 10000 r/s 
с. Loup = 5 mH and Corp = 50x 10% . Then, from (E.5) 
Гуку = (k,/ kg): Lorp = (3/5): 5 mH = 5 mH. Also from (E.5) 
Cygy = (7 (k,k)): Corp = 50 uF/(5x5) = 2 uF and 
02 wgw = I/ LygwCygw = 1/(5x 10? x 2x 105) = 10° ot @ yew = 10000 r/s 


2. a. From (Е.Л), К„ = Ryew/Ro_p = 4000/10 = 400 and from (E.5) 
К, = (Lorp/ Lygw): Em = (1/0.1) x 400 = 4000 


b. From (a) k,, = 400 and from (E.5), 
к, = (1/k,) -(Cogp/ Сук) = (1/400) - (5/03 x 10^) = 41677 
c. From (E.5) k/k, = Lorp/Lygy = 1/0.1 = 10 and thus К, = 10k, (1) 
Also from (E.5), km kp = Corp/Cygw = 5/03 х 10° = 5x 105/03. (2) 
Substitution of (1) into (2) yields 10k,,-k,, = 5x 105/0.3, k, = 5x 10°/3, or К„ = 1291 


5 


and from (1) kp = 1291 x I0 = 12910 
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NOTES 
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Symbols and Numerics 


% (percent) symbol in MATLAB А-2 
3-phase systems - see 
three-phase systems 


A 


abs(z) in MATLAB A-25 

admittance 6-2, 6-8, 6-11, 6-16, 6-17 
driving-point 9-5 

alpha coefficient 1-3, 1-15 

angle(z) in MATLAB A-25 

antenna 2-18 

antiresonance 2-6 

asymptotes 7-6 

asymptotic approximations 7-5 

Audio Frequency (AF) Amplifier 2-18 


bandwidth 2-12, 2-13, 7-3 

beta coefficient 1-3, 1-15 

Bode Plots 7-5 

bode(sys) in MATLAB 7-21 
bode(sys,w) in MATLAB 7-21 
bodemag(sys,w) in MATLAB 7-21 
box in MATLAB A-13 


C 


clc in MATLAB A-2 
clear in MATLAB A-2 
collect(s) in MATLAB 5-12 
column vector in MATLAB A-20 
command screen in MATLAB A-1 
command window in MATLAB A-1 
commas in MATLAB A-8 
comment line in MATLAB A-2 
complex conjugate pairs 5-5, A-4 
complex numbers A-3 
complex poles 5-5 
complex roots of 
characteristic equation B-9 
conj(A) in MATLAB C-8 
conj(x) in MATLAB C-8 
contour integration 4-2 
conv(a,b) in MATLAB A-6 
convolution 
in the complex frequency domain 4-12 
in the time domain 4-11 
corner frequency - see frequency 
Cramer's rule C-16 


critically damped - see natural response 
D 


damping coefficient 1-3, 1-15, 7-14 
data points in MATLAB A-15 
dB - see decibel 
DC isolation - see transformer 
decade 7-4 
decibel 7-1, A-13 
deconv in MATLAB A-6 
default color in MATLAB A-16 
default line in MATLAB A-16 
default marker in MATLAB A-16 
delta function 3-8, 3-12 
sampling property 3-12 
sifting property 3-13 
demo in MATLAB A-2 
detector circuit 2-18 
determinants C-9 
differential equations 
auxiliary equation B-8 
characteristic equation B-8 
classification B-3 
degree B-3 
most general solution B-6 
solution by the 
method of undetermined 
coefficients B-10 
method of variation 
of parameters B-20 
differentiation 
in time domain 4-4 
in complex frequency domain 4-6 
Dirac(t) in MATLAB 3-15 
direct term in MATLAB 5-4 
discontinuous function 3-2 
display formats in MATLAB A-31 
distinct poles 5-2 
distinct roots of characteristic equation B-9 
division in MATLAB 
dot division operator A-22 
dot convention - see transformer 
doublet function 3-15 
driving-point admittance - see admittance 


E 


editor window in MATLAB A-1 
editor/debugger in MATLAB A-1 
electrokinetic momentum 8-1 
eps in MATLAB A-23 

exit in MATLAB A-2 


exponential order, function of 4-2 
exponentiation in MATLAB 

dot exponentiation operator A-22 
eye(n) in MATLAB C-7 


F 


factor(s) in MATLAB 5-4 
Faraday's law of 

electromagnetic induction 8-2 
feedback 

negative 7-4 

positive 7-4 
figure window in MATLAB A-14 
filter 

low-pass 

multiple feed back 1-30 

final value theorem 4-10 
flux linkage 8-2 
fmax in MATLAB A-28 
fmin in MATLAB A-28 
forced response B-7 
format in MATLAB A-31 
fplot in MATLAB A-28 
frequency 

corner 7-9 

cutoff 7-3 

half-power 2-13 

natural 

damped 1-3, 1-15, 7-14 

resonant 1-3, 2-2, 2-7 

response A-13 

scaling - see scaling 

selectivity 2-5 
frequency shifting property 4-3 
full rectification waveform 4-36 
function file in MATLAB A-26 
fzero in MATLAB A-28 


G 


g parameters 9-29 

gamma function 4-15 

Gaussian elimination method C-19 
generalized factorial function 4-15 
geometric mean 2-14 

grid in MATLAB A-13 

gtext in MATLAB A-14 


H 


h parameters 9-24 
half-power bandwidth -see bandwidth 


half-power frequencies - see frequency 
half-rectified sine wave 4-28 
Heavyside(t) in MATLAB 3-15 
homogeneous differential equation 1-1 
hybrid parameters 9-24 


ideal transformer - see transformer 
IF amplifier 2-18 

ilaplace function in MATLAB 5-4 
imag(z) in MATLAB A-25 
image-frequency interference 2-18 
impedance matching 8-32 
improper integral 4-15 


improper rational function 5-1, 5-13, 5-18 


impedance 6-2, 6-16 
reflected 8-26 
initial value theorem 4-9 


integration in complex frequency domain 4-8 


integration in time domain 4-6 
inverse hybrid parameters 9-30 
Inverse Laplace transform 4-1 


Inverse Laplace Transform Integral 5-1, 5-18 


L 


L'Hópital's rule 1-23, 4-16 
Laplace Transformation 4-1 
bilateral 4-1 
of common functions 4-12 
of several waveforms 4-23 
left-hand rule 8-2 
Leibnitz's rule 4-6 
Lenz's law 8-3 
lims = in MATLAB A-28 
linear and quadratic factors A-9 
linear factor A-9 
linear inductor 8-2 
linearity property 4-2 
line-to-line voltages 10-7 
linkage flux 8-4, 8-6 
linspace in MATLAB A-14 
In A-13 
log(x) in MATLAB A-13 
log10(x) in MATLAB A-13 
log2(x) in MATLAB A-13 
loglog(x,y) in MATLAB A-13 


magnetic flux 8-2 
magnitude scaling - see scaling 
matrix, matrices 
adjoint of C-20 
cofactor of C-12 
conformable for addition C-2 


conformable for multiplication C-4 

congugate of C-8 

defined C-1 

diagonal of C-1, C-6 

Hermitian C-9 

identity C-6 

inverse of C-21 

left division in MATLAB C-24 

lower triangular C-6 

minor of C-12 

multiplication using MATLAB A-20 

non-singular C-21 

singular C-21 

scalar C-6 

skew-Hermitian C-9 

Skew-symmetric C-9 

square C-1 

symmetric C-8 

theory 3-2 

trace of C-2 

transpose C-7 

upper triangular C-5 

zero C-2 
maximum power transfer 8-32 
mesh(x,y,z) in MATLAB A-18 
meshgrid(x,y) in MATLAB A-18 
m-file in MATLAB A-1, A-26 
MINVERSE in Excel C-26 
MMULT in Excel C-26 
multiple poles 5-8 
multiplication in MATLAB 

dot multiplication operator A-22 

element-by-element A-20 
mutual inductance - see transformer 
mutual voltages - see transformer 


N 


NaN in MATLAB A-28 
natural response B-7 

critically damped 1-3 

overdamped 1-3 

underdamped 1-3 
negative feedback - see feedback 
network 

bridged 7-35 

pie 7-35 
non-homogeneous ODE B-6 
nth-order delta function 3-15 


о 


octave 7-4 


ODE - see ordinary differential equation 


one-dimensional wave equation B-3 
one-port network 9-1 


open circuit impedance parameters 9-19 


open circuit input impedance 9-20 
open circuit output impedance 9-21 


open circuit transfer impedance 9-20, 9-21 


Order of differential equation B-3 

ordinary differential equation B-3 

oscillatory natural response - see 
natural response - underdamped 


P 


partial differential equation B-3 
partial fraction expansion method 5-2 
alternate method 5-15 
PDE - see partial differential equation 
plot 
magnitude 7-5 
phase 7-5 
polar A-25 
plot in MATLAB A-10 
plot3 in MATLAB A-16 
poles 5-2, 7-6 
repeated 5-8 
poly(r) in MATLAB A-4 
polyder(p) in MATLAB A-6 
polyval in MATLAB A-6 
port 9-1 
preselector 2-18 
primary winding 8-4 
proper rational function 5-1, 5-18 


Q 


quadratic factors A-9 

quality factor at parallel resonance 2-4 
quality factor at series resonance 2-4 
quit in MATLAB A-2 


R 


Radio Frequency (RF) Amplifier 2-18 
ramp function 3-9 
rational polynomials A-8 
real(z) in MATLAB A-25 
reciprocal two-port networks 9-34 
reciprocity theorem 9-17 
reflected impedance - see impedance 
residue 5-2, 5-8 
resonance 

parallel 2-6 

series 2-1 
resonant frequency - see frequency 
right-hand rule 8-2 
roots - repeated B-9 
roots of polynomials A-3 
roots(p) in MATLAB 5-6, А-3, А-8, А-9 
round(n) іп MATLAB A-25 
row vector in MATLAB A-3, A-20 


S 


saw tooth waveform 4-36 
scaling 

frequency E-1 

magnitude E-1 
scaling property in complex 

frequency domain 4-4 
script file in MATLAB A-26 
secord-order circuit 1-1 
semicolons in MATLAB A-8 
semilog plots 

instructions for constructing D-1 
semilogx in MATLAB A-13 
semilogy in MATLAB A-13 
settling time 1-20 
short circuit input admittance 9-12 
short circuit output admittance 9-13 
short circuit transfer admittance 9-13 
signal-to-noise ratio (S/N) 2-18 
single-phase three-wire system 10-4 
solve(equ) in MATLAB 7-24 
state equations 1-1 
subplot in MATLAB A-19 
symmetric network 9-17, 9-35 
symmetric rectangular pulse 3-6 
symmetric triangular waveform 3-6 


T 


tee network 9-35 
text in MATLAB A-14, A-18 
Thevenin equivalent circuit 8-34 
three-phase 
balanced currents 10-2 
computation by reduction 
to single phase 10-20 
Delta to Y conversion 10-11 
four-wire system 10-2 
four-wire Y-system 10-3 
equivalent Delta and 
Y-connected loads 10-10 
instantaneous power 10-23, 10-24 
line currents 10-5 
line-to-line voltages 10-7 
phase currents 10-5 
phase voltages 10-7 
positive phase sequence 10-7 
power 10-21 
power factor 10-21 
systems 10-1 
three-wire Y-system 10-3 
three-wire Delta system 10-4 
two wattmeter method of 
reading 3-phase power 10-30 
Y to Delta conversion 10.12 


time periodicity 4-8 
time shifting property 4-3 
title(‘string’) in MATLAB A-13 
transfer admittance 9-5 
transfer function 6-13, 6-17, 7-4 
transformer 
coefficient of coupling 8-18 
DC isolation 8-20 
dot convention 8-8 
equivalent circuit 8-33, 8-36 
ideal 8-28 
linear 8-5, 8-20 
mutual inductance 8-5, 8-6 
mutual voltages 8-8 
polarity markings 8-11 
self-induced voltages 8-8 
self-inductance 8-1, 8-3, 8-5 
step-down 8-14 
step-up 8-14 
windings 
close-coupled 8-19 
loose-coupled 8-19 
triplet function 3-15 
two-port network 9-12 
two-sided Laplace Transform 4-1 


U 

unit impulse function 3-8, 3-12 
unit ramp function 3-8, 3-10 
unit step function 3-2 

үү 

wattmeter 10-27 

weber 8-2 

Wronskian Determinant B-10 
X 

xlabel in MATLAB A-13 


Y 


y parameters 9-4, 9-12 
ylabel in MATLAB A-13 


2 


z parameters 9-19 
zeros of a rational function 5-2, 7-6 


